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Foreword 


Hello 


Welcome to the wonderful world of math. Research has shown just how 
important it is for parents to be able to help children with their education. 
Being able to work through homework together and enjoy a subject, 
particularly math, is a vital part of a child’s progress. 


However, math homework can be the cause of upset in many households. 
The introduction of new methods of arithmetic hasn’t helped, as many parents 
are now simply unable to assist. 


We wanted this book to guide parents through some of the methods in early 
arithmetic and then for them to go on to enjoy some deeper mathematics. 


As a parent, | know just how important it is to be aware of it when your child 
is struggling and equally, when they are shining. By having a greater 
understanding of math, we can appreciate this even more. 


Over nearly 30 years, and for nearly every single day, | have had the privilege 
of hearing people's very personal views about math and arithmetic. 

Many weren't taught math particularly well or in an interesting way. If you 
were one of those people, then we hope that this book can go some way to 
changing your situation and that math, once understood, can begin to excite 
you as much as it does me. 


CAROL VORDERMAN 


(ash V “——. 


1W=3.1415926535897932384626433832 
7950288419716939937510582097494 
459230781640628620899862803 4853 
4211706798214808651328230664709 
3844609550582231725359408128481 
11745028410270193852110555964462 
2948954930381964428810975665933 
4461284756482337867831652712019 
091456485669234603 4861045432664 
8213393607260249141273724587006 
6063155881748815209209628292540 
91715364367892590360011330530548 
8204665213841469519451160943305 
72703657595919530921861173819326 
117931051185480 74462379962749567 
3518857527248912279381830119491 


Introduction 


This book concentrates on the math tackled in schools between the ages of 9 and 
16. But it does so in a gripping, engaging, and visual way. Its purpose 

is to teach math by stealth. It presents mathematical ideas, techniques, and 
procedures so that they are immediately absorbed and understood. Every spread 
in the book is written and presented so that the reader will exclaim, “Ah ha—now 
| understand!” Students can use it on their own; equally, it helps parents 
understand and remember the subject and thus help their children. If parents 
too gain something in the process, then so much the better. 


At the start of the new millennium | had the privilege of being the director of the 
United Kingdom: Maths Year 2000, a celebration of math and an international 
effort to highlight and boost awareness of the subject. It was supported by the 
British government and Carol Vorderman was also involved. Carol championed 
math across the British media, and is well known for her astonishingly agile ways 
of manipulating and working with numbers—almost as if they were her personal 
friends. My working, domestic, and sleeping hours are devoted to math—finding 
out how various subtle patterns based on counting items in sophisticated 
structures work and how they hang together. What united us was a shared 
passion for math and the contribution it makes to all our lives—economic, 
cultural, and practical. 


How is it that in a world ever more dominated by numbers, math—the subtle art 
that teases out the patterns, the harmonies, and the textures that make up the 


relationships between the numbers—is in danger? | sometimes think that 


we are drowning in numbers. 


As employees, our contribution is measured by targets, statistics, workforce 
percentages, and adherence to budget. As consumers, we are counted and aggregated 
according to every act of consumption. And in a nice subtlety, most of the products 
that we do consume come complete with their own personal statistics—the energy in 
a can of beans and its “low” salt content; the story in a newspaper and its swath 

of statistics controlling and interpreting the world, developing each truth, simplifying 
each problem. Each minute of every hour, each hour of every day, we record and 
publish ever more readings from our collective life-support machine. That is how we 
seek to understand the world, but the problem is, the more figures we get, the more 
truth seems to slip through our fingers. 


The danger is, despite all the numbers and our increasingly numerate world, math 
gets left behind. I’m sure that many think the ability to do the numbers is enough. 
Not so. Neither as individuals, nor collectively. Numbers are pinpricks in the fabric of 
math, blazing within. Without them we would be condemned to total darkness. With 
them we gain glimpses of the sparkling treasures otherwise hidden. 


This book sets out to address and solve this problem. Everyone can do math. 


BARRY LEWIS x 


Former President, The Mathematical Association; 
Director Maths Year 2000. 
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(2) Introducing numbers 


COUNTING AND NUMBERS FORM THE FOUNDATION OF MATHEMATICS. 


Numbers are symbols that developed as a way to record amounts or quantities, 
but over centuries mathematicians have discovered ways to use and interpret 


numbers in order to work out new information. 


What are numbers? 


Numbers are basically a set of standard symbols 
that represent quantities—the familiar 0 to 9. 


each bead represents 


In addition to these whole numbers (also called 
integers) there are also fractions (see pp.48-55) 
and decimals (see pp.44—45). Numbers can also 
be negative, or less than zero (see pp.34-35). 


one unit <1] Abacus 
nk The abacus isa 
so two beads bas 2 
represent 20 traditional calculating 
and counting device 
. vvith beads that 
ünlts of 100, represent numbers. 
so one bead Th barsh 
represents 100 mınımnbannonn 
here is 120. 
negative fraction decimal 
number 


1 — 2 — 0 4 V First number 
3 e One is not a prime number. 


İt is called the “multiplicative 
identity,’ because any number 
multiplied by 1 gives that 
number as the ansvver. 


A Perfect number 

This is the smallest perfect 
number, vvhich is a number 
that is the sum of its 


positive divisors (except 
itself).So,1+2+3=6. 


whole number 


V Even prime number 
The number 2 is the only 
even-numbered prime 
number—a number that 
is only divisible by itself 
and 1 (see pp.26-27). 


A Types of numbers 

Here 1 is a positive whole number and -2 isa 
negative number. The symbol ¥3 represents a 
fraction, which is one part of a whole that has 
been divided into three parts. A decimal is 
another way to express a fraction. 


The use of the symbol for zero is considered an 
important advance in the way numbers are written. 
Before the symbol for zero was adopted, a blank space 
was used in calculations. This could lead to ambiguity 
and made numbers easier to confuse. For example, it 
was difficult to distinguish between 400, 40, and 4, 
since they were all represented by only the number 4. 
The symbol zero developed from a dot first used by 
Indian mathematicians to act a placeholder. 


Sİ Easy to read 
The zero acts as 
a placeholder for 
the “tens,” which 
makes it easy to 
distinguish the 
single minutes. 


A Not the sum of squares 
The number 7 is the lowest 
number that cannot be 
represented as the sum 

of the squares of three 
whole numbers (integers). 


zero is ih 


for 24-hour 
timekeeping 


REAL WORLD 


Many civilizations developed their own symbols for numbers, some of which 
are shown below, together with our modern Hindu-Arabic number system. 
One of the main advantages of our modern number system is that arithmetical 
operations, such as multiplication and division, are much easier to do than 
with the more complicated older number systems. 


V Triangular number 

This is the smallest triangular 
number, which is a positive 
whole number that is the 
sum of consecutive whole 
numbers. So, 1 + 2 = 3. 


A Fibonacci number 
The number 8 is a cube 
number (2 = 8) and it is 
the only positive Fibonacci 
number (see p.171), other 
than 1, that is a cube. 


Y Composite number 
The number 4 is the smallest 
composite number —a 
number that is the product 
of other numbers. The 
factors of 4 are two 2s. 


A Highest decimal 

The number 9 is the highest 
single-digit whole number 
and the highest single-digit 
number in the decimal 
system. 
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V Prime number 

This is the only prime number 
to end witha 5. A 5-sided 
polygon is the only shape for 
which the number of sides 
and diagonals are equal. 


A Base number 

The VVestern number system 
is based on the number 10. 
İt is speculated that this is 
because humans used their 
fingers and toes for counting. 
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(+) Addition 


NUMBERS ARE ADDED TOGETHER TO FIND THEIR TOTAL. 
THIS RESULT IS CALLED THE SUM. 


Adding up 


An easy way to work out the sum of two 
numbers is a number line. It is a group of 
numbers arranged in a straight line that 
makes it possible to count up or down. 
In this number line, 3 is added to 1. 


[> What it means ( 
The result of adding 3 to 

the start number of 1 is 

4. This means that the 

sum of 1 and 3 is 4. 


sign for 


addition 


+ + 


Adding large numbers 


Numbers that have two or more digits are added in vertical columns. First, add the 
ones, then the tens, the hundreds, and so on. The sum of each column is written 
beneath it. If the sum has two digits, the first is carried to the next column. 


hundreds 


928 .... 


foot of 
+ 1 91 column 
—  /lorsum 


e” 


First, the numbers 
are vvritten vvith their 
ones, tens, and 
hundreds directly 
above each other. 


working from right, 
first add ones 


928 
+191 


— İl 


Next, add the ones 1 
and 8 and write their 
sum of 9 in the space 
underneath the ones 
column. 


move three 
steps along 


<] Use a number line 


To add 3 to 1, start at 
total 1 and move along the 


v——- line three times—first 
to 2, then to 3, then to 


4 5 4, which is the answer. 


equals sign 
leads to answer 


LLL 


NUMBER 
TO ADD 


carry 1 


TOTAL, RESULT, 
OR SUM 


9+1+the 


7 add tens fe carried 1=11 


1 


1 
the first 1 of 11 928 


goes in the thousands 


column, while the - 1 0 1 
second goes in the the answer 


hundreds column a0. 1,119 


The sum of the tens Then add the hundreds 
has two digits, so write and the carried digit. 
the second underneath This sum has two digits, 


and carry the first to 
the next column. 


so the first goes in the 
thousands column. 


ADDITION AND SUBTRACTION 


A NUMBER IS SUBTRACTED FROM ANOTHER NUMBER TO 
FIND WHAT IS LEFT. THIS IS KNOWN AS THE DIFFERENCE. 


Taking away 


A number line can also be used to show 


how to subtract numbers. From the 


first number, move back along the line 


the number of places shown by the 


second number. Here 3 is taken from 4. 


1111- 


4 


FIRST 


> What it means 
The result of 
subtracting 3 from 4 
is 1, so the difference 


between 3 and 4is 1. NUM 


BER 


Subtracting large numbers 


Subtracting numbers of two or more digits is done in vertical 
columns. First subtract the ones, then the tens, the hundreds, and 
so on. Sometimes a digit is borrowed from the next column along. 


hundreds 
tens 


ones 
ee Yaa 
\ number to be 
928” subtracted 
from 
a 191 — 


umber to 
subtract 


First, the numbers 
are written with their 
ones, tens, and 
hundreds directly 
above each other. 


subtract 
ones 


2 
928 


— 191 


Next, subtract the unit 
1 from 8, and write 
their difference of 7 

in the space 
underneath them. 


sign for 
subtraction 


3 


NUMBERTO 
SUBTRACT 


first, borrovv 1 
from hundreds 


28 
- 191 
37 


İn the tens, 9 cannot 

be subtracted from 2, 
so 1 is borrovved from 
the hundreds, turning 
9 into 8 and 2 into 12. 


then, carry 1 
to tens 


start at 4, then move 
three places to left 


<] Use a number line 
To subtract 3 from 4, 
start at 4 and move 
three places along the 
number line, first to 3, 
then 2, and then to 1. 


equals sign 
leads to ansvver 


f 


...... 
..... 
RESULT OR 
DIFFERENCE 
subtract 1 
from 8 


"928 
- 191 . 


ansvver 


7: 7-— vr 


In the hundreds 
column, 1 is 
subtracted from the 
new, now lower 
number of 8. 


 scns 
Multiplication 


MULTIPLICATION INVOLVES ADDING A NUMBER TO ITSELF A NUMBER OF 
TIMES. THE RESULT OF MULTIPLYING NUMBERS IS CALLED THE PRODUCT. 


What is multiplication? 


The second number in a multiplication sum is the 
number to be added to itself and the first is the 
number of times to add it. Here the number of rows 
of people is added together a number of times 
determined by the number of people in each row. 
This multiplication sum gives the total number of 
people in the group. 


9 rows of people 


KO 


13 people 
in each row 


mə 


multiplication sign 


9 2 A How many people? 
Se 


: : TN : si The number of rows (9) is 
there are 9 rows there are people “vəl: 
di repi: ies 106 “ multiplied by the number of 


people in each rovv (13).The total 
number of people is 117. 


this sum means 13 added 
— to itself 9 times 


ORM = 13+ 13413413 + 134134 13 413 + 13 = 17 


and 13 is 117 


MULTIPLICATION nun 
VVorks both vvays 


İt does not matter vvhich order numbers appear in a multiplication sum because the ansvver 
vvill be the same either vvay. Tvvo methods of the same multiplication are shovvn here. 


Ges - 3 + 3 + 3 + 3 =22 


3 added to itself 


= 4 + 4 + 4 =T2 


4 added to itself 


te, : te, . . 


nd 
— 
ıl 


Multiplying by 10, 100, 1,000 Patterns of multiplication 


Ay Multiplying whole numbers by 10, 100, 1,000, There are quick ways to multiply two numbers, and these patterns of 
x and so on involves adding one zero (0), tvvo multiplication are easy to remember. The table shovvs patterns involved 
- zeroes (00), three zeroes (000), and so on to in multiplying numbers by 2, 5, 6, 9, 12, and 20. 


the right of the number being multiplied. 
PATTERNS OF MULTIPLICATION 
add 0 to end of number 


34 x 10 = 340 : a 


add the number to itself 2-6 HE 11-22 


6 multiplying 6 by any even number givesan 6 x 12 - 72 


. answer that ends in the same last digitas 6 x 8 — 48 
72 X 100 — 7,200 the even number 


12 multiply the original number first by 10, 12x10 = 120 
then multiply the original number by 2, 12x2=24 


1 1 8 000 and then add the two answers 120 + 24 — 144 


add 00 to end of number 


add 000 to end of number 


NUMBERS 


MULTIPLES 


When a number is multiplied by any whole number the result (product) is called a 
multiple. For example, the first six multiples of the number 2 are 2, 4, 6, 8, 10, and 12. 
This is because2x1-2,2x2-42x3-6,2x4-8,2x5-10,and2x6-12. 


MULTIPLES OF 3 MULTIPLES OF 8 MULTIPLES OF 12 


8x1=8 2x1=92 
8x2=16 2x2=%4 


first five . first five first five 
multiples 8 x 3 — 24 multiples 12 xX 3 _— multiples 
of 3 of 8 of 12 


8x4-32 
8x5-40 


12x4=48 
12x5=60 


Common multiples 


Two or more numbers can have multiples in 
common. Drawing a grid, such as the one on the 
right, can help find the common multiples of different 
numbers. The smallest of these common numbers is 
called the lowest common multiple. 


Lowest common multiple 
The lowest common multiple 
of 3 and 8 is 24 because it is 
the smallest number that 
both multiply into. 


multiples of 3 


multiples of 8 


multiples of 3 and 8 


>> Finding common multiples 
Multiples of 3 and multiples 

of 8 are highlighted on this grid. 
Some multiples are common 

to both numbers. 


MULTIPLICATION 


Short multiplication 


Multiplying a large number by a single-digit number is called short multiplication. The larger 
number is placed above the smaller one in columns arranged according to their value. 


4 carried ——A 4 ee wena 6 carried to ——A 6 4 itəriffenin = 64 
to tens 1 0 6 Ber eat hundreds 1 9 6 hwnd ot 9 2 
column column column 
X 7 2 written in X bz ian 
ones column 7 written in : A İs 
£ Fane column 3 written in hundreds as: aarlanarer 
—” column; 1 written in 


thousands column 


To multiply 196 and 7, first Next, multiply 7 and 9, Finally, multiply 7 and 1. 
multiply the ones 7 and 6. the product of which is Add its product (7) to the 

The product is 42, the 4 of 63. The carried 4 is added carried 6 to get 13, giving 
which is carried. to 63 to get 67. a final product of 1,372. 


Long multiplication 


Multiplying two numbers that both contain at least two digits is called long 
multiplication. The numbers are placed one above the other, in columns arranged əə 

: 3 428 multiplied 42 8 
according to their value (ones, tens, hundreds, and so on). — 100 


428 multiplied 428 multiplied 4 2 8 X 1 1 1 
by1 428 x 111 — 428 


428 x 111 428 4,280 


add 0 when add 00 when 
multiplying by 10 multiplying 
x 111 428, 4,280 ziz” 42,800 
First, multiply 428 by 1 in Multiply 428 digit by digit by 1 Multiply 428 digit by digit by Add together the 
the ones column. Work digit in the tens column. Remember 1 in the hundreds column. Add products of the three 
by digit from right to left so to add 0 when multiplying by a 00 when multiplying by a digit multiplications. The 
8x 1,2x1,and then 4 x 1. number in the tens place. in the hundreds place. answer is 47,508. 


The long multiplication of 428 and 
111 can be broken down further 
into simple multiplications with the 


help of a table or box. Each number 
400 x 100 20 x 100 


= 40,000 = 2,000 


400 x 10 20x 10 
= 4,000 =200 .. 
this is the 


400 x1 20x1 8 final ansvver 
= 400 =20 


is reduced to its hundreds, tens, and 
ones, and multiplied by the other. 


> The final step 

Add together the nine 
multiplications to find 
the final answer. 


111 WRITTEN IN 1005, 
10S, AND ONES 
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Division 
DIVISION INVOLVES FINDING OUT HOW MANY TIMES ONE NUMBER 
GOES INTO ANOTHER NUMBER. 


There are two ways to think about division. The first is sharing a number 
out equally (10 coins to 2 people is 5 each). The other is dividing a number 
into equal groups (10 coins into piles containing 2 coins each is 5 piles). 


How division works 


Dividing one number by another 

finds out how many times the second 
number (the divisor) fits into the first 
(the dividend). For example, dividing 
10 by 2 finds out how many times 2 fits 
into 10. The result of the division 

is known as the quotient. 


€ Division symbols 
There are three main 
symbols for division 
that all mean the same 
thing. For example, “6 
divided by 3”can be 


V Division as sharing 

Sharing equally is one type of division. Dividing 4 
candies equally between 2 people means that each 
person gets the same number of candies: 2 each. 


.—. 


2 PEOPLE 


2 CANDIES PER PERSON 


4 CANDIES "e" 


Division is the direct opposite or “inverse” of multiplication, and the 
two are always connected. If you know the answer to a particular 
division, you can form a multiplication from it and vice versa. 


— 


10252-5 5%2=10 


<1 Back to the beginning 

If 10 (the dividend) is divided 
by 2 (the divisor), the answer 
(the quotient) is 5. Multiplying 
the quotient (5) by the divisor 
of the original division problem 
(2) results in the original 
dividend (10). 


DIVISION —_ 


Another approach to division 

Division can also be viewed as finding out how many groups of 
the second number (divisor) are contained in the first number 
(dividend). The operation remains the same in both cases. 


0 V Introducing remainders 
1 gif? In this example, 10 candies are This example shows 30 soccer balls, which are to be divided into 
oN being divided among 3 girls. groups of 3: esə 


Hovvever, 3 does not divide exactly 
into 10—it fits 3 times vvith 1 left 
over. The amount left over from a 
division sum is called the remainder. 


There are exactly 10 groups of 3 soccer balls, 
with no remainder, so 30 + 3 = 10. 


2 the last digitisanevennumber 12, 134, 5,000 
3 the sum ofall digits whenadded 18 
together is divisible by 3 148=9 
4 the number formed by the last 732 
two digits is divisible by 4 32+4=8 
5 the last digit is 5 or 0 25, 90, 835 
6 the last digit is even and the 3,426 
Ce — sum of its digits when added 344-246 = 15 
“7. — together is divisible by 3 
-— 7 no simple divisibility test 
8 the number formed by the last 7,536 
2 three digits is divisible by 8 536 +8 =67 
tes Fog 9 the sum of all of its digits is 6,831 
My Pag ig, cr divisible by 9 6+843+1 = 18 
eg SE, “əəə 
a, ex, ee. 10 the number ends in0 30, 150, 4,270 
x. 
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Short division 
Short division is used to divide one number (the dividend) by 
another whole number (the divisor) that is less than 10. 


start on the left with rage is 132 
the 1 3 (divisor) 


uu 132 
30 396 3396 3139 


5 isthe 
dividend 


Divide the first 3 
into 3. İt fits once 
exactly, so puta1 
above the dividing 
line, directly above 
the 3 of the dividend. 


Divide 3 into 6, 

the last digit of the 
dividend. It goes 
twice exactly, so put 
a 2 directly above 
the 6 of the dividend. 


Move to the next 
column and divide 3 
into 9. It fits three 
times exactly, so put 
a 3 directly above the 
9 of the dividend. 


Carrying numbers 


When the result of a division gives a whole number 
and a remainder, the remainder can be carried over 


ən ə carry remainder 
to the next digit of the dividend. 


2 to next digit 


divide 5 into of dividend 
start on 


divisor first 2 digits 3 
the in 


FF (765. “sİ2,765 


dividend 

Divide 5 into 27.The result 
is 5 vvith a remainder of 2. 
Put 5 directly above the 7 
and carry the remainder. 


Start with number 5. lt does 

not divide into 2 because it is larger 
than 2. Instead, 5 will need to be 
divided into the first two digits of 
the dividend. 


əə 
52,765 


Divide 5 into 26. The result is 
5 with a remainder of 1. Put 5 
directly above the 6 and carry 
the remainder 1 to the next 
digit of the dividend. 


carry remainder the result 


1 to next digit is 553 — 5 5 3 


512.765 


Divide 5 into 15. It fits 
three times exactly, so put 
3 above the dividing line, 
directly above the final 5 
of the dividend. 


remainder 


22.2 
4l90 


When one number will not divide 
exactly into another, the answer 
has a remainder. Remainders can 
be converted into decimals, as 
shown below. 


Remove the remainder, 2 in 

2 2 this case, leaving 22. Adda 
decimal point above and below 
the dividing line. Next, add a 
zero to the dividend after the 
decimal point. 


- 


Carry the remainder (2) from 
above the dividing line to belovv 
the line and put it in front of the 


nevv zero. 


Divide 4 into 20. İt goes 
5 times exactly, so put a 5 
directly above the zero of 
the dividend and after the 
decimal point. 


To make a division easier, sometimes the divisor can 
be split into factors. This means that a number of 
simpler divisions can be done. 

81 6-6 4 divisor is 6, which is 2 x 3. 


Splitting 6 into 2 and 3 result 
ayı. simplifies the sum is 136 
816-2 = 408 İİ) 408-3 = 136 


... divide by first factor 
of divisor 


t divide by second 
factor of divisor 


This method of splitting the divisor into factors 
can also be used for more difficult divisions. 


42 splitting 15 into 5 and 3, 


405--15 which multiply to make 15, 
simplifies the problem result 


“3 7 
405--5 = 81 81+3 = 27 


ö divide by first factor 
of divisor 


t divide result by second 
factor of divisor 


Long division 


Long division is usually used when the 
divisor is at least two digits long and the 


DIVISION 


The answer (or quotient) goes 


the dividing line is used 


in the space above the 


.. in place of — or / sign dividing line. 
dividend is at least 3 digits long. Unlike 
short division, all the workings out are 
written out in full below the dividing line. DIVIDEND 
Multiplication is used for finding 
: ee : number that is 
remainders. A long division sum is en 
b ş divided by another 
presented in the example on the right. DIVISOR İF number 
number is used to space belovv the dividing line. 
gu 2000 
above last digit 
: being divided into 
result is1 
1 1 divide divisor into 234 1 4 
multiply 1 (the ) 


521754 


7 divide divisor into 


first tvvo digits 
of dividend 


Begin by dividing the divisor into the 
first tvvo digits of the dividend. 52 fits 
into 75 once, so put a 1 above the 
dividing line, aligning it vvith the last 
digit of the number being divided. 


14 
521754 
-32 

234 


— ] () 8 amount left 
multiply 4 (the over from 


second division 


number of times 
52 goes into 234) 
by 52 to get 208 


26: 


VVork out the second remainder. 
The divisor, 52, does not divide into 
234 exactly. To find the remainder, 
multiply 4 by 52 to make 208. 
Subtract 208 from 234, leaving 26. 


number of times 

52 goes into 75) 

by 52 to get as 

subtract — — 55 2 

52 from 75 2 3 92. 


Work out the first remainder. The 
divisor 52 does not divide into 75 
exactly. To work out the amount left 
over (the remainder), subtract 52 
from 75. The result is 23. 


add a decimal 
point then a zero 


521754.0 
-32 


2 3 R bring dovvn zero 


and join it to 


remainder 
a 


260 


There are no more whole numbers to 
bring down, so add a decimal point 
after the dividend and a zero after it. 
Bring down the zero and join it to the 
remainder 26 to form 260. 


amount left 
over from 
first division 


bring down 


5 2 7 5 4 last digit of 
5 2 dividend and 
— join it to 
” remainder 


234 


Novv, bring dovvn the last digit of 
the dividend and place it next to 
the remainder to form 234. Next, 
divide 234 by 52. It goes four times, 
so put a4 next to the 1. 


add decimal 


point above N 
other one 1 4 5 
ə 
521754.0 
— 5 2 put result of 
last sum after 
2 3 4 decimal point 


-208 
260 


Put a decimal point after the 14. 
Next, divide 260 by 52, which goes 
five times exactly. Put a 5 above the 
dividing line, aligned with the new 
zero in the dividend. 


26 NUMBERS 


Prime numbers a 


( 22-25 Division 


İntroducing prime numbers 1 is not a prime number or a 


2 5 7 it b 
Over 2,000 years ago, the Ancient Greek mathematician Euclid noted that -— 


some numbers are only divisible by 1 or the number itself. These numbers 


are known as prime numbers. A number that is not a prime is called a : . 
2 is the only even prime number. 


composite—it can be arrived at, or composed, by multiplying together No other even number is prime 
smaller prime numbers, which are known as its prime factors. because they are all divisible by 2 
PICK A NUMBER 


FROM 1 TO 100 


Is the number 


THE 
NUMBER 
IS NOT 
PRIME 


Is it divisible by 2? 


Is it divisible by 3? 


Is it divisible by 5? 


- 
| 
| 
| 


Is it divisible by 7? 


2023 5 


A Is a number prime? [> First 100 numbers 

This flowchart can be used to determine whether a This table shows the prime 91 92 93 94 95 
number between 1 and 100 is prime by checking if it numbers among the first 
is divisible by any of the primes 2, 3, 5, and 7. 100 whole numbers. 


KEY 


Prime number 

A blue box indicates that the number 
is prime. It has no factors other than 1 
and itself. 


Composite number 

A yellow box denotes a composite 
number, which means that it is 
divisible by more than 1 and itself. 


smaller numbers show whether 
the number is divisible by 2, 3, 5, 
or 7, or a combination of them 


PRIME NUMBERS 


Prime factors 


Every number is either a prime or the result of multiplying together 
prime numbers. Prime factorization is the process of breaking down 
a composite number into the prime numbers that it is made up of. 
These are known as its prime factors. 


prime 5.—. — factor 


To find the prime factors of 30, find the largest prime number that 
divides into 30, which is 5. The remaining factor is 6 (5 x 6 = 30), 
which needs to be broken down into prime numbers. 


largest 
prime factory 


Next, take the remaining factor and find the largest prime 
number that divides into it, and any smaller prime numbers. In 
this case, the prime numbers that divide into 6 are 3 and 2. 


list prime factors in 
descending order 


It is now possible to see that 30 is the product of multiplying 
together the prime numbers 5, 3, and 2. Therefore, the prime 
factors of 30 are 5, 3, and, 2. 


REAL WORLD 


any transactions in banks and stores rely on the Internet and other 
communications systems. To protect the 
information, it is coded using a number 
hat is the product of just two huge 
primes. The security relies on the fact 
hat no “eavesdropper” can factorize the 
number because its factors are so large. 


fldjhg83asldkfdslkfjour523ijwli 
eorit84wodfpficiry38s0x8b6lkj 
qpeoith73kdicuvyebdkciurmol 
wpeodikrucnyr83iowp7uhjwm 
kdieolekdoripassvvordqeski 
mdkdoritut6483kednffkeoskeo 
kdieujr83iowplwqpwo98irkldil 
ieow98mqloapkijuhrnmeuidy6 
vvoqp90iqiuke4lmicunelivvkiuyi 


Data protection 

To provide constant security, 
mathematicians relentlessly 
hunt for ever bigger primes. 
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NUMBERS 


Telling the time 


TIME IS MEASURED IN THE SAME WAY AROUND THE WORLD. 


THE MAIN UNITS ARE SECONDS, MINUTES, AND HOURS. 


Telling the time is an important skill and one that is 
used in many ways: What time is breakfast? How long 
until my birthday? Which is the quickest route? 


Measuring time 


Units of time measure how long events take and the gaps 
between the events. Sometimes it is important to measure time 
exactly, in a science experiment for example. At other times, 
accuracy of measurement is not so important, such as when we 
go to a friend's house to play. For thousands of years time was 
measured simply by observing the movement of the sun, moon, 
or stars, but now our watches and clocks are extremely accurate. 


<J Units of time 

The units we use around 
the world are based on 
1 second as measured 
by International Atomic 
Time. There are 86,400 
seconds in one day. 


There are 
60 seconds in 
each minute. 


There are 
60 minutes 
in each hour. 


There are 24 hours in each day. 7 


Bigger units of time 


This is a list of the most commonly used 
bigger units of time. Other units include 
the Olympiad, vvhich is a period of 4 years 
and starts on January 1st of a year in which 
the summer Olympics take place. 


7 days is 1 week 


Fortnight is short for 
14 nights and is the 
same as 2 weeks 


Between 28 and 31 days 
is 1 month 


365 days is 1 year 
(366 in a leap year) 


10 years is a decade 
100 years is a century 


1000 years is a millennium 


TELLING THE TIME 


Read I ng the tl me The short hand indicates The hands move in this 
The ti b idibyidebi fill what hour it is. This hour direction. This is called 
e time can be to y looking carefuliy hand shows 11. the clockvvise direction. 


at where the hands point on a clock or watch. 

The hour hand is shorter and moves around 

slowly. The minute hand is longer than the Between each 
hour hand and points at minutes “past” the 17: 
hour or “to”the next one. Most clock faces 

shovv the minutes in groups of five and the 

in-betvveen minutes are shovvn by a short line 

or mark, The second hand is usually long and thasceond hand 
thin, and sweeps quickly around the face shows 40 seconds 
every minute, marking 60 seconds. on this clock face. 


The number of 
small marks are the 
number of minutes 
or seconds. 


The long hand shows 
the minutes. On this 
clock face 20 minutes 


When the minute hand points 
have passed. 


to 12, the time is “on the hour” 


as shown by the hour hand. A A clock face 


A clock face is a visual way to show 
the time easily and clearly. There are 
many types of clock and watch faces. 


o'clock 


10 to 10 past 


When the minute hand 
points to 3, the time is 
“quarter past” the hour. 


If the minute hand is 
pointing to 9, the time 
is “quarter to” the hour. 


quarter to quarter past 


<J Quarters and halves 
A clock can show the time as a 
“quarter past” or a “quarter to.” 
The quarter refers to a quarter 
20 past of an hour, which is 15 minutes. 
Although we say “quarter” and 
“half,” we do not normally say 
“three-quarters” in the same way. 
We might say something took 
25 past “three-quarters of an hour,’ 
though, meaning 45 minutes. 


20 to 


If the minute hand points 
to 6, the time is “half past” 
the hour. 


25 to 


Quarter to 7 


NUMBERS 


Analogue time 
Most clocks and watches only go up to 12 hours, but there are 24-hour clock 
24 hours in one day. To show the difference between morning The 24-hour system was devised to stop 
and night, we use AM or PM. The middle of the day (12 o'clock) confusion between morning and afternoon 
is called midday or noon. times, and runs continuously from midnight 
to midnight. It is often used in computers, 
Before noon we say 12 noon After noon by the military, and on timetables. To convert 
the time is am | we say PM from the 12-hour system to the 24-hour system, 
you add 12 to the hour for times after noon. 
For example, 11 PM becomes 23:00 (11 + 12) 
6AM 6PM and 8:45 PM becomes 20:45 (8:45 + 12). 
12:00 midnight 00:00 
1:00 AM 01:00 
2:00 am 02:00 
A AMorPM 3:00 am 03:00 
The initials AM and PM stand for the Latin vvords ante meridiem (meaning 4:00 am 04:00 
“before noon”) and post meridiem (meaning “after noon”). The first 12 hours 
of the day are called AM and the second 12 hours of the day are called PM. 5:00 AM 05:00 
6:00 am 06:00 
29 : 7:00 am 07:00 
Digital time 
Bid ar 8:00 am 08:00 
Traditional clock faces show time in an analoge format 
but digital formats are also common, especially on electrical 9:00 am 09:00 
devices such as computers, televisions, and mobile phones. : ; 
Some digital displays show time in the 24-hour system; HET 10:00 
others use the analoge system and also shovv AM or PM. 11:00 AM 11:00 
12:00 noon 12:00 
1:00 PM 13:00 
2:00 pm 14:00 
A Hours and minutes A 24-hour digital display 2:00. 1500 
On a digital clock, the hours If the hours or minutes are 4:00 pm 16:00 
are shown first followed by a single digit numbers, a zero 
colon and the minutes. Some (called a leading zero) is 5:00 pm 17:00 
displays may also show seconds. placed to the left of the digit. 6:00 pm 18:00 
7:00 pm 19:00 
8:00 pm 20:00 
9:00 pm 21:00 
A Midnight A 12-hour digital display 10:00 pm 22:00 
When it is midnight, This type of display will z z 
the clock resets to 00:00. have AM and PM vvith the id ZEA 
Midnight is an abbreviated relevant part of the day 


form of “middle of the night” highlighted. 


ROMAN NUMERALS unun 


f “TfƏ 
ku) Roman numerals —— 


DEVELOPED BY THE ANCIENT ROMANS, THIS SYSTEM USES 
LETTERS FROMTHE LATIN ALPHABET TO REPRESENT NUMBERS. 


Understanding Roman numerals 


The Roman numeral system does not use zero. To make a number, 


= 


seven letters are combined. These are the letters and their values: 2 ll 
3 ıı 
5 V 
1 5 10 100 500 1000 
6 VI 
Forming numbers 7 vı 
Some key principles vvere observed by the ancient Romans to 8 vill 
“create” numbers from the seven letters. 
9 IX 
First principle When a smaller number appears after a larger number, 
the smaller number is added to the larger number to find the total value. 10 X 
12 XII 
13 XIII 
Second principle When a smaller number appears before a larger number, 14 xIV 
the smaller number is subtracted from the larger number to find the total value. 
15 XV 
7 XVII 
Third principle Each letter can be repeated up to three times. 18 XVIII 
20 XX 
30 XXX 
Using Roman numerals 40 XL 
Although Roman numerals are not widely used today, they still appear on some 50 L 
clock faces, vvith the names of monarchs and popes, and for important dates. 
60 LX 
Time Names Dates 70 LXX 
80 LXXX 
Henry Vill MHM . tc 
Henry the eighth 2014 100 c 


NUMBERS 


ts) Positive and negative numbers 


A positive number is shown by a plus sign (+), or has no sign in front of it. 
If a number is negative, it has a minus sign (-) in front of it. 


Why use positives and negatives? 


Positive numbers are used when an amount is counted up from 

zero, and negative numbers when it is counted down from negative nə 
zero. For example, if a bank account has money in it, iti 
positive amount of money, but if the account is overdravvn, 


sa 
the amount of money in the account is negative. € D ay Xx 2 


Adding and subtracting positives and negatives 


Use a number line to add and subtract positive and negative numbers. Find the first 
number on the line and then move the number of steps shovvn by the second 
number. Move rightfor addition and left for subtraction. 


number line continues forever 


move one place left 
startat6 ümove one -—" 


(.v5” oaxxxxxıIx) 


move tifespihsesniahi İfa negative or minus number is 


start at —5 move three +1 +2 +3 pee -5to-2 subtracted from a positive number, it 
£.. ” places to right creates a double negative. The first 
— OOQOQOQ0€ negative is cancelled out by the second 
-5 + 3 "— -2 € negative, so the result is always a 
positive, for example 5 minus —2 is the 
same as adding 2 to 5. 


rbabs double negative is same as adding move two places 
7 du. together, so move 2 places to the right right from 5 to — .— o — — 
a SS 
5--2=/7 XIXIXIIXI — 
move four places left A Like signs equal a positive 
startat-3 m7: > - - - v” from -3 to -7 If any two like signs appear together, 
places to left y gns app g 


a aa the result is always positive. The result is 
—3 _ — 7? € 2 x xıxrır negative vvith tvvo unlike signs together. 


POSITIVE AND NEGATIVE NUMBERS 


— REAL WORLD 


Negative numbers are necessary to record 
temperatures, as during the winter they can 
fall well below 32°F (0°C), which is freezing 


V Number line 

A number line is a good way to get to grips 
with positive and negative numbers. Draw point. The lowest temperature ever recorded 
the positive numbers to the right of 0, and is -128.6°F (-89.2”C), in Antarctica. 

the negative numbers to the left of 0. Adding 
color makes them easier to tell apart. 


F positive numbers 


2000000) 


Multiplying and dividing 
To multiply or divide any two numbers, first ignore whether they 


are positive or negative, then work out if the answer is positive 
or negative using the diagram on the right. 


0 means nothing; it separates positive 


: number line 
numbers from negative numbers 


like signs give a 
positive answer 


) 
+ 


unlike signs give a 


negative answer \ 


8 is positive because 
2x4-8“” ”” 


-6 is negative because 


-1x6--6” ”” 


—2 is negative because 
m 4 — 2 —2 a ii Aas 


ll 
bab da eb + db + 
x 


feSee See, 


-8 is negative because x ni 
a 505 == 
—2x4=-8 : 
".. 
8 is positive because e 
-2x-4-ğ8” — = 
5 is positive because A Positive or negative answer 
1 0 5 2 — 5 ə” -+-=+ The sign in the answer depends on whether the 
— —— = — signs of the values are alike or not. 


NUMBERS 


Powers and roots 


A POWER IS THE NUMBER OF TIMES A NUMBER IS MULTIPLIED BY 
ITSELF. THE ROOT OF A NUMBER IS A NUMBER THAT, MULTIPLIED 
BY ITSELF, EQUALS THE ORIGINAL NUMBER. 


Introd ucı ng povvers il A, this is the power, which shows how 


A power is the number of times a number is multiplied by itself. This many times to multiply the number 
ee . and . 4 

is indicated as a smaller number positioned to the right above the c—---—.. 

number. Multiplying a number by itself once is described as "squaring" ihisie thenurnber that 

the number; multiplying a number by itself twice is described as the power relates to 
“cubing” the number. 


[> Squared number 


This image shows how many units 
a make up 52. There are 5 
— rows, each with 5 


units—so 
this is the power; 5x5=25. 


57 is called “5 squared” 
— 
r— 


AThe square of a number 

Multiplying a number by itself gives the > 
square of the number. The power for a S rows with 5 -— 
square number is ”, for example 5” means uniteinsaeh row —” 

that 2 number 55 are being multiplied. 


a 
.... 
this is the povver, 
53 is called “5 cubed” 1 
ə) 
a 


A The cube of a number 
Multiplying a number by itself twice 
gives its cube. The power for a cube 
number is ”, for example 5”, which 
means there are 3 number 55 being 
multiplied: 5 x 5 x5. 4 


5 vertical rows wt 5 


— 


w 


> Cubed number — <> 
This image shows how many units make 
up 5°. There are 5 horizontal rows and 


“ə 
5 vertical rovvs, each vvith 5 units in each s” — 
one,so5x5x5=125. 5 horizontal rows _A —s ~ De 5 blocks of units 


POWERS AND ROOTS 


Sq uare roots and cube roots this is the square this is the cube 


root symbol £— symbol 


A square root is a number that, multiplied by itself a 
once, equals a given number. For example, one 

square root of 4 is 2, because 2 x 2 = 4. Another 

square root is -2, as (-2) x (-2) = 4; the square 

roots of numbers can be either positive or negative. 

A cube root is a number that, multiplied by itself 

twice, equals a given number. For example, 


the cube root of 27 is 3, because 3X 3X 3 =27. 5 this is the number for this is the number —” 
which the square for which the cube 
root is being found root is being found 

wor root symbol this is the square 


root of 25 


(25 =O because 5 x .— — 25 


A The square root of a number 

The square root of a number is the number 
which, when squared (multiplied by itself), 
equals the number under the square root sign. 


£— root symbol this is the cube 125 is ~*~ 
root of 125 


125 =] tease 5X5X5=125 


A The cube root of a number 

The cube root of a number is the number that, 
when cubed (multiplied by itself twice), equals 
the number under the cube root sign. 


COMMON SQUARE ROOTS 


Calculators can be used to find powers and square roots. Most calculators have 


1 1 Because 1x1—1 buttons to square and cube numbers, buttons to find square roots and cube roots, 
and an exponent button, which allows them to raise numbers to any power. 


4 2 Xeqause2x2-4 


<] Using exponents 


Ə : Because 5 EHES) 5 First enter the number 

6 4 —— Because 4x4=16 A Exponent 3 = | 3 | 3 | 5 to be raised to a power, 
25 5 Because 5x5=25 This button allows then press the 

(46 k“vcx.VXvı q ə cl any number to be 2 43 exponent button, then 

1 GEHİHƏ (230 raised to any povver. enter the povver 


49 ül Because 7x7=49 required. 


64 8 Because 8x8-64 
81 9 Because 9x9-81 EH <1 Using square roots 
A Square root | 25 | On most calculators, find 


(100 = 10s Because 10x 10=100 This button allows the square root of a number 


121 11 Because 11x 11=121 the square root of by pressing the square root 


144 12 Because 12 x12- 144 any number to be button first and then 


found. entering the number. 
169 13 Because 13 x 13 — 169 


NUMBERS 


Multiplying powers 
of the same number 


To multiply powers that have the 
same base number, simply add 
the powers. The power of the 
answer is the sum of the powers 
that are being multiplied. 


> Writing it out 
Writing out what each of 
these powers represents 
shows why powers are 
added together to 
multiply them. 


Dividing powers 
of the same number 


To divide powers of the same 
base number, subtract the 
second power from the first. The 
power of the answer is the 
difference between the first 

and second powers. 


> Writing it out 

Writing out the division of 
the powers as a fraction and 
then canceling the fraction 
shows why powers to be 
divided can simply be 
subtracted. 


Any number raised to the power 0 is equal 
to 1. Dividing two equal powers of the same 


base number gives a power of 0, and 
therefore the answer 1. These rules only 
apply when dealing with powers of the 
same base number. 


> Writing it out 

Writing out the division of two equal 
powers makes it clear why any number 
to the power 0 is always equal to 1. 


4x4x4x4 


add the povvers 


a 


— 
6 x 6 = .. the povver of the 
answer is:2+3=5 


because 


the first power the second power 


(6x6)x(6x6x6) == 6x6x6x6x6 


200000 


6”is6x6 6”is6x6x6 


subtract the second 
— povver from the first 


the first power 
.—” - the second povver 
4" = 4” = 
because 
44is4x4x4x4 


A4x4x4x4 
9 4x4 


cancel the fraction to vy 
its simplest terms 


— the povver of the 


answer is:4-2=2 


—= 4x4 


4x 4is 42 


the second 
power 


the first the power of the 
answer is: 3-3 =0 


power 
p” ”. . 
e —Sr — 
ğ —ğ —ğ = ewer, 
because 


8x8x8 
wuexexs’ 8X8X8 


512 
512 


= 1X, 


any number divided 
by itself = 1 


POWERS AND ROOTS nun 


Finding a square root by estimation 


İt is possible to find a square root through estimation, by choosing a number to multiply by itself, working out 
the ansvver, and then altering the number depending on vvhether the ansvver needs to be higher or lovver. 


2=? 41,000 =? 


25 — 5 and 136 - 6, so the ansvver must be v 1,600 = 40 ana 4900 = 30, so the answer 
somewhere between 5 and 6. Start with the midpoint must be between 40 and 30. 1,000 is closer to 900 than 
between the two, 5.5: 1,600, so start with a number closer to 30, such as 32: 

5.5 x 5.5 = 30.25 S toolow 32 x 32 = 1,024 Hil Toohigh 

5.75 x 5.75 = 33.0625 dill Toohigh 31 x31 = 961 HU toolow 

5.65 x 5.65 = 31.9225 “9 toolow 31.5 x 31.5 = 992.25 49 toolow 

5.66 x 5.66 = 3200356 31.6 x 31.6 = 998.56 SE toolow 

S__ the square root of 32 is this would round 
approximately 5.66 down to 32 31. 65 x 31. 65 = iL 001. 72 = Too high 

the square root 00 31, 62 x 31. 62 = 999.8244 one 5 5 
İs approximately 31 62 —”l ‘\__ whole number 


Finding a cube root by estimation 


Cube roots of numbers can also be estimated without a calculator. Use round numbers 
to start with, then use these answers to get closer to the final answer. 


¥32=2 ¥ 800 =2 


3X3xX3=27 ana 4x4x4 = 64, so 9x9x9-729 ana 10 x 10 x 10=1,000, 
the answer is somewhere between 3 and 4. Start with the so the answer is somewhere between 9 and 10. 800 is closer to 
midpoint between the two, 3.5: 729 than 1000, so start with a number closer to 9, such as 9.1: 
3.5 x 3.5 X 3.5 = 42.875 i Toohigh 9.1 x 9.1 x 9.1 = 753.571 489 Too low 
3.3 x 3.3 x 3.3 = 35.937 dilir Toohigh 9.3 x 9.3 x 9.3 = 804.357 “dil Toohigh 
3.1 X 3.1 X 3.1 = 29.791 SU Toolow 9.27 x 9.27 x 9.27 = 796.5979 “99 Too low 
3.2 x 3.2 X 3.2 = 32.768 <a Too high 9.28 x 9.28 x 9.28 = 799.1787 SB very close 
3.18 x 3.18 x 3.18 “219482 — Ns wouldbe322 9,284 x 9,284 x 9.284 ~ 800.2126 

'\___ the cube root of 32 is .. 5 İN the cube root of 800 is this would round 


approximately 3.18 would round to 32 approximately 9.284 down to 800 


NUMBERS 


Surds 


A SURD IS A SQUARE ROOT THAT CANNOT BE WRITTEN 
II 
IT. 


= 


ASAV WHOLE NUMBER. 7 ee AN INFINITE NUMBER OF 
DIGIT S AFTER THE DECI L POIN 


İntroducing surds 

Some square roots are whole numbers and are easy to write. But some are irrational 
numbers—numbers that go on forever after the decimal point. These numbers cannot 
be written out in full, so the most accurate way to express them is as square roots. 


rational number 


eal number 


5-2 2360679774... 14-2 


A Surd A Nota surd 

The square root of 5 is an irrational number—it goes The square root of 4 is not a surd. 
on forever. İt cannot accurately be vvritten out in full, İt is the number 2, a vvhole, or 

so it is most simply expressed as the surd v5. rational, number. 


Simplifying surds 
Some surds can be made simpler by taking out factors that can be 
written as whole numbers. A few simple rules can help with this. 


[> Square roots Ja Ja 
A square root is the number 
that, when multiplied by a X a 


itself, equals the number 
oe multiply the surd by itself 


inside the root. 
to get the number inside 
the square root 


> Multiplying roots 

Multiplying two numbers A | a b = J al x Jf b 

together and taking the 

square root of the result 

equals the same answer as AL "0. 
taking the square roots of 


the tvvo numbers and 


mutiplying them together. (48 = 416 x 3 = 116 6 xX 13 = “nə 


look for factors “s 48 can be the square root of Bə Ca. square root of 3 is 
are square numbers as 16 x3 is a whole number an irrational number, 
so it stays in surd form 


SURDS 


> Dividing roots V7 is irrational (2.6457...), 
Dividing one number by a a 7 7 _ so leave as a surd 
another and taking the — i= b —— = 


square root of the result 6 
is the same as dividing 

the square root of the first a 
number by the square root 

of the second. 


16 is 4 squared 


> Simplifying further 
When dividing square 
roots, look out for ways to 
simplify the top as well as 
the bottom of the fraction. 


.. final, simplified form 


4 is 2 squared 


Surds in fractions 


When a surd appears in a fraction, it is helpful to make sure it appears in the numerator (top of 
the fraction) not the denominator (bottom of the fraction). This is called rationalizing, and is 
done by multiplying the whole fraction by the surd on the bottom. 


the surd V2 is now on 
> Rationalizing top of the fraction 
The fraction stays the 1 
same if the top and Sıxan s 
bottom are multiplied 
by the same number. . İ 2 ı i 2x i ue 


multiply top and bottom 


by the surd V2 
> Simplifying further 
Sometimes rationalizing a 12 and 15 can both be divided 
fraction gives us another surd by 3 to simplify further 


that can be simplified further. 


2 _ Rx _ 12 .. - Ə 
115 115 x/15 
.. multiply both top ® multiplying V15 by 


and bottom by V15 V15 gives 15 


NUMBERS 


ax) Standard Form 


STANDARD FORM IS A CONVENIENT WAY OF WRITING VERY 
LARGE AND VERY SMALL NUMBERS. 


this is the 
power of 5 


4 x10” 


Hovv to vvrite a number in standard form 


To write a number in standard form, work out how many places the 
decimal point must move to form a number between 1 and 10. If the 
number does not have a decimal point, add one after its final digit. 


—. large number 


1, 230,0 000 
Pn 


add decimal point 


1,230,000) 
xi 


654 321 


1, 230, 000. 


— decimal point moves 6 
places to the left 


.” 


the povver is 6 because the decimal point 
moved six places, the povver is positive because 
the decimal point moved to the — 


1.23 x10" 


—— the first number must 


alvvays be betvveen 1 
and 10 


Introducing standard form 


Standard form makes very large or very small numbers 
easier to understand by showing them as a number 
multiplied by a power of 10. This is useful because the 
size of the power of 10 makes it possible to get an 
instant impression of how big the number really is. 


> Take a number 

Standard form is usually used 
for very large or very small 
numbers. 


> Add the decimal point 
Identify the position of the 
decimal point if there is one. 
Add a decimal point at the 
end of the number, if it does 
not already have one. 


> Move the decimal point 
Move along the number 

and count how many places 
the decimal point must move 
to form a number between 

1 and 10. 


> Write as standard form 
The number between 1 and 
10 is multiplied by 10, and the 
small number, the “power” of 
10, is found by counting how 
many places the decimal 
point moved to create the first 
number. 


Sİ Using standard form 

This is how 4,000 is written as 
standard form—it shows that the 
decimal place for the number 
represented, 4,000, is 3 places to 
the right of 4. 


ge small number 


0. 0006 
Em 


decimal point is already here 


070006 
Se 


123 4 


0.0006, 


the decimal point moves 
4 places to the right 


mə 


the povver is negative 
because the decimal point 
moved to the ... 


6x107 


the povver is 4 because 
the decimal point moved 
four places 


STANDARD FORM 


Standard form in action 


Sometimes it is difficult to compare extremely large or small numbers because 
of the number of digits they contain. Standard form makes this easier. 


The mass of Earth is 5,974,200,000,000,000,000,000,000 kg 
242322 212019 181716 151413 121110 98 7 654 321 


NITY ITT Ty WT iT ry 
5,974,200,000,000,000,000,000,00050 i 


The decimal point moves 24 places to the left. 


The mass of the planet Mars is 


23 22 212019 181716 151413 121110 987 654 321 


IVT WY VV WY VV VTE TTT) 
641,910,000,000,000,000,000,000.0 ky 


The decimal point moves 23 places to the left. 


Written in standard form these numbers are much easier to 
compare. Earth’s mass in standard form is 


5.9742 x 10° ks 


The mass of Mars in standard form is 


6.4191 x 10° ks 


[> Comparing 

planet mass 

It is immediately evident 
that the mass of the Earth 

is bigger than the mass of 
Mars because 1074 is 10 times 
larger than 107. 


ene coset 
The exponent button on a E 
Weight of the Moon 73,600,000,000,000,000,000,000kg 7.36 x 10” kg calculator allovvs a number A Exponent button 
4 u 
Humans on Earth 6,800,000,000 6.8x10” . . 7 to any 7 tezaleul"torbutlan 
— 
Speed oflight 300,000,000 m/sec 3x 10° m/sec alcurators give very la/96“ allows any number to 
answers in standard form. be raised to any power. 
Distance of the Moon from 384,000 km 38x 10°km 
the Earth Using the exponent button: 
i i 2. : 
sini Empire State 365,000 tons 3.65 x 10” tons 4 x 10 isentered by pressing 
Distance around the Equator 40,075 km 4x10“km m 110) 3 | 2 | 
Height of Mount Everest 8,850m 8.850 x 10°m On some calculators, answers appear in 
Speed of a bullet 710 m/sec 71x10’ m/sec standard form: 
Speed of a snail 0.001 m/sec 1x 10° m/sec 1234567 x 89101112 = 
Width of a red blood cell 0.00067 cm 6.710 cm 
; R 1.100012925 x 10” 
Length of a virus 0.000 000 009 cm 9x10 “cm 
h i imatel 
Weight of a dust particle 0.000000 000 753 kg 753x 10 "kg 5777” 7 /Z 


NUMBERS 


Decimals 


Decimal numbers 


In a decimal number, the digits to the left of the decimal point are whole 
numbers. The digits to the right of the decimal point are not whole numbers. 
The first digit to the right of the decimal point represents tenths, the second 
hundredths, and so on. These are called fractional parts. 


whole number part is 1,234 —. 


A Whole and fractional parts 

The whole numbers represent - moving left from the decimal 
point - ones, tens, hundreds, and thousands. The fractional 
numbers - moving right from the decimal place - are tenths 
then hundredths. 


Multiplication 


To multiply decimals, first remove the decimal point. Then perform a long 


multiplication of the two numbers, before adding the decimal point back in 


to the answer. Here 1.9 (a decimal) is multiplied by 7 (a whole number). 


6 is carried to 
the tens column 6 


tens column 


decimal point 

is removed 1X74+6=13 
which is written 
across two columns 


fractional part is 56 


— 


decimal point separates the whole 
numbers (on the left) from the 
fractional numbers (on the right) 


6 
. multiply 7 by 1 
multiply : əə 
7by9 7x 9 =63, the decimal point is 
1 ğ 1 ğ 7 first digit, 6, is 7 put back in 
carried to the 
0 . Xx x 


3 1338 


First, remove any decimal Then multiply the two Next multiply the tens. The Finally, count the decimal 
points, so that both numbers, starting in the product is 7, which, added to digits in the original numbers 
numbers can be treated ones column. Carry ones to the carried 6, makes 13. Write — there is 1. The answer will 


as whole numbers. the tens if necessary. this across two columns. also have 1 decimal digit. 


DECIMALS 


DIVISION 


Dividing one number by another often gives a decimal answer. Sometimes it is easier to 
turn decimals into whole numbers before dividing them. 


Short division with decimals 


Many numbers do not divide into each other exactly. If this is the case, a decimal point is added to the number 
being divided, and zeros are added after the point until the division is solved. Here 6 is divided by 8. 


add a decimal point 


on the answer line 
carry 0 
Both numbers 


are whole. As 8 


8 goes into 60 
7 times with 4 left over 


~ 
0.7 


carry 4 answer is 0.75 


Dividing 60 by 8 
gives 7, witha 


Dividing 40 by 8 
gives 5 exactly, 


. 


vvill not divide 2— adda0 remainder of 4. and the division 
into 6, putin a 8 o əə after the VVrite the 7 on the 8 6. .00 ends (terminates). 816 
decimal point decimal ansvver line, add The ansvver to 
vvith a O after it point another 0 after the . 6 + 8is 0.75. 
and carry the 6. add a decimal decimal place, and divide 60 add 

point after 6 carry the 4. by 8 another 0 divide 40 by 8 
Dividing decimals 

8 goes into 


Above, short division vvas used to find the decimal ansvver for the 0 7 0 7 5 vö 40 exactly 
sum 8 + 6. Long division can be used to achieve the same result. 2 9 5 times 


| 8 fits into 6 Vee add decimal 816.0 8 6.0 0 
0 times, so 0, 7 point 0 0 
write 0 here 
816 ie 816 6 0 .. a0 6 0. multiply 8 times 6 
“7 to get 56 
<—~ multiply 8 times Annan = 5 6 5 
x by8 first remainder 


0 to get 0 
5 0 — ta is4 


bring 
down a0 


6 divide 40 


by 8 


First, divide 8 into 6. It goes 
0 times, so put a 0 above the 
6. Multiply 8 x 0, and write 
the result (0) under the 6. 


Sometimes the answer 

to a division can be 

a decimal number that 
repeats without ending. 
This is called a "repeating" 


decimal. For example, here 

1 is divided by 3. Both the 
calculations and the answers 
in the division become 
identical after the second 
stage, and the answer 
repeats endlessly. 


Subtract 0 from 6 to get 6, 
and bring down a 0. Divide 8 
into 60 and put the answer, 
7, after a decimal point. 


add a decimal point 
to the answer line 


0.” 


ə — 3 does not 


divide into 1 


3 does not divide 
into 1, so enter 0 on 
the answer line. Add 
a decimal point after 
0, and carry 1. 


Work out the first remainder 


Bring down a zero to join 


by multiplying 8 by 7 and the 4 and divide the number 
subtracting this from 60. The by 8. It goes exactly 5 times, 
answer is 4. so put a5 above the line. 


3 goes into 10 
three times, with 
1 left over 


0.3 
311100 


“— divide 10 
by 3 
10 divided by 3 gives 
3, with a remainder of 
1. Write the 3 on the 
answer line and carry 
the 1 to the next 0. 


3 goes into 10 three 
times, with 1 left over 


0.3 
symbol for 


a repeating 
decimal 


0.33 
317.0'0 


Dividing 10 by 3 again gives 

exactly the same answer as the last 
step. This is repeated infinitely. This 
type of repeating decimal is written 
with a line over the repeating digit. 


i 


Binary numbe 


What is a binary number? 


The decimal system uses the digits 0 through to 9, whi 
the binary system, also known as base 2, uses only two 
digits—O and 1. Binary numbers should not be though 
of in the same way as decimal numbers. For example, 
10 is said as “ten” in the decimal system but must be sai 
as “one zero" in the binary system. This is because the val 
of each “place” is different in decimal and binary. 


o 


sü 


ue 


Counting in the decimal system 


When using the decimal system for column sums, numbers 
are written from right to left (from lowest to highest). Each 
column is worth ten times more than the column to the right 
of it. The decimal number system is also known as base 10. 


cay gba sie 


Thousands Hundreds Tens 


1000 100 10 1 
6 il 5 2 


6000 + 400 + 50 +2 
= 6452 


Counting in binary 


Each column in the binary system is worth two times more 


Ones 


than the column to the right of it and, as in the decimal system, 
0 represents zero value. A similar system of headings may be used 


with binary numbers but only two symbols are used (0 and 1). 


ee Oe ee ee 


Thirty-twos Sixteens Eights Fours Ones 


32 6 8 4 1 
0 


1 71 #71 = 0 1 


32+16+8+0+0+1 
37” 


vvritten in the 
decimal system 


rs 


Decimal numbers 


Binary numbers 


0) “— a single binary digit 


is called a “bit, vvhich is 
0 0 0 


short for binary digit 


1 1 10ne 

2 10 Tİvvo 

3 il 1 two + 1 one 

4 100 1 four 

5 Oa 1 four + 1 one 

6 110 1 four + 1 two 

7 a 1 four + 1 two + 1 one 

8 1000 1 eight 

2 1001 1 eight + 1 one 

10 1010 1Teight--1tuo 

11 1011 1 eight + 1 two + 1 one 

12 1100 01TIeight-- 1four 

13 VIO 1 eight + 1 four + 1 one 

14 1110 01T4eight +1four+1two 

15 didi 1 eight + 1 four + 1 two +1 one 
16 10000 01TIsixteen 

17 10001  1sixteen+1one 

18 10010 = 1sixteen+1 two 

19 10011  1sixteen+1two+1one 

20 10100 1TIsixteen -- 1four 

50 110010 01T1tthirty-tuvo +1 sixteen + 1 two 
100 1100100 01Tsixty-four --1 thirty-two + 1 four 


Adding in binary 


Numbers written in binary form can be added together in a similar 
way to the decimal system, and column addition may be done like this: 


Fours Twos 
Ones 
1/7 
1 1 1 — sini 
zın 1 Ü + 101—. +041 


in decimal) 


Align the numbers 

under their correct 
place-value columns as in 
the decimal system. It may 
be helpful to write in the 
column headings when 
first learning this system. 


Subtracting in binary 


14+1=2 


7. is 10 in binary) 
111 


+ 101 
0 
1 ——aarry1 


Add the ones column. 
The answer is 2, which is 
10 in binary. The twos are 
shown in the next column 
so carry a 1 to the next 
column and leave 0 in 
the ones column. 


BINARY NUMBERS 


1+0+1=2 


7 is 10 in binary) 
111 


+ 101 
00 
1 carry1 


Now the digits in the twos 
column are added together 
with the 1 carried over from 
the ones column. The total is 
2 again (10 in binary) soa 1 
needs to be carried and a0 
left in the twos column. 


Subtraction works in a similar way to the decimal system but “borrows” 
in different units to the decimal system—borrowing by twos instead of tens. 


Fours Twos 


:7: i — 
1101—:.... 
- 11— 


. 


(2+1in 
27777 decimal) 


The numbers are 
written in their correct 
place-value columns as 
in the decimal system. 


it is helpful 


to add zeros subtract 


the units 


1101 


Add zeros so that there are 
the same number of digits 
in each column. Then begin 
by subtracting the ones 
column: 1 minus 1 is 0, 

so place a 0 in the answer 


space. Now move on to the 
twos column on the left. 


the answer is 12 
in the decimal system 
(8+4+0+0=12) 


1-— carry 1 and place 
in the eights column 


Finally, add the 1s in the 
fours column, which gives 
us 3, (11 in binary). This is 
the end of the equation so 
the final 1 is placed in the 
eights column. 


we put a2 in the twos column 
because the borrowed number 
represents 2 lots of twos 


1101 
- 0011 


1101 


the ansvver is 10in ”” 001 1 


the decimal system -—— 


10 s —.8010 


The lower 1 cannot be 
subtracted from the 0 above 
it so borrovv from the fours 
column and replace it with a 
0.Then put a 2 above the 
tvvos column. Subtract the 
lovver 1 from the upper 2. 
This leaves 1 as the ansvver. 


Now subtract the 

digits in the fours 
column, which gives 

us 0. Finally, in the eights 
column we have nothing 
to subtract from the 
upper 1, so 1 is written 

in the answer space. 


NUMBERS 


Fractions 


A FRACTION REPRESENTS A PART OF A WHOLE NUMBER. 
THEY ARE WRITTEN AS ONE NUMBER OVER ANOTHER NUMBER. 


Writing fractions 


The number on the top of a fraction 
shows how many equal parts of the 
whole are being dealt with, while the 
number on the bottom shows the 
total number of equal parts that 

the whole has been divided into. 


Quarter 

One fourth, or “% 
Numerator (a quarter), shows 1 
The number of equal part out of 4 equal 
parts examined. parts in a whole. 


mum: ——_ Dividing line 
This is also written as / 
Denominator 
Total number of equal 
parts in the whole. 


Eighth 
Va (one eighth) 
is 1 part out of 
8 equal parts 

in a whole. 


Sixteenth 
Ye (one sixteenth) 
is 1 part out of 

16 equal parts 

in a whole. 


One thirty- 
“ second 
Yaz (one 
thirty-second) 
is 1 part out of 
32 equal parts 
in a whole. 


One sixty-fourth 
— Vöa (one 

- sixty-fourth) is 
1 part out of 64 
equal parts in 
a whole. 


b. Equal parts of a whole 

The circle on the right shows how parts 
of a whole can be divided in different 
ways to form different fractions. 


Types of fractions 


A proper fraction—where the numerator is 
smaller than the denominator—is just one 
type of fraction. When the number of parts 
is greater than the whole, the result is a 


4 


FRACTIONS 


numerator has lower 
value than denominator 


“Sİ Proper fraction 

In this fraction the number of 
parts examined, shown on 4 
top, is less than the vvhole. 


49 


numerator has higher 


£” value than denominator 


35 5 <J Improper fraction 


The larger numerator 
indicates that the parts 
come from more than 
one whole. 


fraction that can be written in two ways— 
either as an improper fraction (also known 
as a top-heavy fraction) or a mixed fraction. 


£” number 


107 


Depicting fractions 
Fractions can be illustrated in many vvays, using any shape 
that can be divided into an equal number of parts. 


fraction 


<1 Mixed fraction 
A whole number is 
combined with a 
proper fraction. 


/ 


<1 Split equally 
The shapes show 
that there is 


alt lt ell = all 1 more than one 
31313 3 3 . vvay of depicting 
ül — a fraction. 
3 


— 

lee ii il ə 

T- = xi) pul >. 
7 7. — TI | T ty 7 /1 \ 
Yə (one half) is ə es ” = | Fü “İZ 7 \ 
1 part out of 2 hie — KE 1 7\ TS 
equal parts in 71 pla p 
a whole. T— 7 əv 7 Wi 

BE” 
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Turning top-heavy fractions into mixed fractions 


A top-heavy fraction can be turned into a mixed fraction by dividing the 
numerator by the denominator. 


=. 8 


each group of 4 — — 3 equal parts of 1 


represents 1 whole whole left over 


numerator 


ae 


Divide the 
numerator by 

the denominator, 
in this case, 35 by 4. 


3 
4 


Draw groups of four numbers—each 
group represents a whole number. The 
fraction is eight whole numbers with 
% (three quarters) left over. 


Turning mixed fractions into top-heavy fractions 


A mixed fraction can be changed into a top-heavy fraction by multiplying the 
whole number by the denominator and adding the result to the numerator. 


(- number 


"alış 


denominator 


each group of 3 
parts represents 
1 whole Multiply the whole number 
by the denominator—in 
this case, 10 x 3 = 30. Then 


add the numerator. 


Va (one third) z 


of a whole left over 


Draw the fraction as ten groups of three 
parts with one part left over. In this way it is 
possible to count 31 parts in the fraction. 


fı px33i ” 


whole number 
of 8 is produced 
with 3 left over 


The result is the mixed fraction 
874 made up of the whole 
number 8 and 3 parts—or 54 
(three quarters)—left over. 


multiply whole 
number by 
denominator 


add to 


” numerator 


m ııı 


The result is the 
top-heavy fraction 512, 
with a numerator (31) 
greater than the 
denominator (3). 


FRACTIONS 


Equivalent fractions 


The same fraction can be written in different ways. These are known as 
equivalent (meaning “equal”) fractions, even though they look different. 


denominator 


3 highlighted 2 highlighted 
sectors take up rectangles take 
same space as up same space 
9 highlighted as 4 highlighted 
= Py R -— 
ıı sectors in circle — rectangles 
on left on left 
numerator 53. divide cancellation 
9 3 numerator and 4 .”. results in 
— denominator equivalent 
-— — yəsi by same 5” fraction vvith 
1 2 4 number 6 smaller 
numerator and 
denominator 71 “m? 


A Cancellation 

Cancellation is a method used to find an equivalent fraction 
that is simpler than the original. To cancel a fraction divide 
the numerator and denominator by the same number. 


16 highlighted 2 highlighted 

triangles take triangles take up 

up same space same space as 

as 4 highlighted highlighted 
— triangles in triangle on left 
— square on left 


numerator ——S. 4 — 
1 6 multiply 
— — <= 


numerator and 


— denominator — — 
8 3 2 by same 3 
number 
denominator A Km 


A Reverse cancellation 

Multiplying the numerator and denominator by the same 
number is called reverse cancellation. This results in an 
equivalent fraction with a larger numerator and denominator. 


a|N 


"= 2h 3/3 4/4 5/5 5/6 1h 8/g 7/9 19/19 

13 = 2/5 3/9 yir) 5Hs 6/s 721 8/24 a7 10/39 

Ws = 2ho 3h5 4/20 5/25 6/30 7/35 8/40 9/as 10/50 
-———o— —Xxsxçvs 

iy 2ha 3/21 4/28 5/35 6/az 7/Ag 8/56 9/63 10/70 


NUMBERS 


Finding a common denominator 


When finding the relative sizes of two or more fractions, finding a common 
denominator makes it much easier. A common denominator is a number that can 
be divided exactly by the denominators of all of the fractions. Once this has been 
found, comparing fractions is just a matter of comparing their numerators. 


[> Comparing fractions 
To work out the relative sizes 2 5 
of fractions, it is necessary to 

convert them so that they all denominator denominator 
have the same denominator. 

To do so, first look at the 

denominators of all the 

fractions being compared. 


denominator 


19 


nd 


multiples of 3 multiples of 12 


multiples of 8 
b Make alist a ə oa 
List the multiples — all the 3, 6, 9, 12, 8, 16, 24, 32, 12, 24, 36, 


whole number products of 


each denominator - for all 15, 18, 21, 40, 48, 56, 48, 60, 72, 


of the denominators. Pick 


ible stoppi int 
205 24, 27, 30... 64, 12 84, 96... 


” 


> Find the lowest .. ə 342 - 
. enominator o an enominators 
common denominator 


List only the multiples that 

are common to all three sets. ,4 8, 7 2, 9 6 

These numbers are called 

common denominators. 277: 
Identify the lowest one. 


> Convert the fractions largest fraction smallest fraction 
Find out how many times the — 5 
original denominator goes into sty sty 2», 

the common denominator. 2 1 16 s 1 15 7 1 4 
Multiply the numerator by the — — 


same number. It is now possible 3 mae 24 4 3 —. 24 4 1 2 Qe" 2 4 
to compare the fractions. 
original denominator goes into on denominator goes into 7 original denominator goes into ee 


common denominator 8 times, common denominator 3 times, common denominator 2 times, 
so multiply both numerator and so multiply both numerator and so multiply both numerator and 
denominator by 8 denominator by 3 denominator by 2 


FRACTIONS 


ADDING AND SUBTRACTING FRACTIONS 


Just like whole numbers, it is possible to add and subtract fractions. How it is 
done depends on whether the denominators are the same or different. 


Adding and subtracting fractions with the same denominator 


To add or subtract fractions that have the same denominator, simply add or subtract their numerators 
to get the answer. The denominators stay the same. 


..m. 


4 8 8 


+ 8 
To add fractions, add together only the numerators. The To subtract fractions, subtract the smaller numerator from 
denominator in the result remains unchanged. the larger. The denominator in the result stays the same. 


Adding fractions with different denominators 


To add fractions that have different denominators, it is necessary to change one or both of the fractions so 
they have the same denominator. This involves finding a common denominator (see opposite). 


multiply whole number by denominator 6 isa common 5/6 can now be added remainder becomes 
then add numerator denominator of to 76/6 as both have numerator of fraction 
=—3 \ both 3 and6 same denominator 
1,5 4x34 13 5 13 a 31 
eee 51 B) 31+6=5r1= 
3 6 3 3 6 3 6 6 = 
.xzyil v—  denominator goes into common denominator 2 times, 
denominator stays same so multiply both numerator and denominator by 2 
First, turn any mixed The tvvo fractions have Convert the fractions If necessary, divide the 
fractions that are being different denominators, so into fractions with numerator by the denominator 
added into improper a common denominator common denominators to turn the improper fraction 
fractions. is needed. by multiplying. back into a mixed fraction. 


Subtracting fractions with different denominators 


To subtract fractions with different denominators, a common denominator must be found. 


multiply whole number by denominator 4 isa common 3/4 can be subtracted from 
then add numerator denominator 26/4 because both have remainder becomes 
— of both 2and 4 same denominator numerator of fraction 5 
6: 3 6x241 13 3 13 Rİ. 23 923:4-sn- 52 
2 4 2 2 4 2 4 4 4 4 
a v— . denominator goes into common denominator 2 times, 
denominator stays same so multiply both numerator and denominator by 2 
First, turn any mixed The two fractions have Convert the fractions If necessary, divide the 
fractions in the equation different denominators, so into fractions with numerator by the denominator 
into improper fractions a common denominator common denominators to turn the improper fraction 


by multiplying. is needed. by multiplying. back into a mixed fraction. 


NUMBERS 


MULTIPLYING FRACTIONS 


Fractions can be multiplied by other fractions. To multiply fractions by mixed fractions 
or whole numbers, they first need to be converted into improper (top-heavy) fractions. 


two equal 


parts multiplying 1/2 by 3 


is same as adding 
1/2 to 1/2 to 1/2 


H-H-u 


nx3 


7x3 


Imagine multiplying a fraction by a whole number as 
adding the fraction to itself that many times. Alternatively, 
imagine multiplying a whole number by a fraction as 
taking that portion of the whole number, here 72 of 3. 


1 1 1 
2727? 


Multiplying two proper fractions 


whole number an improper fraction 
with whole number as numerator 
and 1 as denominator 


1 3 
mous 


“ə” 


Convert the whole number 
to a fraction. Next, multiply 
both numerators together 
and then both denominators. 


remainder becomes 
numerator of fraction 


Bİ) 3-2 — İr1 -17 
— 


Divide the numerator of 
the resulting fraction by the 
denominator. The ansvver is 
given as a mixed fraction. 


denominator 
stays the same 


Proper fractions can be multiplied by each other. It is useful to imagine that the multiplication 


sign means “of” 


ig 


1 3 
2 4 


make a fraction half 
as big by doubling 
the total number 
of parts—the 
numerator is 
unchanged 


8 x one fraction splits 
another to increase 


number of parts in result 


Visually, the result of multiplying two proper fractions is 
that the space taken by both together is reduced. 


Multiplying mixed fractions 


To multiply a proper fraction by a mixed fraction, it is necessary 
to first convert the mixed fraction into an improper fraction. 


multiply whole number 
R.) by denominator yo 
3 5 3x5-2 Ur 
5 6 5 və) 5 6 
Ls “ə” 


numerator 
First, turn the mixed fraction 


into an improper fraction. and denominators of both 


fractions to get a new fraction. 


Next, multiply the numerators 


‘—the problem below can be expressed as “what is 12 of 34?” and “what is 34 of 72?" 


imagine multiplication 
sign means “of” 


ee 


2 eş 
“sə” 


Multiply the numerators and the denominators. The 
resulting fraction answers both questions: “what is 12 
of 342” and “what is 34 of 122” 


increasing value of 
denominator decreases 
value of fraction 


to show in its lowest 

form divide both 
remainder becomes numbers by 5 to get % 
numerator of fraction 


sn II) 85 + 25 


30 


) 


30 = 2r25 = 


denominator 
stays the same 
Divide the numerator of the new 


improper fraction by its denominator. The 
answer is shown as a mixed fraction. 


DIVIDING FRACTIONS 


FRACTIONS 


Fractions can be divided by whole numbers. Turn the whole number into a fraction and find 
the reciprocal of this fraction by turning it upside down, then multiply it by the first fraction. 


each part is /£ 
(one eighth) 


dividing by 2 means 
splitting in half 


Ya (one 
5 


m. 2- 


1-2-1 
4 7 m. 8 <— denominator is doubled, 


so value is halved 


turned into 


improper fraction 


Picture dividing a fraction by a whole number as 
splitting it into that many parts. In this example, % is 
split in half, resulting in twice as many equal parts. 


Dividing two proper fractions 


Proper fractions can be divided by other proper fractions by using an inverse operation. 
Multiplication and division are inverse operations—they are the opposite of each other. 


imagine the multiplication 
sign means “of” 


- 
Hx EEBEEH 


3 multiplied by 1/4, 
or 1/4 of 3, gives 3/4 


) 


Lies is same = 
: as saying s 
same as —.. 
1 ate 1 is same -B .. — 2 
4 b 3 as saying mz 4 


Dividing one fraction by another is the same as turning the 
second fraction upside down and then multiplying the two. 


Dividing mixed fractions 


To divide mixed fractions, first convert them into improper fractions, then 


turn the second fraction upside down and multiply it by the first. 


‘—— 1 number multiply whole 


number by 
denominator 


ay 


7 add to 


numerator 


m" — 


i 


First, turn each of the mixed fractions into 
improper fractions by multiplying the whole number 
by the denominator and adding the numerator. 


whole number first 


+ sign becomes 
x sign 


əd around 
o 


Sh, 
Witch around 


To divide a fraction by a whole number, convert the whole 
number into a fraction, turn that fraction upside down, and 
multiply both the numerators and the denominators. 


+ sign becomes 
X sign 


denominator is 


: : .. novv 3 
4732 


Sis 
Mitch around 


To divide two fractions use the inverse operation— 
turn the last fraction upside down, then multiply 
the numerators and the denominators. 


+ sign becomes 
X sign 


ait? around 
s 


7#5 > 


Sy, 
Witch around 


denominator is 
now numerator 


16 


4.9 
3” 49 27 


Divide the two fractions by turning the second 
fraction upside down, then multiplying the 
numerators and the denominators. 


NUMBERS 


Ratio and proportion 


RATIO COMPARES THE SIZE OF QUANTITIES. PROPORTION COMPARES 
THE RELATIONSHIP BETWEEN TWO SETS OF QUANTITIES. 


Ratios show how much bigger one thing is than another. Two things are in 
proportion when a change in one causes a related change in the other. 


Sİ Supporters 

This group represents fans 
of two football clubs, the 
“greens” and the “blues.” 


Writing ratios 

Ratios are written as two or more numbers with a 
colon between each. For example, a fruit bowl in 
which the ratio of apples to pears is 2: 1 means that 
there are 2 apples for every 1 pear in the bowl. 


these are the 
fans of the 
“greens” 


> Forming a ratio 

To compare the numbers 
of people who support 
the two different clubs, 
write them as a ratio. This 
makes it clear that for 
every 4 green fans there 
are 3 blue fans. 


there are this is the symbol there are 


4 green for the ratio 3 blue 
supporters a between the fans \ @ -—” supporters 
V More ratios ə 


The same process applies to any set of data 
that needs to be compared. Here are more 
groups of fans, and the ratios they represent. 


iff iff 111111 


1:2 1: 3 : 

ə o ə 
A1:2 A1:3 A 2:5 
One fan of the greens and 2 fans of the One fan of the greens and 3 fans of the Two fans of the greens and 5 fans of the 
blues can be compared as the ratio 1 : 2. blues can be shown as the ratio 1 : 3, which blues can be compared as the ratio 2:5. 
This means that in this case there are twice means that, in this case, there are three There are more than twice as many fans 


as many fans of the blues as of the greens. times more blue fans than green fans. of the blues as of the greens. 


RATIO AND PROPORTION 


Finding a ratio 


Large numbers can also be written as ratios. For example, to find the ratio 


20 minutes is 1/3 


of an hour 
between 1 hour and 20 minutes, convert them into the same unit, then ratios show information in the 
cancel these numbers by finding the highest number that divides into both. same way as fractions do 
minutes are the 1 hour is the same as 60 this is the 60 +20=3 N 
—”” unit | so convert | aia for ratio z” 20-1 
Convert one of the Write as a ratio by Cancel the units to their 
quantities so that both have inserting a colon lowest terms. Here both 
the same units. In this between the two sides divide exactly by 20 
example use minutes. quantities. to give the ratio 1:3. 


Working with ratios 


Ratios can represent real values. In a scale, the small number of the ratio is 
the value on the scale model, and the larger is the real value it represents. 


> Scaling down 
1: 50,000 cm is used 
as the scale on a map. 


S_ scale shows > Scaling up 
what real The plan of a microchip 


distance is 
represented by has the scale 40: 1. The 


Find out what a each distance length of the plan is 

distance of 1.5 cm on the map 18 cm. The scale can be 

represents on this map. used to find the length 
distance on of the actual microchip. 


ae scale on map actual distance 
represented by the ma 
— —. p : B length divide by scale to actual length 


1.5cm x 50,000 = 75,000cm ———- 
= 750m 18cm + 40 =0.45cm 


the answer is converted into a more suitable — 
unit—there are 100 cm in a meter 


Comparing ratios 


Converting ratios into fractions allovvs their size to be compared. To compare the su 


numerators 


ratios 4:5 and 1 : 2, write them as fractions with the same denominator. 5 5 
5x21is10, 
1 £ fraction that 2x5is10, the the common 
1 o 2 ——.— iz” represents common denominator denominator is smallerthan TO 
e ad 2 ratio 1:2 x5 2 m 
and so 
45 fraction that — — 
e ——. represents 1 e 2 : 4 e 5 
4 ğ 5 — m ratio 4:5 əz udu. e is smaller than e 
First write each ratio as a Convert the fractions so that they Because the fractions now 
fraction, placing the smaller both have the same denominator, share a denominator, their sizes 
quantity in each above the by multiplying the first fraction by can be compared, making it clear 


larger quantity. 5 and the second by 2. which ratio is bigger. 


NUMBERS 


PROPORTION 


Two quantities are in proportion when a change in one causes a change in the other bya 
related number. Two examples of this are direct and indirect (also called inverse) proportion. 


77VU " Die proportion, — Çilandanaqıııımaşın 
Tvvo quantities are in direct proportion if the ratio betvveen them This table and graph shovv 
is alvvays the same. This means, for example, that if one quantity the directly proportional 1 2 


doubles then so does the other. relationship betvveen the 2 4 
number of gardeners and 


each gardener dü the number of trees planted. 3 
plant 2 trees in a dəy “Si 2 gS 


> Planting trees 2— doubling number of 


2 gardeners 


The number of gardeners doubles ğ can plant 
gardeners used to plant number of trees planted Atreecin 
a day 


is 


trees determines hovv 5 
many trees can be 
planted in a day: tvvice 2 4 4 
as many gardeners 


means tvvice as many 
trees can be planted. 


if: 


the ratio is alvvays the same  —.”T 
when reduced to its simplest 
terms, in this case 1:2 


Indirect proportion > Indirect proportion (Vane DAye 
Two quantities are in indirect proportion if their product (the This table and graph show z 5 
answer when they are multiplied by each other) is always the the indirectly proportional 

relationship between the 2 


same. So if one quantit ubles, the other ntity halves. 
-.. ydo : . —. 5 vans used and the time 


1 van takes 8 days to taken to deliver the parcels. 
deliver some parcels ~ (Pex 1 
> Delivering parcels 
The number of vans used to 
deliver parcels determines 


how many days it takes to 
deliver the parcels. Twice 6 


as many vans means half as İTİ 
many days to deliver. 2 İl 
a 2 vans take 4 


if the number of vans wi days to deliver 


Re line showing 
direct proportion 
is always straight 


TREES PLANTED IN A DAY 
w 


1 2 3 
NUMBER OF GARDENERS 


m 


4&— 1van takes 8 days to 
deliver the parcels 


— 


the line shovving 
indirect proportion 
is alvvays curved 


of 


TIME (DAYS) 
> 


doubles then it takes the parcels 2 vans dz) 
half the time to deliver 2 4 days to 
the parcels deliver the 
parcels 
the product of the 
RRR 4:2 EE 27: 
e İ and days is always 1 2 3 4 5 


a. the same: 8 NUMBER OF VANS 


RATIO AND PROPORTION 


Dividing in a given ratio 
A quantity can be divided into two, three, or more parts, according to a given 
ratio. This example shows how to divide 20 people into the ratios 2:3 and 6:3: 1. 


11111111111111111111 


DIVIDING INTO A DIVIDING INTO A 
TVVO-PART RATIO THREE-PART RATIO 
2 0 3 These are the ratios to 6 2 3 A 1 
e divide the people into. e e 


total number of parts in the ratio . 


2+3= 5 Add the different 6+3+1 = 10 


parts of the ratio to 
number of parts in the ratio find the total parts. total number 
total number x .. 
of people —“20 iə 5 — 20 Zəhi 10 — 
= -— = = 


Divide the number of people 


total number of 
parts in the ratio 


12 people 


: : by the parts of the ratio. 
2 in the ratio 6 in the represented by 
.. 2 x 4 — 8 ratio 6 x 2 = 6 in the ratio 
3 in the ratio indi 6 people 
™ 3x4- 12 Multiply each part of ie — represented by 
= the ratio by this fate 3 x 2 — 3 in the ratio 
12 people apeople quantity to find the size ifada məb 
represented by represented by of the groups the ratios ratio NY x 2 — represented by 
3 in the ratio 2 in the ratio represent. 1in the ratio 


Proportional quantities 


Proportion can be used to solve problems involving unknown quantities. For 
example, if 3 bags contain 18 apples, how many apples do 5 bags contain? 


total number apples 


of apples \ Ve bags “0 per bag b z number of bags 
999998 “hi. 6x5-80”” 
GƏ ə m) 
9949 990 5 


99099 999 EEE) 


There is a total of 18 apples in 3 bags. To find out hovv many apples there To find the number of apples 
Each bag contains the same number are in 1 bag, divide the total number in 5 bags, multiply the number 
of apples. of apples by the number of bags. of apples in 1 bag by 5. 


., 


Percentages 


A PERCENTAGE SHOWS AN AMOUNT AS A PART OF 100. 


Any number can be written as a part of 100 or a percentage. Percent means 
“per hundred,’ and it is a useful way of comparing two or more quantities. 
The symbol “06” is used to indicate a percentage. 


Parts of 100 


The simplest way to start looking at percentages is by dealing 
with a block of 100 units, as shown in the main image. These 

00 units represent the total number of people in a school. 
This total can be divided into different groups according to 
the proportion of the total 100 they represent. 


> This is simply 
another way 

of saying 
“everybody” or 
“everything.” Here, 
all 100 figures 
—100%—are blue. 


> This group 

is equally 
divided between 
50 blue and 50 purple 
figures. Each represents 50 
out of 100 or 50% of the total. 
This is the same as half. 


1% 


> In this group 
there is only 1 
blue figure out 
of 100, or 1%. 


A Adding up to 100 
Percentages are an effective 
way to show the component 
parts of a total. For example, 
male teachers (blue) 
account for 5% (5 out of 
100) of the total. 


V Examples of percentages 
kə, Percentages are a simple and 
accessible vvay to present 
information, which is why they 
are often used by the media. 


9700 of the world’s animals are invertebrates 
92.5% of an Olympic gold medal is composed of silver 
70% of the world’s surface is covered in water 

66% of the human body is water 

61% of the world’s oil is in the Middle East 

50% of the world’s population live in cities 

21% of the air is oxygen 


6% of the world’s land surface is covered in rain forest 


PERCENTAGES uu 


VVORKING VVITH PERCENTAGES 


A percentage is simply a part of a whole, expressed asa 
part of 100. There are two main ways of working with 
percentages: the first is finding a percentage of a given 
amount, and the second is finding what percentage one 
number is of another number. 


Calculating percentages 


This example shows how to find the percentage of a 
quantity, in this case 25% of a group of 24 people. 


this means 


division 7 2 5 2 4 
100 
25% of there are 24 
24 is 6 Te people in total 
% <1 25% of 24 


The 6 people shown in 
blue make up 25% 

of the total number of 
people, which is 24. 


This example shows how to find what percentage one 
number is of another number, in this case 48 people out of 
a group of 112 people. 


48 


FT x 100 — 


ansvver is rounded to 2 
decimal places 


there are 112 
people in total 


48 is 42.86% 


s 48asa 
percentage of 112 
The 48 people shown in 
blue make up 42.86% of the 
total number of people: 112. 


i 


PERCENTAGES AND QUANTITIES 


Percentages are a useful way of expressing a value as a proportion of the total 
number. If two out of three of a percentage, value, and total number are known, 
it is possible to find out the missing quantity using arithmetic. 


Finding an amount as a % of another amount 12-da 
Out of 12 pupils in a class, 9 play a musical instrument. To find the knovvn 
value (9) as a percentage of the total (12), divide the knovvn value by the 
total number and multiply by 100. 9- 


ə. 
"Bul 
91 
= - - —.7 m =] 
—/x 100 = 75% play instruments “ 5.0. what % 
1 2 co 4 uu 0 of class 
5 5 = ? play an 
Divide the known number by the Multiply the result by 100 to get = zəl a “m. instrument? 
total number (9 + 12 — 0.75). the percentage (0.75 x 100 = 75). S 2 vi U/ 
= BR” /f) 10 
1 /() 
V 
Finding the total number from a % 2822-5 -- -100% 
In a class, 7 children make up 35% of the total. To find the total number of /T Ta 
students in the class, divide the knovvn value (7) by the knovvn percentage 
(35) and multiply by 100. a 
re 
ə 
hovv many 
students are 10 
in the class? 
35 students = -3500 
oS 
- 
Divide the known amount by the Multiply the result by 100 to get 3 = 
known percentage (7 + 35 = 0.2). the total number (0.2 x 100 = 20). = = 
= Ge 
REAL WORLD 


Percentages are all around us—in stores, 
in newspapers, on TV—everywhere. Many 
things in everyday life are measured and 
compared in percentages—how much an 

item is reduced in a sale; what the interest 

rate is on a mortgage or a bank loan; or how 
efficient a light bulb is by the percentage 
of electricity it converts to light. Percentages 
are even used to show how much of the 
recommended daily intake of vitamins 

and other nutrients is in food products. 


PERCENTAGES ə 


PERCENTAGE CHANGE 


If a value changes by a certain percentage, it is possible to calculate the new value. 
Conversely, when a value changes by a known amount, it is possible to work out 
the percent increase or decrease compared to the original. 


Finding a new value from a % increase or decrease 40 - 7 100% 
To find how a 55% increase or decrease affects the value of 40, first work out 55% 
of 40. Then add to or subtract from the original to get the new value. 
THEN what is 
55% of 40? 
rs .. 5500 
0r— ~ Or a 
" ? 15 s 
Divide the Multiply the result Add the original value to 22 to ğ 10 z 
known % by 100 by the original value find the % increase, or subtract ws a 
(55 + 100 — 0.55). (0.55 x 40 — 22). 22 to find the % decrease. = 5 s 
Finding an increase in a value as a % 
The price of a donut in the school cafeteria has risen 30 cents—from ? 
99 cents last year to $1.29 this year. To find the increase as a percent, divide ğ 
the increase in value (30) by the original value (99) and multiply by 100. 10070 
what is 
% increase 
— m1n/ in price of 
— 9/0 increase = — 
99 2 
7. 
Divide the increase in value by the Multiply the result by 100 to find z 
original value (30 + 99 = 0.303). the percentage (0.303 x 100 = 30.3), and = — 


round to 3 significant figures. 


Finding a decrease in a value as a % 245 - 
There vvas an audience of 245 at the school play last year, but this year only 


209 attended—a decrease of 36. To find the decrease as a percent, divide the 209 - 
decrease in value (36) by the original value (245) and multiply by 100. 
what is the 
% decrease in 
attendance of 
the school 
/ play? 
decrease z 
245 is 
Divide the decrease in value by the Multiply the result by 100 to find - a 
original value (36 + 245 = 0.147). the percentage (0.147 x 100 = 14.7), = dı 


and round to 3 significant figures. 
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Converting fractions, 
decimals, and percentages 


D 
NUMBER 


J 


) PERCENTAG 


ARE DIFFERENT WA 


O F WR 


The same but different 


Sometimes a number shown one way can be shown more clearly 
in another way. For example, if 20% is the grade required to pass 
an exam, this is the same as saying that 1/5 of the answers in an 
exam need to be answered correctly to achieve a pass mark or 


that the minimum score for a pass is 0.2 of the total. 


Changing a decimal into a percentage 
To change a decimal into a percentage, multiply by 100. 


0.75 m 75% 


0.75 x 100 


Decimal Multiply by 100 


15% 


Percentage 


decimal point in 0.75 moved 7 
tvvo places to right to make 75 


Changing a percentage into a decimal 
To change a percentage into a decimal, divide it by 100. 


75% m, 0.75 


decimal point added two 
places to left of last 7 


100 = 0.75 


Divide by 100 Decimal 


75% + 


Percentage 


500 


PERCENTAGE 


A percentage shows a number 
as a proportion of 100. 


>All change 


The three ways of writing the US 


number are shown here: decimal (0.75), 
fraction (34), and percentage (75%). They 
look different, but they all represent 
the same proportion of an amount. 


Changing a percentage into a fraction 

To change a percentage into a fraction, write it as a fraction 

of 100 and then cancel it down to simplify it, if possible. 
divide by 

0 3 highest 

75 % = 4 number that 


goes into 75 
and 100 


75% m = 
100 
Turn the sects OF Fraction 


Percentage 
into the numerator of a canceled down 
fraction with 100 as the into its lowest 

denominator. terms. 


DECIMAL 


A decimal is simply a number that 
is not whole. It always contains 
a decimal point. 


--100% 1 1- 
— 
3 - 
~~ 7500 0.75 ris ‘ 
2 2: 


FRACTION 


A fraction shows a number as part 
of an equally divided whole. 


Changing a fraction into a percentage 


To change a fraction into a percentage, change it to a 
decimal and then multiply it by 100. 


om 75% 


divide the denominator (4) 
into the numerator (3) 


= map 3:4-0.75 mi) 0.75x100=75% 


For decimal, divide 
the numerator by 
the denominator. 


Fraction 


Multiply by 100 


CONVERTING FRACTIONS, DECIMALS, AND PERCENTAGES 


Everyday numbers to remember 


Many decimals, fractions, and percentages are used in everyday 
life—some of the more common ones are shown here. 


T/Ho 10% 0.625 62.5% 

0.125 Vg 12.5% 0.666 : 66.7% 
0.25 1/4 2506 0.7 7Ho 70% 
0.333 1/3 33.3% 0.75 3/4 75% 
0.4 2/5 40% 0.8 4/5 80% 
05. T/2 50% 1 T 100% 


Changing a decimal into a fraction 


First, make the fraction’s denominator (its bottom part) 10 
100, 1,000, and so on for every digit after the decimal point. 


0.75 = = 


divide by 
highest 
number that 
goes into 75 


oe 


= 100 
Count the decimal 


places—if there is 1 
digit, the denominator 
is 10, if there are 2, it is 

100. The numerator is 
the number after the 
decimal point. 


0.75 


Decimal 
number with 
two digits 
after the 
decimal point. 


Cancel the 
fraction down 
to its lowest 
possible terms. 


Changing a fraction into a decimal 


Divide the fractionis denominator (its bottom part) into the 
fraction’s numerator (its top part). 


= 0.75 


numerator 


. 3 : 
4 e 
Divide the numerator by 
the denominator. 


denominator 


0.75 


Faction Decimal 


NUMBERS 


Mental math 


EVERYDAY PROBLEMS CAN BE SIMPLIFIED SO THAT THEY 
CAN BE EASILY DONE WITHOUT USING A CALCULATOR. 


MULTIPLICATION 


Multiplying by some numbers can be easy. For example, to multiply by 10 either 
add a 0 or move the decimal point one place to the right. To multiply by 20, 
multiply by 10 and then double the answer. 


20 new members — 
2 staff members of staff 
recruited last 
year 


> Multiplying by 10 
A sports club hired 2 
people last year, but 
this year it needs to 
hire 10 times that 
number. How many 
staff members will it 
recruit this year? 


2x10 .. 
zero added to give 20, which is ry 


new number of staff members 


number of staff members 
recruited last year 


[> Multiplying by 20 t-shirt for sale 20 t-shirts for də 


A shop is selling — 


t-shirts for the price 1.2x10 


7 shirts in $ 
of $1.20 each. Hovv 
much will the price 
7— 1, 2 0 1 2. 0 


first multiply by 10, moving — 


decimal point one place to right 


price of 10 
12x2 


so 


price of 20 t-shirts in J 


price of a t-shirt in .. 


athlete runs 
ar every day for 25 days 
> Multiplying by 25 


o 5 athlete runs every day 
An athlete runs 16 


miles a day. If the ce 


“yp 


m 
Ds 4 


400 miles run in 25 days a 


1,600 miles run 
100 days 
athlete runs the same 


distance every day for 


25 days, how far will 
he run in total? 1 6 1 


16 miles run in a day a 


€ Finding the 
answer 

To multiply 2 by 10 
add a 0 to the 2. 
Multiplying 2 
people by 10 results 
in an answer of 20. 


Sİ Finding the 
answer 

First multiply the 
price by 10, here 
by moving the 
decimal point one 
place to the right, 
and then double 
that to give the 
final price of $24. 


<1 Finding the 
answer 

First multiply the 16 
miles for one day by 
100, to give 1,600 
miles for 100 days, 
then divide by 4 to 
give the answer 
over 25 days. 


MENTAL MATH 


V Multiplication using decimals LOOKING CLOSER) 


Decimals appear to complicate the problem, but they 
can be ignored until the final stage. Here the amount of 


carpet required to cover a floor needs to be calculated. ; .. 
HER 7 ı Because 2.9 is almost 3, multiplying 3 x 4 


is a good way to check that the calculation 
to 2.9 x 4 is correct. 
symbol for 


approximately 
equal to 


2.9 “3 and 
3x4=12 


close to real answer of 11.6 


$02.9 x 4-0) 


“— length of floor to eaetlolbaır 


əs pe counted to required size 
width of floor to be covered q 


30 easier to work with than 29 


30x4 vl 
2.9 x 4 29 x 4 ive answer 11.6 
M 1 x 4 — 4 4— sumof1x4 2 ) 


width with decimal 7 ə. ee 
point removed 1 x 4 to be subtracted result of 120-4 3 116 116 Ey 11.6 


width of floor length 


length 


from 30 x 4 
First, take away the Change 29 x 4 to 30 x 4 since Subtract 4 (product of 1 x Move the decimal point 
decimal point from it is easier to work out. Write 4) from 120 (product of 30 one place to the left (it 
the 2.9 to make the 1 x 4 below (the difference x 4) to give the answer of was moved one place to 
calculation 29 x 4. between 29 x 4 and 30 x 4). 116 (product of 29 x 4). the right in the first step). 
Top tricks 


The multiplication tables of several numbers reveal patterns of multiplications. 
Here are two good mental tricks to remember when multiplying the 9 and 11 


times tables. 
multipliers 1 to 10 multipliers 1 to 9 
155225 0 0 (ila a 04 5 200 0 yee 
İ 01810 7130115 11 54 4403 77 51590) N | 11 22 33 44 55 66 77 88 99 
ie ... multiples of 9 a) mın veyell 
3 written twice 7 written twice 

A Two digits are added together A Digit is written twice 
The two digits that make up the first 10 To multiply by 11, merely repeat the two 
multiples of 9 each add up to 9. The first multipliers together. For example, 4 x 11 is two 
digit of the multiple (such as 1, in 18) is 4s or 44. It works all the way up to 9 x 11 = 99, 


always 1 less than the multiplier (2). which is 9 written twice. 


DIVISION 


NUMBERS 


Dividing by 10 or 5 is straightforward. To divide by 10, either delete a 0 or move the decimal 
point one place to the left. To divide by 5, again divide by 10 and then double the answer. 


Using these rules, work out the divisions in the following two examples. 


> Dividing by 10 

In this example, 160 
travel vouchers are 
needed to rent a 
10-seat mini bus. How 
many travel vouchers 
are needed for each 
of the 10 children to 
travel on the bus? 


> Dividing by 5 
The cost of 
admission to a zoo 
for a group of five 


5 “, 10-seat 


mini bus 


160 
x 


160 -10 


160 travel vouchers 
needed to rent mini bus 


S “N zoo entrance for 


five is 75 tokens 


10 children # , 


16 travel vouchers 
required per child 


16 
x 


_ nn 


<] How many each? 
To find the number 
of travel vouchers for 
each child, divide the 
total of 160 by 10 

by deleting a 0 from 
the 160. İt gives the 
ansvver of 16 travel 
vouchers each. 


<] How many each? 
To find the admission 
for 1 child, divide the 
total of 75 by 10 (by 
moving a decimal 
point in 75 one place 
to the left) to give 7.5, 
and then double that 


N for the ansvver of 15. 
15 tokens for 


each child 


same as 75.0) tokens 
for group of 5 children 


children is 75 tokens. 

Hovv many tokens 

are needed for 1 of 

the 5 children to (1 

enter the zoo? ” 75-10 75x2 
75( ) 


decimal point moves 
one place to left 


There are various mental tricks to help with dividing larger or more complicated numbers. İn the three examples below, there are 

tips on how to check whether very large numbers can be divided by 3, 4, and 9. 

54+3=18,sothe 
original number is 
divisible by 3 


1665233198172 Hi 14+6+6+54+2+3+3+14+9+84+1+7+2=54 


56+4=14,s0 the 
original number is 
divisible by 4 


original number digits add up to 54 


b Divisible by 3 

Add together all of the digits in 
the number. If the total is divisible 
by 3, the original number is too. 

5 and 6 seen as 
one number: 56 


> Divisible by 4 
If the last two digits are taken as 


one single number, and it is divisible 123456123456123486 mb 56-4=14 


by 4, the original number is too. 


original number 


add together all digits of 36 “9-4, sothe 
number, their sum is 36 eo original number 


is divisible by 9 
1643951142 mi) 14+64+4434+94+54+14+14+4+42= 36 


> Divisible by 9 original number 
Add together all of the digits in 
the number. If the total is divisible 


by 9, the original number is too. 


PERCENTAGES 


MENTAL MATH 


A useful method of simplifying calculations involving percentages is to reduce one difficult 
percentage into smaller and easier-to-calculate parts. In the example below, the smaller 


percentages include 10% and 5%, which are easy to work out. 


> Adding 17.5 percent 
Here a shop wants to charge 
$480 for a new bike 
However, the owner of the 


shop has to add a sales tax of ONS 


4 8 0 QL -— 
original price 


10% of 480 = 48 48 
5% of 480 = 24 24 together 
2.5% of 480 = 12 + 12 


17.5 percent to the price. 
How much will it then cost? 


sales tax 


4 
17.5% of 480 


original price 2 


of bike 


2.5% of 480 is half of — 
5% of 480, which is 
half of 10% of 480 


First, write down the percentage 
price increase required and the 
original price of the bike. 


Switching 


A percentage and an amount can both be “switched, to 
produce the same result with each switch. For example, 
50% of 10, which is 5, is exactly the same as 10% of 50, 
which is 5 again. 


20% is 2 amount of 10% is 2 amount of 
of 10 balls balls is 10 of 20 balls balls is 20 


20% of 10 = 10% of 20 


27 are 2006 of 10 balls 2 balls are 10% of 20 balls 


öc ə eeece 

eecee 
ee eeee 
ee eeee 
ee eeee 


bike for sale before 


Next, reduce 17.5% into the easier 
stages of 10%, 5%, and 2.5% of 
$480, and calculate their values. 


bike for sale after 


sales tax ™ 


final price _ 6 4 


results added 


84 is 17.5% of 480 7 84 


The sum of 48, 24, and 12 is 
84, so $84 is added to $480 for 
a price of $564. 


Progression 


A progression involves dividing the percentage by a number 
and then multiplying the result by the same number. For 
example, 40% of 10 is 4. Dividing this 40% by 2 and 
multiplying 10 by 2 results in 20% of 20, which is also 4. 


40% is 4 amount of 20% is 4 amount of 
of 10 balls balls is 10 of 20 balls balls is 20 


40% of 10 = 20% of 20 


£- are 4006 of 10 —. 4 balls are 20% of 20 balls 


Ə ecə 
ee” 
ee ecee 
ee ectee 
ee ecee 
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iz) Rounding off 


THE PROCESS OF ROUNDING OFF INVOLVES REPLACING ONE 
NUMBER WITH ANOTHER TO MAKE IT MORE PRACTICAL TO USE. 


Estimation and approximation 


In many practical situations, an exact answer is not needed, and it is easier 


to find an estimate based on rounding off (approximation). The general V Rounding to the nearest 10 
principle of rounding off is that a number at or above the midpoint of The midpoint between any two 10s is 5. 

a group of numbers, such as the numbers 15-19 in the group 10-20, If the last digit of each number is 5 or over 
rounds up, while a number below the midpoint rounds down. it rounds up, otherwise it rounds down. 


) 11 12 13 14 15 16 17 18 19 


midpoint, round down the midpoint, round up 


V Rounding to the nearest 100 


als tanner bounds The midpoint between two 100s is 50. If 


down because it is under 


the midpoint of 150 a number on the the second digit is 5 or over, the number 
raq £” midpoint, such as rounds up, othervvise it rounds dovvn. 
250 rounds up 


" 


400 500 Ji 1000 


this number this number 
rounds up rounds down 


Many measurements are given as x. .. 
approximations, and numbers are sometimes 31 = 3 0 and 1 87 ~ 200 
A Approximately equal to 

The “approximately equals” sign shows that the two 


“approximately equals” sign is used to show when 
numbers have been rounded up or down. It looks ( sides of the sign are approximately equal instead of 
wavy lines mean 


rounded to make them easier to use. An ç — 


similar to a normal equals sign (=) but with equal. So 31 is approximately equal to 30, and 187 is 
curved instead of straight lines. “approximately” approximately equal to 200. 


ROUNDING OFF 


Decimal places 


Any number can be rounded to the appropriate number of decimal 
places. The choice of how many decimal places depends on what the 
number is used for and how exact an end result is required. 


original number with 


9.153672" “”” 


the digit after the first The more decimal places, the more accurate the 
<~ decimal place is 5 (9.15), number. This table shows the accuracy that is 
so round up represented by different numbers of decimal places. 


For example, a distance in miles to 3 decimal places 
would be accurate to a thousandth of a mile, which 


the digit after the is equal to 5 feet. 


—_ second decimal place is 
ə 3 (9.153), so round dovvn 


2 decimal places (2 d.p.) 


1 decimal place (1 d.p.) 


the digit after the third 


an decimal place is 6 İ i 
(9.1536), so round up 1.135 mi 


3 ete places (3 d.p.) 


: : 1 significant 2 significant 3 significant <1 Significant zeros 
Significant figures figure figures see The -. 200 could 
A significant figure in a number is be the result of 
a digit that counts. The digits 1 to 9 20 0 200 rounding to 1, 2, or 3 
are always significant, but 0 is not. significant figures (s.f.). 
However, 0 becomes significant when Below each example is 
it occurs between two significant Real value anywhere Real value anywhere Real value anywhere the range in which its 
figures, or if an exact answer is needed. between 150-249 between 195-204 between 199.5-200.4 true value lies. 


round down ” these Os are 
not significant 
round down 
1 significant figure (1 s.f.) 1 significant figure (1 s.f.) 
these 0s are 
ə” not significant this 0 is significant because it had 
numbers after it in the number it 
vvas rounded from 
r ® 
2 significant figures (2 s.f.) 2 significant figures (2 s.f.) 
these Os are significant because 
ə are betvveen tvvo 1s pe round up 
a this 0 is not 
R” ssignificanit 
y ə 


5 significant figures (5 s.f.) 3 significant figures (3 s.f.) 
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1B) Using a calculator 


CALCULATORS ARE MACHINES THAT WORK OUT THE ANSWERS 


TO SOME MATHEMATICAL PROBLEMS. 


Calculators are designed to make math easier, but there are 


a few things to be aware of when using them. 


Introducing the calculator 


A modern calculator is a handheld electronic device 
that is used to find the answers to mathematical 
problems. Most calculators are operated in a similar 
way (as described here), but it may be necessary to 
read the instructions for a particular model. 


Using a calculator 


Be careful that functions are entered in the correct order, 
or the answers the calculator gives will be wrong. 


For example, to find the answer to the calculation: 
(7+2)x 9= 


Enter these keys, making sure to include all parts of 
the calculation, including the parentheses. 


uz EE ) [x] - 51 


Not 


ız calculator does 
BOB = 3°" 
18, then sum 


18+7=25 


Estimating answers 

Calculators can only give answers according to the keys that 
have been pressed. It is useful to have an idea of what answer 
to expect since a small mistake can give a very wrong answer. 


For example 


1010108 os. 


this would give the 
must be close to answer 400,000 — 


2101010 x 8210100) 


So if the calculator gives the ansvver 40,788 it is clear that 
the numbers have not been entered correctly—one “0” is 
missing from what was intended: 


1016088918) 


FREQUENTLY USED KEYS 


USING A CALCULATOR 73 


FUNCTION KEYS 
{ 


HED m 
Lu This is a short cut to cubing a number, 


without having to key in a number multiplied by 
itself, and then multiplied by itself again. Key in the 
number to be cubed, then press this button. 


Hyg ANS | 
Pressing this key gives the answer to 


the last sum that was entered. It is useful for sums 
with many steps. 


A Scientific calculator Parentheses 

A scientific calculator has many functions—a standard calculator EH) These vvork the same vvay as enclosing 
usually only has the number pad, standard arithmetic keys, and part of a calculation in parentheses, to make sure the 
one or two other, simpler functions, such as percentages. The order of operations is correct. 


buttons shovvn here allovv for more advanced math. 
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4 “di İn. 
Personal finance şs” 
KNOWING HOW MONEY WORKS IS IMPORTANT FOR ea a 
MANAGING YOUR PERSONAL FINANCES. . GOVERNMENT 
70 “ə Part of the cost of 


Personal finance includes paying tax on income, 
gaining interest on savings, or paying interest on loans. 


government spending 
60 a4 is collected in the form 
of income tax 


3077 
( 34-35 Positive and Re 40 = <1 Income tax 
negative numbers : 
x Each person is taxed on 
Business finance 76-77) i S 30 Zi he they earn, “take 
Formulas 177-179) 1S home” is the amount 
Ny 20 mü s money they have 
T x left after paying their 
ax NS 10 income tax and other 
Tax is a fee charged by a government on a product, deductions. 
income, or activity. Governments collect the money 
they need to provide services, such as schools and TAXPAYER WAGE 
defense, by taxing individuals and companies. Everybody pays tax—through This is the amount of money 
Individuals are taxed on what they earn—income their wages and through the that is earned by a person 
tax—and also on some things they buy—sales tax. money that they spend who is employed 


FINANCIAL TERMS 


This is the record of whatever a person borrows from or saves with the bank. Each account holder has a numeric 
Bank account password called a personal identification number (PIN), which should never be revealed to anyone. 


| This is the money that comes to an individual or family. This can be provided by the wages that are paid for 
ncome employment. Sometimes it comes from the government in the form of an allowance or direct payment. 


Mort A mortgage is an agreement to borrow money to buy a home. A bank lends the money for the purchase and this 
ortgage is paid back, usually over a long period of time, together with interest on the loan and other charges. 


Break-even is the point where the cost, or what a company has spent, is equal to revenue, which is what the 


Break-even company has earned—at break-even the company makes neither a profit nor a loss. 
Pro 5 t Profit is the part of a company’s income that is left once their costs have been paid—it is the money “made” 


by a company. 


PERSONAL FINANCE 


INTEREST 


Banks pay interest on the money that savers invest with them (capital), and charge 
interest on money that is borrowed from them. Interest is given as a percentage, 
and there are two types, simple and compound. 


Simple interest 


This is interest paid only on the sum of money that is first saved with the bank. If $10,000 
is put in a bank account with an interest rate of 0.03, the amount will increase by the 
same figure each year. 


invested 
amount interest number amount interest total 
invested rate of years , interest 
amount saved İnterest number s ) ” 4 
(capital) t f 
5 — : ) - = 10,000 x 0.03 x 1= 300 10,000 + 300 = 10,300 
- 
= 
= Substitute the values in the After one year, this is the total 
Interest - P x R x T formula to vvork out the value amount of money in the saver's 
of the interest for the year. bank account. 
A Simple interest formula , : 
To find the simple interest made in - Au 205 interest total 
a given year, substitute real values 9 ny ) ) ) 
into this formula. Hey 
= 10,000 x 0.03 x 1=300 10,300 + 300 = 10/600 
uv 
qı 
u“ 


Substitute the values in the 
formula to vvork out the value 
of the interest for the year. 


After two years the interest is the 
same as the first year, as it is only 
paid on the initial investment. 


Compound interest 

This is vvhere interest is paid on the money invested and any interest that is earned on 
that money. If $10,000 is paid into a bank account with an interest rate of 0.03, then the 
amount will increase as follows. 


amount number of total after original : 
invested. İnterest rate. years total first year amount interest 
amount amount interest number - .. ” 
after T years saved rate of years s 1 
£ 10,000 x (1+ 0.03) 10,300 - 10,000 = 
2 
u. 
Substitute the values in the After one year the total interest 
formula to vvork out the total earned is the same as that earned 
for the first year. vvith simple interest (see above). 
A Compound interest formula 
i total after total after 
To find the compound interest number second year first year interest 
made in a given year, substitute s of years — 
values into this formula. g 2 
mo] 
£ 10,000 x (1+ 0.03) =40)609 10,609 - 10,300 = 
b 
u 


Substitute the values in the 
formula to vvork out the total 
for the second year. 


After two years there is a greater 


increase because interest is also 


earned on previous interest. 
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Business Finance 


The aim of a business is to turn an idea — 


or a product into a profit, so that the 
business earns more money 
than it spends. 


ç 


VVhat a business does 


Businesses take ravv materials, 
process them, and sell the end 
product. To make a profit, the 
business must sell its end product 
at a price higher than the total 
cost of the materials and the 
manufacturing or production. 


[> Making cakes 

This diagram shows how 
a cake-making business 
processes inputs to 
produce an output. 


i : A Costs 
. 7 7: U <1 Small business Costs are incurred at the input stage, when 
g : p : g A business can consist of the ravv materials have to be paid for. The 
cake-making business. . : 
just one person or a whole same costs occur every time a nevv batch 
team of employees. of cakes is made. 
Revenue and profit REVENUE AND PROFIT 


There is an important difference between 
revenue and profit. Revenue is the money a 
business makes when it sells its product. Profit 
is the difference between revenue and cost 
it is the money that the business has “made! 


ıı revenue 
— COSTS 


this line represents the business's revenue; it 
shows that money the business receives 


profit is money a revenue is earned by increases as it sells more of its product 


business “makes” selling final product 


COSTS 
1------------ 


PROFIT 


this line shows the 
business's total costs 


\ 


Profit = Revenue — Costs 


costs are incurred in production, Fi 


for example, wages and rent 


.. this point represents 
“break-even” point 
where the business 
makes neither a 


, 
Li 
J 
, 
r 
r 
: , 
some costs are fixed, and the money is ' 
“ profit nor a loss 
r 
' 
, 
r 
1 
LI 
LI 


spent hovvever much of the product is 


sold—so costs do not start at 0 because expenses 


equal revenue 


> Cost graph : if the business sold this QUANTITY SOLD if the business sold 
This graph shows where a business much of its product, it this much of its product, 
begins to make a profit: where its would make a loss it would make a profit 
revenue is greater than its costs. 


BUSINESS FINANCE 


A Costs A Revenue 
Processing costs include rent, wages paid Revenue is the money that is received by 
to staff, and the costs of utilities and the business when it sells its output. It is 
equipment used for processing. These costs used to pay off the costs. Once these are 
are often ongoing, long-term expenses. paid, the money that is left is profit. 
this is the only mone’ 
Where the money goes that the Pee ice 


A business's revenue is not pure profit 
because it must pay its costs. This pie 
chart shows an example of where a 
business's revenue might be spent, 
and the amount left as profit. 


lets people know 
that the business exists 
and promotes its products 


this covers wages 


and hiring of staff components 


of end product 


> Costs and profit pie chart 
This pie chart shows some costs 
that a business might have. 
Businesses that make different 
products have different expenses, 
which reflect the makeup of their 
products and the efficiency of the 
business. When all the costs have 
been paid, the money left is profit. 


costs of having somewhere 
to run the business and 
day-to-day running costs, 
such as utility expenses 


Geometry 


GEOMETRY 


Geometry has been important for thousands of years, its practical 
uses include working out land areas, architecture, navigation, and 
astronomy. It is also an area of mathematical study in its own right. 


Lines, angles, shapes, and space 


Geometry includes topics such as lines, angles, shapes 
(in both two and three dimensions), areas, and volumes, 
but also subjects like movements in space, such as 
rotations and reflections, and coordinates. 


— size of angle 


vertex 


A Angles 

An angle is formed vvhen tvvo lines meet ata 
point. The size of an angle is the amount of turn 
betvveen the tvvo lines, measured in degrees. 


diameter (d) 


A Circle 

A circle is a continuous line that is alvvays the same 
distance from a central point. The length of the 
line is the circumference. The diameter runs from 
one side to the other through the center. The 
radius runs from the center to the circumference. 


(A) What is geometry? 


GEOMETRY IS THE BRANCH OF MATHEMATICS CONCERNED 
WITH LINES, ANGLES, SHAPES, AND SPACE. 


> Bearings SW SE 
Degrees are used in 225° SSW SSE 135° 
navigation to show bearings -.- s.ə 

and are measured from 0°, $ 

vvhich represents north. 180” 


> 


symbol indicates 


2. parallel lines 


A Parallel lines 

Lines that are parallel are the same 
distance apart along their entire length, 
and never meet, even if they are extended. 


REAL WORLD 


Although many people think of geometry as a purely 
mathematical subject, geometric shapes and patterns are 
widespread in the natural world. Perhaps the best-known 
examples are the hexagonal shapes of honeycomb cells in a 
beehive and of snowflakes, but there are many other examples of 
natural geometry. For instance, water droplets, bubbles, and 
planets are all roughly spherical. Crystals 
naturally form various polyhedral shapes— 


common table salt has cubic crystals, 
and quartz often forms crystals in 
the shape of a six-sided prism 
with pyramid shaped ends. 


<] Honeycomb cells 

Cells of honeycomb are naturally 
hexagons, which can fit together 
(tessellate) without leaving any 
space between them. 


Graphs link geometry with other areas of 
mathematics. Plotting lines and shapes in graphs 
with coordinates makes it possible to convert them 
into algebraic expressions, which can then be 
manipulated mathematically. The reverse is also 
true: algebraic expressions can be shown on a graph, 
enabling them to be manipulated using the rules of 
geometry. Graphical representations of objects 
enables positions to be given to them, which makes 
it possible to apply vectors and calculate the results 
of movements, such as rotations and translations. 


one of four 
right-angle 
A Triangle 
A triangle is a three-sided, two- 
dimensional polygon. All triangles have 
three internal angles that add up to 180°. 
€ length of edge 


A Cube 

A cube is a three-dimensional polygon in 
which all its edges are the same length. 
Like other rectangular solids, a cube has 6 
faces, 12 edges, and 8 vertices (corners). 


WHAT IS GEOMETRY? 


Sİ Graph 

The graph here shows 

a right triangle, ABC, 
plotted on a graph. The 
vertices (corners) have 
the coordinates A = (1, 1), 
B=(1,5.5),and C= (4, 1). 


one of four 
equal sides 
A Square 
A square is a four-sided polygon, or 
quadrilateral, in which all four sides are the 
same length and all four internal angles are 
right angles (90°). 
radius of 


m. Z sphere 


r 


A Sphere 

A sphere is a perfectly round three- 
dimensional shape in vvhich every point on 
its surface is the same distance from the 
center, this distance is the radius. 


GEOMETRY 


Tools in geometry 


MATHEMATICAL INSTRUMENTS ARE NEEDED FOR 
MEASURING AND DRAWING IN GEOMETRY. 


Tools used in geometry 


arms of compass 
can be adjusted to 


use a pencil to draw 


Tools are vital to measure and construct geometric shapes 
accurately. The essential tools are a ruler, a compass, and a 
protractor. A ruler is used for measuring and to draw straight 
lines. A compass is used to draw a whole circle or a part of a circle 
(called an arc). A protractor is used to measure and draw angles. 


Using a compass 


A tool for drawing circles and arcs, a compass is made up of two 
arms attached at one end. To use a compass, hold the arm that 
ends in a point still, while pivoting the other arm, which holds a 
pencil, around it. The point becomes the center of the circle. 


V Drawing a circle when given the radius 
Set the distance between the arms of a compass 
to the given radius, then draw the circle. 


drag pencil ." - 
around 
m 
‘ 
measure 1 
radius on ruler $ ” P 
vU ‘ radius , 

2 “ . 


...” 


Use a ruler to set the 
arms of the compass to 
the given radius. 


With the compass set to the 
radius, hold the point down 
and drag the pencil around. 


circles and arcs 


length of radius b 


holds pencil 
in place 


-— 
o 


point held 


in place tip of pencil is level 


də” 7: with compass point 


V Drawing a circle when given its center and 
one point on the circumference 

Put the point of the compass where the center 

is marked and extend the other arm so that the 
tip of the pencil touches the point on the 
circumference. Then, draw the circle. - 


. 
/ : 
radius , 


dravv a circle , 
“ .” 


a) r 


point on 
center circumference 


£ 4 


e e , 


Set the compass to the 
distance betvveen the 
two points. 


Hold the point of the 
compass down and draw 
a circle through the point. 


V Drawing arcs 
Sometimes only a part of a circle—an arc—is required. Arcs 
are often used as guides to construct other shapes. 


hold compass 


intersection is 
the same 
distance 
(equidistant) 
from points 
AandB 


. in place bö 
center 
“əl A 
I 
i , 
.— radius 
point on 
circumference compass 4 
a? SN drawarc held steady € '\ 
B B with pencil B “ 


Dravv a line and mark the ends vvith a 
point—one will be the center of the arc, 
the other a point on its circumference. 


Set the compass to the length of the 
line—the radius of the arc—and hold it 
on one of the points to draw the first arc. 


Draw a second arc by holding the point 
of the compass on the other point. The 
intersection is equidistant from A and B. 


Using a ruler 


A ruler can be used to measure straight lines and the 
distances between any two points. A ruler is also necessary 
for setting the arms of a compass to a given distance. 


Sİ Measuring lines 
line AB 


A z” B Use a ruler to 
measure straight 
lines or the distance 
given points. 
> Drawing lines 


A ruler is also used as a 
straight edge when 


drawing lines between straight line 
two points. 
6ə—  — ——e6 
adiust arms 
iz” of compass 
<1 Setting a 
point of pencil compass 


Use a ruler to 
measure and set the 
width of a compass 
to a given radius. 


marks length 


Other tools 


Other tools may prove useful when creating drawings and 
diagrams in geometry. 


"MALLARA 


A Calculator 

A calculator provides a 
number of key options 

for geometry calculations. 
For example, functions such 
as Sine can be used to work 
out the unknown angles of 
a triangle. 


A Set square 

A set square looks like a 
right triangle and is used for 
drawing parallel lines. There 
are two types of set square, 
one has interior angles 90°, 
40° and 45°, the other 90°, 
60°, and 30°. 


TOOLS IN GEOMETRY 


Using a protractor 


A protractor is used to measure and draw angles. It is usually 
made of transparent plastic, which makes it easier to place the 
center of the protractor over the point of the angle. When 
measuring an angle, always use the scale starting with zero. 


outer scale is 
used to measure 
this obtuse angle 


“v 


V Measuring angles 

Use a protractor to measure 
any angle formed by tvvo 
lines that meet at a point. 


. 


, 


Extend the lines if necessary 
to make reading easier. 


Place the protractor over the 
angle and read the angle 
measurement, making sure 
to read up from zero. 


The other scale measures 
the external angle. 


inner scale is used 


“ to measure this 
g 2 acute angle 


V Drawing angles 
When given the size of an 
angle, use a protractor to 
measure and draw the 
angle accurately. 


—_—— 2 


Draw a line and mark a 
point on it. 


Place the protractor on the 
line with its center over the 
point. Read the degrees up 
from zero to mark the point. 


Draw a line through the two 
points, and mark the angle. 


GEOMETRY 


Angles 


Angles show the amount two lines “turn” as they extend in 
different directions away from the vertex. This turn is 
measured in degrees, represented by the symbol °. 


Measuring angles 


The size of an angle depends on the 
amount of turn. A whole turn, making 
one rotation around a circle, is 360°. 
All other angles are less than 360°. 


letter 
identifies 
angle 
sign for 
angle two sides 
of angle 


Wie or 


vertex 


A Parts of an angle 

The space between these 
two rays is the angle. An 
angle can be named with 
a letter, its value in 
degrees, or the symbol 2. 


half turn 
of circle 


complete turn 


N 


360? 


) 


K 
90° 


straight 
line 


A Whole turn 

An angle that is a whole 
turn is 360°. Sucha 
rotation brings both sides 
of the angle back to the 
starting point. 


A Half turn 

An angle that is a half 
turn is 180°. Its two sides 
form a straight line. The 
angle is also known as 

a straight angle. 


A Quarter turn 

An angle that is a quarter 
turn is 90°. Its two sides 
are perpendicular 
(L-shaped). It is also 
known as a right angle. 


center of rotation 


line rotated 45° 
counterclockwise 
from start 


A Turn 
Here, the turn is 
counterclockwise, but a 
turn can also be clockwise. 


quarter turn 


45” 


A Eighth turn 

An angle that is one 
eighth of a whole turn is 
45°. It is half of a right 
angle, and eight of these 
angles are a whole turn. 


Types of angle 


There are four important types of angle, which are 
shown below. They are named according to their size. 


90° turn is 90° 
AN V 
sign for 
i right angle 
i 
turn is 55° 


A Acute angle 
This angle is less than 90°. 


A Right angle 
A right angle is 90°. 


Naming angles 


Angles can have individual names and names that 
reflect a shared relationship. 


A 


angle can have 
three names 


A One angle, three names 
This angle can be written as a, 
or as Z ABC, or as Z CBA. 


Angles on a straight line 

The angles on a straight line make up a half turn, so 
they add up to 180°. In this example, four adjacent 
angles add up to the 180° of a straight line. 


all four angles 
together make up 
a half turn 


straight line 


ç 


a+b+c+d=180° 
20° + 40° + 90° + 30° = 180° 


A Obtuse angle 
This angle is more than 
90° but less than 180°. 


o 
90 turn is 60” 


30° 
a turn is 30° 


A Complementary angles 
Any two angles that add up 
to 90° are complementary. 


ANGLES 35 


angle is greater 
than 180° 


turn is 120° i 


A Reflex angle 
A reflex angle is more 
than 180°. 


one angle of 


90° a pair of 


A supplementary 
> 
other angle of a pair 
of supplementary - 
angles 60° 
straight A 


A Supplementary angles 
Any tvvo angles that add up 
to 180° are supplementary. 


Angles at a point 


The angles surrounding a point, or vertex, make 
up a whole turn, so they add up to 360”. In this 
example, five adjacent angles at the same point 
add up to the 360° of a complete circle. 


point, or vertex 


a+b+c+d+e=360° 
60° + 70° + 90° + 60° + 80° = 360° 


GEOMETRY 


=) Straight lines 


A STRAIGHT LINE IS USUALLY JUST CALLED A LINE. IT IS THE SHORTEST 
DISTANCE BETWEEN TWO POINTS ON A SURFACE OR IN SPACE. 


Points, lines, and planes 


The most fundamental objects in geometry are points, lines, A@ 
and planes. A point represents a specific position and has no 
width, height, or length. A line is one dimensional—it has eb ec 
infinite length extending in two opposite directions. A plane 
A Points 


is a two-dimensional flat surface extending in all directions. 


arrowheads mean 
lines extend indefinitely 


A B 


ae collinear points are 


points that sit on 
the same line 


ALines 

A line is represented by a straight line and 
arrowheads signify that it extends indefinitely 
in both directions. It can be named by any two 
points that it passes through—this line is AB. 


Sets of lines 


Two lines on the same surface, or plane, 
can either intersect—meaning they 
share a point—or they can be parallel. 
If two lines are the same distance apart 
along their lengths and never intersect, 
they are parallel. 


__ 


symbol indicates ig 


parallel lines : 
lines 


A Parallel lines 

Parallel lines are tvvo or more lines that never 
meet, even if extended. Identical arrows are 
used to indicate lines that are parallel. 


transversal 
crosses both 


endpoints show 
line segments 
have fixed length 


c Dr 


A Line segments 

Aline segment has fixed length, so it vvill 
have endpoints rather than arrovvheads. A 
line segment is named by its endpoints— 
this is line segment CD. 


€ 


A Nonparallel lines 


Nonparallel lines are not the same distance 
apart all the vvay along: if they are extended 


they vvill eventually meet in a point. 


“ transversal 


A Transversal 

Any line that intersects tvvo or more 
other lines, each at a different point, 
is called a transversal. 


A point is used to represent a precise 
location. It is represented by a dot 
and named with a capital letter. 


A Planes 

A plane is usually represented by a two- 
dimensional figure and labeled with a capital 
letter. Edges can be drawn, although a plane 
actually extends indefinitely in all directions. 


A parallelogram is a four-sided shape 
with two pairs of opposite sides, both 
parallel and of equal length. 


A 


A Parallel sides 

The sides AB and DC are parallel, as are 
sides BC and AD. The sides AB and BC, 
and AD and CD are not parallel—shown 
by the different arrows on these lines. 


Angles and parallel lines 


Angles can be grouped and named according to their relationships with 
straight lines. When parallel lines are crossed by a transversal, it creates 
pairs of equal angles—each pair has a different name. 


V Labeling angles 
Lines AB and CD are parallel. The 
angles created by the intersecting 
transversal line are labeled with 
lower-case letters. 


all angles with one arc in 
this diagram are the same 


all angles with two 
arcs in this diagram 
are the same 


> Vertical angles 

When two lines cross, equal angles 
are formed on opposite sides of 
the point. These angles are known 
as vertical angles. 


ola x 


transversal line 


“— crosses parallel lines 


arrovvs indicate 
lines AB and CD 
are parallel 


STRAIGHT LINES 


b=f 


dk 


A Corresponding angles 
Angles in the same position in 
relation to the transversal line 
and one of a pair of parallel lines, 
are called corresponding angles. 
These angles are equal. 


d-e c=f 


Xe 
fey 


A Alternate angles 
Alternate angles are formed 
on either side of a transversal 
between parallel lines. These 
angles are equal. 


Drawing a parallel line 


Drawing a line that is parallel to an existing line 


requires a pencil, a ruler, and a protractor. 


. 
mark position of wee 


second line 


— —” 


Draw a straight line with a ruler. 
Mark a point—this will be the 
distance of the new, parallel line 
from the original line. 


measure this angle between 
the original line and the line 
that crosses through the point 


4 


? 


b 


Draw a line through the mark, 
intersecting the original line. This is 
the transversal. Measure the angle 
it makes with the original line. 


these angles 
are equal 


ofS 


Measure the same angle from the 
transversal. Draw the new line 
through the mark with a ruler; this 
line is parallel to the original line. 
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Symmetry 


THERE ARE TWO TYPES OF SYMMETRY— 
REFLECTIVE AND ROTATIONAL. 


A shape has symmetry when a line can be drawn that splits the shape 
exactly into two, or when it can fit into its outline in more than one way. 


Reflective symmetry 


A flat (two-dimensional) shape has reflective symmetry when each 


half of the shape on either side of a bisecting line (mirror line) is the mirror 


image of the other half. This mirror line is called a line of symmetry. 


> Isosceles triangle 


This shape is 
symmetrical across 
a center line—the 

sides and angles on 
either side of the 

line are equal, and 
the line cuts the 
base in half at 
right angles. 


equilateral triangles have 


İsosceles triangle 


Planes of symmetry 


Solid (three-dimensional) shapes can be divided using “walls” 
known as planes. Solid shapes have reflective symmetry when 
the two sides of the shape split by a plane are mirror images. 


1 


three lines of symmetry 


an isosceles triangle 
has a single line of 
symmetry through 
its center 


S Equilateral triangle 
An equilateral triangle 
has a line of symmetry 
through the middle of 


each side—not just 
the base. 


Equilateral triangle 


2 “İl Rectangle-based 1 


pyramid 


A pyramid with a 
rectangular base and 
triangles as sides can 
be divided into mirror 
images in two ways. 


px a rectangle-based 


pyramid has tvvo 
planes of symmetry 


a cuboid has three ~ 


planes of symmetry 


V Cuboid 

Formed by three pairs of 
rectangles, a cuboid can be 
divided into two symmetrical 
shapes in three ways. 


V Lines of symmetry 
These are the lines of 
symmetry for some flat or 
two-dimensional shapes. 
Circles have an unlimited 
number of lines of symmetry. 


11 


Lines of symmetry of a rectangle 


Lines of symmetry of a 
regular pentagon 


abil, 
x San 4 


8817, 


ie mı 
Every line through the middle of 
a circle is a line of symmetry 
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Rotational symmetry 


A two-dimensional shape has rotational symmetry if it can be 
rotated about a point, called the center of rotation, and still exactly 
fit its original outline. The number of ways it fits its outline when 
rotated is known as its “order” of rotational symmetry. 


direction of 
rotation 


2 


> Equilateral triangle 1 
An equilateral triangle has 
rotational symmetry of 
order 3—when rotated, it 
fits its original outline in 
three different ways. 


center of 
rotation 


V Square 
A square has rotational symmetry of order 4—vvhen rotated around its 
center of rotation, it fits its original outline in four different vvays. 


center of direction of 
rotation rotation 


Axes of symmetry 


İnstead of a single point as the center of rotation, a three-dimensional 
shape is rotated around a line known as its axis of symmetry. İt has 
rotational symmetry if, when rotated, it fits into its original outline. 


V Rectangle-based V Cylinder V Cuboid 
pyramid A cylinder can rotate A cuboid can rotate into two 
A rectangle-based into an unlimited 1 different positions around 11 


pyramid can rotate number of positions each of its three axes. 
into tvvo different ! around its vertical 
positions around axis. 


its axis. 


şək 


“t 


a cuboid has three 
axes of rotational 
symmetry 


a rectangle-based 
pyramid has one 
axis of rotational 
symmetry 


a cylinder has 
one vertical axis 
of rotational 
symmetry 
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Coordinates 


COORDINATES GIVE THE POSITION OF A PLACE OR POINT 
ON A MAP OR GRAPH. 


Introducing coordinates 


Coordinates come in pairs of numbers or letters, or both. They are always 
written in parentheses separated by a comma. The order in which plaza omamanievaty sauctecddentiied 
coordinates are read and written is important. In this example, (E, 1), means by two coordinates. A place is found 
five units, or squares on this map, to the right (along the horizontal row) when the Horizontal coordinate. meets the 
and one square down, or up in some cases (the vertical column). vertical coordinate. On this city map, the 
horizontal coordinates are letters and the 
letters are used as horizontal vertical coordinates are numbers. On 
coordinates on this map other maps only numbers may be used. 


V City Map 
A grid provides a framework for locating 


numbers are used as ŞƏZr 
coordinates on this map 


& ə Post office i 
“ T 


FIRST AVENUE 


Shopping center 


a”. 
ase .... 
( > yy Fire station = 
Cinema AY Y mu - 
R ee 
T £ 
. = 
əə R 
“ə Hospital ə 
Y, ZX 
o m 
“2 : 
Health club Y ” 4 
| a 


ELM ROAD 


COORDINATES | 


Map reading Using coordinates 

The horizontal coordinate is always given first and the vertical Each place of interest on this map can be found using 
coordinate second. On the map below, a letter and a number the given coordinates. Remember when reading this map 
are paired together to form a coordinate. to first read across (horizontal) and then down (vertical). 


move from left to 
z” ”. right to find the 
————” fifetedördihatə 
pul pa uu 
a 1 iwig : a move from top to Find the cinema using coordinates (B, . 
> “lə” k Starting at the second square on the right, 
move 4 squares dovvn. 


bottom to find the 


al . second coordinate 
El əv” 4" ifee station <1 Fire station 
The coordinates 


of the fire station 
are (H, 4). 


<1 Post office 

The coordinates of the post office are 
(E, 1). Find the horizontal coordinate E 
then move down 1 square. 


Sİ Town hall 

Find the town hall using coordinates (J, 5). 
Move 10 squares to the right, then move 
5 squares dovvn. 


<1 Health club 

Using the coordinates (C, 7), find the 
location of the health club. First, find C. 
Next, find 7 on the vertical column. 


<1 Library 

The coordinates of the library are (N, 1). 
Find N first then move down 1 square 
to locate the library. 


<1 Hospital 

The hospital can be found using the 
coordinates (G, 7). To find the horizontal 
coordinate of G, move 7 squares to the 
right. Then go down 7 squares to find 
the vertical coordinate 7. 


<1 Fire station 

Find the fire station using coordinates 
(H, 4). Move 8 squares to the right to 
find H, then move 4 squares down. 


<1 School 

The coordinates of the school are (L, 1). 
First find L, then move down 1 square 
to find the school. 


<1 Shopping center 

Using the coordinates (D, 3), find the 

location of the shopping center. Find D. 
Next, find 3 on the vertical column. 

ELM ROAD 
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Graph coordinates 


coordinates are always 


Coordinates are used to identify the positions of points on graphs, in relation put in parentheses 
to two axes—the y axis is a vertical line, and the x axis is a horizontal line. The x coordinate, the y coordinate, the 
coordinates of a point are written as its position on the x axis, followed by its position of the position of the 


position on the y axis, (x, y). 


> Four quadrants 

Coordinates are measured on axes, 
which cross at a point called the 
“origin.” These axes create four 
quadrants. There are positive values 
on the axes above and to the right 
of the origin, and negative values 
below and to its left. 


the origin 


quadrant 


Plotting coordinates 


Coordinates are plotted on a set of axes. To plot a given 
point, first read along to its value on the x axis, then read 
up or down to its value on the y axis. The point is plotted 
where the two values cross each other. 


A=(2,2) B=(-1, -3) 
C=(1,-2) D=(-2, 1) 


These are four sets of coordinates. Each gives 
its x value first, followed by its y value. Plot the 
points on a set of axes. 


To plot each point, look at its x coordinate (the first 
number), and read along the x axis from 0 to this number. 
Then read up or down to its y coordinate (the second number). 


point along the point along the 


” horizontal sg vertical axis 


| 


A Coordinates of a point 

Coordinates give the position of a point on each 
axis. The first number gives its position on the x 
axis, the second its position on the y axis. 


the origin (0, 0) 4 


is labeled 0 Ta 


Using graph paper, dravv a horizontal line to form the x 
axis, and a vertical line for the y axis. Number the axes, vvith 
the origin separating the positive and negative values. 


4 _ 1—Y 
D has a negative 
- milin — — 


Plot each point in the same way. With negative coordinates, 
the process is the same, but read to the left instead of right for 
an x coordinate, and down instead of up for a y coordinate. 


Equation of a line 


Lines that pass through a set of coordinates on a pair of axes can 
be expressed as equations. For example, on the line of the equation 
y =x+ 1, any point that lies on the line has a y coordinate that is 

1 unit greater than its x coordinate. 


y coordinate 


COORDINATES 


x coordinate 


the line continues 


— 


İL. 6 ‘i : 
fi oor inates 


— alllie one 
traight line 


.. 3 r i $ 

T " -—4—3-4 
The equation of a line can be found using only a The graph of the equation is of all the points where 
few coordinates. This line passes through the the y coordinate is 1 greater than the x coordinate 
coordinates (-1, 0), (0, 1), and (1, 2), so it is already (y =x + 1). This means that the line can be used to find 
clear what pattern the points follow. other coordinates that satisfy the equation. 
World map 


Coordinates are used to mark the position of places on the Earth's 
surface, using lines of latitude and longitude. These work in the 
same way as the x and y axes on a graph. The ‘origin’ is the point 
where the Greenwich Meridian (0 for longitude) crosses the 


Equator (0 for latitude). 
east from 
North Pole North Pole Greenwich 


Meridian 


north from 
Equator 


South Pole South Pole 
Lines of longitude run from the The coordinates of a point 
North Pole to the South Pole. Lines such as P are found by 
of latitude are at right-angles to finding how many degrees 
lines of longitude. The origin is East it is from the Meridian 
where the Equator (x axis) crosses and how many degrees 


the Greenwich Meridian (y axis). North it is from the Equator. 


North Pole P can also 
ıb” be shown 
on a map 


il 


curved lines 
are flattened o 
out into a grid 


a South Pole 


This is how the surface of the 
Earth is shown on a map. The 
lines of latitude and longitude 
work as axes—the vertical lines 
show longitude and horizontal 
lines show latitude. 
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Vectors 


(90-93 Coordinates 
Translations 98-99) 
A VECTOR IS A LINE THAT HAS SIZE (MAGNITUDE) AND DIRECTION. 5 


A vector is a vvay to shovv a distance in a particular direction. İt is often 
drawn as a line with an arrow on it. The length of the line shows the size 
of the vector and the arrovv gives its direction. 


VVhat is a vector? 


A vector is a distance in a particular 
direction. Often, a vector is a diagonal 
distance, and in these cases it forms 
the diagonal side (hypotenuse) of a 
right-angled triangle (see pp.128- 
129). The other sides of the triangle 
determine the vector’s length and 
direction. In the example on the left, a 
svvimmer5 path is a vector. The other 
two sides of the triangle are the 
distance across to the opposite shore 
from the starting point, and the 
distance down from the end point 
that the swimmer was aiming for to 
the actual end point where the 
swimmer reaches the shore. 


Vector of a swimmer 

A man sets out to swim to the opposite 
shore of a river that is 30m wide. A 
current pushes him as he swims, and 
he ends up 20m downriver from where 
he intended. His path is a vector with 
dimensions 30 across and 20 down. 


end point 


Expressing vectors of vector 


length of the 
line indicates 


size of vector TN 


| | vertical units 


In diagrams, a vector is drawn as a line with an arrow on it, 
showing its size and direction. There are three different 
ways of writing vectors using letters and numbers. 


A“v" is a general label for a vector, used direction of 
even when its size is known. It is often 
used as a label in a diagram. 


vector of vector 


V 


, Another way of representing a vector is starting | 
a b — by giving its start and end points, vvith point of I 
an arrovv above them to shovv direction. / vector—? T 7 | ı 
6 The size and direction of the vector can | 
( ) — beshovn by giving the horizontal = a = i mi all horizontal 
4 units over the vertical units. a 6 units £— 3 units of vector 


Direction of vectors 


VECTORS 


The direction of a vector is determined by whether its units are positive or negative. Positive horizontal units mean movement to 
the right, negative horizontal units mean left; positive vertical units mean movement up, and negative vertical units mean down. 


[> Movement up and left 

This movement has a vector with 
negative horizontal units and positive 
vertical units. 


— positive 
negative 7 3 vertical 
horizontal 3 units mean 
units mean move up 
move left 


[> Movement down and left 
This movement has a vector with both 
sets of units negative. 


negative z? —3 negative 
horizontal vertical 
units mean —3 units mean 
move left move down 


Equal vectors 


a end 


vector points 
up and le 


vector points 
down and left 


Vectors can be identified as equal even if they are in 


different positions on the same grid, as 
horizontal and vertical units are equal. 


long as their 


a ...ı i | İ 
peed “x vertical 


Sİ Equal vectors 
These two vectors 
are equal to one 


horizontal 
sid 
same size 
and sign 


> Equal vectors _| 
These two vectors 
are equal to one 
another because 
their horizontal 
and vertical sides 
are each the same 


— 


Aiea sides 
— are equal 


another—they 
have sides of equal 
size and direction. 


ie vector 
4 given as units 
across over 
2 units down 
— "F T Tr 


size and have the 
same direction. 


4 
both Pots 
are equal 


(5) 


x numerical İ 


expression of -1\ horizontal y-1 


—— sides are equal T 


both vectors — sə 


start 


[> Movement up and right 
This movement has a vector with both 


sets of units positive. 


— 
vector points 


upand ight rot 


positive —> 3 positive 
horizontal vertical 
units mean 3 units mean 
move right ‘S— move up 
start 7 


start 
[> Movement down and right 

This movement has a vector vvith 
positive horizontal units and negative 


vertical units. 


positive ..—ə 3 
horizontal 
units mean = 3 


move right 


Magnitude of 
vectors 


With diagonal vectors, the vector 
is the longest side (c) of a right 
triangle. Use the Pythagorean 
theorem to find the length of a 
vector from its vertical (a) and 


horizontal (b) units. 


formula for 


(-62 +32=¢ 
(-6)? = -6 x -6 = 36 


36495 


cis the square 
of vector 


br 


45=¢ 


square root 
of 45 


cis equal to .— 
the square 
root of 45 


length of 
vector 


C= 


Pythagorean theorem 


c=V45 


negative 
vertical 
units mean 


ə move down 


— vector forms 


end 


longest side 


of right triangle, 
cin formula 


Por 


=I 


İ 
. 


HR 


formula 


Put the vertical and horizontal 
units of the vector into the formula. 


Find the squares by multiplying 
each value by itself. 


Add the tvvo squares. This total 
equals c? (the square of the vector). 


Find the square root of the total 
value (45) by using a calculator. 


The ansvver is the magnitude 
(length) of the vector. 


GEOMETRY 


Adding and subtracting vectors 


Vectors can be added and subtracted in two ways. 1 
numbers to add the horizontal and vertical values. T| 
the vectors end to end, then seeing what new vector is created. 


34+(-1)=2 


oo vector 


> Addition first = 


Vectors can be 
added in two 
different ways. Both 
methods give the 


same answer. 242= 4_A 


A Adding the parts 

To add vectors numerically, add the 

two top numbers (the horizontal 

values) and then the two bottom 

numbers (the vertical values). 

second vector, which 
is subtracted from 
a vector 


first vector, from 
which second vector 
is “.. 


> Subtraction 
Vectors can be 
subtracted in two 
different ways. Both 
methods give the 
same answer. 


A Subtracting the parts 

To subtract one vector from another, 
subtract its vertical value from the 
vertical value of the first vector, then 
do the same for the horizontal values. 


The first is by using written 
he second is by drawing 


()+()= (3 ) 


-(-1)=4 


(3)- (2) - (1) 


+ 4 
answer ( “HI İ 


from start of first 
vector to end of 
second vector 


first Vector ( 3) 


— start | T 

A Addition by dravving vectors 

Dravv one vector, then dravv the second starting 
from the end point of the first. The ansvver is the 
nevv vector that has been created, from the start 
of the first vector to the end of the second. 


|  , to subtract 
——, 
| vectors, second 
vector (- Nis 
reversed, giving 
1 


q end 


— —T- 
first vector 


2 start 


A Subtraction by dravving vectors 

Draw the first vector, then draw the second 
vector reversed, starting from the end point of 
the first vector. The answer to the subtraction is 
the vector from the start point to the end point. 


ı 4 answer ( ‘Fis from start of first 
vector to end of second vector 


Multiplying vectors 


Vectors can be multiplied by numbers, but not by other vectors. The direction of a vector 


stays the same if it is multiplied by a positive number, but is reversed if it is multiplied by a 
negative number. Vectors can be multiplied by drawing or by using their numerical values. 


V Vector a 

Vector a has -4 horizontal units and 
+2 vertical units. It can be shown as 
a written vector or a drawn vector, 
as shown below. 


horizontal value 
a-(, 
== 27, vertical value 
.... r ——..-——ç..r:r 
bə drawn vector 


- — 1-—. 


V Vector a multiplied by 2 


length again. 


2x-4--8 
YEÇİORA q 


ector a 


T - 2= 
: rtical 
14 units I ıı 


2x-4--8 
A horizontal units 
+ + 4 


To multiply vector a by 2 numerically, multiply both its 
horizontal and vertical parts by 2. To multiply it by 2 by 
drawing, simply extend the original vector by the same 


2a əə 2) = .(İ 4) 


İ 
İ-ın a nus 


V Vector a multiplied by -/z 
To multiply vector a by -/2 
numerically, multiply each of its 
parts by -/2. To multiply it by -% by 
dravving, dravv a vector half the length 
and in the opposite direction of a. 

-/ x-4-42 

vector a 


vertical units 


B Le 


vector —Ya is in the 
opposite direction 


1 A- 
-4x- B= i 


horizontal units 


4 | —o— -.- -.— 
İ | 


Working with vectors in geometry 


VECTORS | 


Vectors can be used to prove results in geometry. In this example, vectors are used to prove that the 
line joining the midpoints of any two sides of a triangle is parallel to the third side of the triangle, as 


well as being half its length. 


First, choose 2 sides of triangle ABC, in this example AB 
and AC. Mark these sides as the vectors a and b. To get 
from B to C, go along BA and then AC, rather than BC. BA 
is the vector -a because it is the opposite of AB, and AC 
is already known (b). This means vector BC is -a + b. 


BC=-a+b 


1 
vector BC 


this is negative 


because BA is 5 . 
ite of AB 
-—— expressed 


like this 


vector AB is 7 


labeled a 


< vector AC is 
b labeled b 


Third, use the vectors /2a and Təb to find the length 

of vector PQ. To get from P to Q go along PA then AQ. 

PA is the vector -Vza because it is the opposite of AP and 
AQ is already known to be Təb. This means vector PQ 

İs —Y2a + Vəb. 


this is half BA 


£ this is half AC 


BC is —a + b, so PQ 7 


is half BC 


this is negative 
because BA is 
opposite of AB 


Second, find the midpoints of the two sides that have 
been chosen (AB and AC). Mark the midpoint of AB as P, 
and the midpoint of AC as Q. This creates three new 
vectors: AP, AQ, and PQ. AP is half the length of vector a, 
and AQ is half the length of vector b. 


Pis the 


A - r 
Q İN Qisthe 


2 midpoint of AC 


Fourth, make the proof. The vectors PQ and BC are in 
the same direction and are therefore parallel to each 
other, so the line PQ (which joins the midpoints of the 
sides AB and AC) must be parallel to the line BC. Also, 
vector PQ is half the length of vector BC, so the line PQ 
must be half the length of the line BC. 


BC and PQ 
are parallel 
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GEOMETRY 


Rotations 


A ROTATION IS A TYPE OF TRANSFORMATION THAT MOVES AN 


OBJECT AROUND A GIVEN POINT. 


The point around which a rotation occurs is called the center of rotation, 


and the distance a shape turns is called the angle of rotation. 
a = .. 


Properties of a rotation 


Rotations occur around a fixed point called 
the center of rotation, and are measured by 
angles. Any point on an original object and 
the corresponding point on its rotated image 
will be exactly the same distance from the 
center of rotation. The center of rotation can 
sit inside, outside, or on the outline of an 
object. A rotation can be drawn, or the center 
and angle of an existing rotation found, using 
a compass, ruler, and protractor. 


> Rotation around a point 
This rectangle is rotated 
around a point outside 


its outline. If it is rotated az 
through 360”, it returns to “ 
its starting position. ə” 
® angle of 
rotation 1 
center of x” i 


distance from 
center of rotation # 
stays the same as 
object moves 


rotation 


| ee direction of 


rotation 


angle of 
rotation 


A Rotation around a point inside an object 

An object can be rotated around a point that is inside 
it rather than outside—this rectangle has been 
rotated around its center point. It will fit into its 
outline again if it rotates through180°. 


— object—start position 


— direction of 


rotation 


point is the same 
distance from the 
center of rotation as it 
was at the start point 


end position 


ei = 
” € 


Positive angle Negative angle 
of rotation of rotation 


A Angle of rotation 

The angle of rotation is either positive 
or negative. If it is positive, the object 
rotates in a clockvvise direction, if it is 

negative, it rotates counterclockwise. 


Construction of a rotation 


To construct a rotation, three elements of information 
are needed: the object to be rotated, the location of the 
center of rotation, and the size of the angle of rotation. 


The coordinates of this 


triangle are: 6B 
A=(1, 1) (1 onxaxis, 5 B z 3 
1on yaxis) R — object to be rotate 
B-(1, 5.5) 
(-(4,1 3 

center of 2 

rotation (0,0) 1 C 


I x 
- 4 3 2 150 1 2 3 4 5 
Given the position of the triangle ABC (see above) and the 
center of rotation, rotate the triangle -90”, which means 90° 
counterclockwise. The image of triangle ABC will be on the 
left-hand side of the y axis. 


B, has -* 
o 
rotated ae pn dravv an arc 


from each point 


measure a 90? 
C angle from 


1™ angle of rotation each point 


X 
SU es 


Place a compass point on the center of rotation and draw 
arcs counterclockwise from points A, B, and C 
(counterclockwise because the rotation is negative). Then, 
placing the center of a protractor over the center of 
rotation, measure an angle of 90° from each point. Mark 
the point where the angle meets the arc. 


-5 -4 -3 -2 


— object triangle 


triangle has rotated 
through -90” 


xX 


+ =-4 -3 2 -1.0 1-23 4 5 
Label the new points A,, Bı, and Cı. Join them to form 
the image. Each point on the new triangle A,B,C, has 
rotated 90° counterclockwise from each point on the 
original triangle ABC. 


ROTATIONS | 


Finding the angle and center 


of a rotation 


Given an object and its rotated image, the center and 
angle of rotation can be found. 


original 
triangle 


A, 5 image 


of triangle 


The triangle A,B.C, is the image of triangle ABC after a 
rotation. The center and angle of rotation can be found by 
drawing the perpendicular bisectors (lines that cut exactly 
through the middle—see pp.110-111) of the lines betvveen 
two sets of points, here A and A, and Band Bı. 


right angle 
yo B, 


perpendicular 
bisector of line 
BB, cuts it in half 


perpendicular 2 


bisector of 
line AA, cuts it f\ 


in half il 
right angle 


Using a compass and a ruler, construct the perpendicular 
bisector of the line joining A and A, and the perpendicular 
bisector of the line that joins B and Bı. These bisectors will 
cross each other. 


A, 


line joining 
AtoA, 


“s. 

A iy f 1 2 
measure the 4 2— center of rotation 
angle of rotation bə 


The center of rotation is the point where the two 
perpendicular bisectors cross. To find the angle of rotation, 
join A and A, to the center of rotation and measure the 
angle betvveen these lines. 


GEOMETRY 


Reflections 


A REFLECTION SHOWS AN OBJECT TRANSFORMED INTO ITS 
MIRROR IMAGE ACROSS AN AXIS OF REFLECTION. 


Properties of a reflection 


Any point on an object (for example, A) and the 7 hieliocted wauikeahi 
corresponding point on its reflected image (for ƏMƏL Themountaivonwihichihe points 
example, A)) are on opposite sides of, and equal Fer Nines A. 6.0 ande sre marked hasa 
distances from, the axis of reflection. The reflected D . reflected image, which includes 
image is effectively a mirror image whose base sits the points A,, Bı, Cı, Di, and El. 
along the axis of reflection. 


each point and its image 
point are equal distances 
from axis of reflection 


A 


axis of 
reflection 


it a: 


mountain reflected in 
water of a lake 


these two distances 
are the same 


D, is reflected point 
corresponding to D, it is 
same distance from axis 
1 of reflection as D 


. 


A kaleidoscope creates patterns using mirrors and colored beads. The patterns are 
the result of beads being reflected and then reflected again. 


hk” this is one the final 
. reflection of the reflection, which 
two mirrors ət 2 
original beads L/ completes image 


A simple kaleidoscope contains two The beads are reflected in the Each of the two reflections is 
mirrors at right angles (90°) to each two mirrors, producing two reflected reflected again, producing another 
other and some colored beads. images on either side. image of the beads. 


Constructing a reflection 


REFLECTIONS 


To construct the reflection of an object it is necessary to know the position of the axis 
of reflection and the position of the object. Each point on the reflection will be the 
same distance from the axis of reflection as its corresponding point on the original. 
Here, the reflection of triangle ABC is drawn for the axis of reflection y = x (which 
means that each point on the axis has the same x and y coordinates). 


7 
r 


? 
” 
on Ne axis of 
reflection y =x 


C 
BK_ cis (3, 2) 


triangle ABC 


sl... 2 3 4 
Ais(1,0) Bis(2, 0) 


First, dravv the axis of reflection. As y — x, this axis 
line crosses through the points (0, 0), (1, 1), (2, 2), 

(3, 3), and so on. Then draw in the object that is to be 
reflected—the triangle ABC, which has the 
coordinates (1, 0), (2, 0), and (3, 2). In each set of 
coordinates, the first number is the x value, and the 
second number is the y value. 


mark new points same distance 
from axis of reflection as 
y original points 
¢ 


Third, measure the distance from each of the 
original points to the axis of reflection, then 
measure the same distance on the other side of 
the axis to find the positions of the new points. 
Mark each of the new points with the letter it 
reflects, followed by a small 1, for example Aj. 


line through C, perpendicular 
“ Yedi to axis of reflection 


y 
“" , 
“ ,” 
3 ve d 
sf x axis of 
right angle As reflection y =x 
2 y” : 


Second, draw lines from each point of the triangle 
ABC that are at right-angles (90°) to the axis of 
reflection. These lines should cross the axis of 
reflection and continue onvvard, as the nevv 
coordinates for the reflected image vvill be 
measured along them. 


reflected image of 
triangle ABC is 
triangle A,B,C, 


7 


¢ 
” 
də NY axis of reflection 


Finally, join the points A,, B,, and C, to complete 
the image. Each of the points of the triangle has a 
mirror image across the axis of reflection. Each 
point on the original triangle is an equal distance 
from the axis of reflection as its reflected point. 


GEOMETRY 


Enlargements 


AN ENLARGEMENT IS A TRANSFORMATION OF AN OBJECT THAT 
PRODUCES AN IMAGE OF THE SAME SHAPE BUT OF DIFFERENT SIZE. 


Enlargements are constructed through a fixed point known as the centre 
of enlargement. The image can be larger or smaller. The change in size is 
determined by a number called the scale factor. 


enlarged image (a 
regular pentagon) has 
sides that are twice the 
size of the original object 


Properties of an enlargement 


When an object is transformed into a larger image, the 
relationship between the corresponding sides of that 
object and the image is the same as the scale factor. 
For example, if the scale factor is 5, the sides of the 
image are 5 times bigger than those of the original. o 
-“ 
B.” 
original object 
(a regular pentagon) 


-“ 
centre of ee 1 
“- 
enlargement ef - 
.- ə - 


scale factor 2 


A Positive scale factor 
If the object and the enlarged image 


corresponding angles in 
object and enlarged image 


are on the same side of the centre of — is 
enlar in proportion 
enlargement, the enlargement has a —..2. 
positive scale factor, here +2. B 
centre of 
enlargement 
had ” 
enlarged image (a triangle) am 


has sides that are 1.5 times 
the size of the original 
triangle 


original object 


“ (a triangle) 
- 
“” scale factor —1.5 


- A Negative scale factor 

If the object and the enlarged image 
are on opposite sides of the centre 
of enlargement, the enlargement 
has a negative scale factor, here -1.5. 


Constructing an enlargement 


An enlargement is constructed by plotting the coordinates of 
the object on squared (or graph) paper. Here, the quadrilateral 


ABCD is measured through the centre of enlargement (0, 0) with 


a given scale factor of 2.5. 


The coordinates of 
y axis this polygon are: 
A(1,1)  B (2,3) 
C(4,2) D(4,1) 


Z draw a line 
7 through each 
7 vertex (point) 
of shape di 
- 


8 
7 
6 
3 / 
4 
3 
2 


Ds 1144 56:10 SBS 73210 x axi 
centre of enlargement is 0,0 


Dravv the polygon ABCD using the given coordinates. 
Mark the centre of enlargement and dravv lines from this 
point through each of the vertices of the shape (points 
vvhere sides meet). 


B, Bı is point (5, 7.5) 
xe” 
/ 


ə” C is point (10, 5) İq 


7 Və 


? Nispoint te 


— 
Xu” 
D, is point 


(10, 2.5) 


10 xaxis 


Read along the x axis and the y axis to plot the 
vertices (points) of the enlarged image. For example, 
Bı is point (5, 7.5) and C, is point (10, 5). Mark and 
label all the points A,, By, Cı, and Dj. 


A, 


ENLARGEMENTS 


horizontal distance vertical distance of 
of A from centre of A from centre of 


enlargement enlargement 
— 12,5, 1x 2:5 — 2.5, 2:5) 
scale factor 25 y coordinate — 


x coordinate 


The same principle is then applied to the other points, to 
vvork out their x and y coordinates. 


y axis 


=2x2.5,3 x 2.5 = (5, 7.5) 


— 4 x 2.5, 2 x 2.5 =(10, 5) 


— 4 x 2.5, 1 x 2.5 — (10, 2.5) 


Then, calculate the positions of A,, Bı, Cı, and D, 
by multiplying the horizontal and vertical distances 
of each point from the centre of enlargement (0, 0) 
by the scale factor 2.5. 


angles are same size 
as in original object 


Əə Ww +S Wu Dn “€ OO 


v D, 
nevv image has sides 
that are 2.5 times larger 
than original 


— 


9 10 xaxis 


Join the new coordinates to complete the 


enlargement. The enlarged image is a quadrilateral with 
sides that are 2.5 times larger than the original object, 
but with angles of exactly the same size. 


GEOMETRY 


lengths on bridge are 
reduced in drawing 


Gal) Scale drawing vee 


URA 


UF 


ELY AT Scale: her 


s IT. 
ı 1cm:10m 
a  —4 
heerlen | convert scale wy 
(104-105 Enlargements 
Choosing a scale et S| 


to ratio of 
1cm: 1,000 cm 
using centimeters 
as common unit 

To make an accurate plan of a large object, such as a bridge, the object's measurements 

need to be scaled down. To do this, every measurement of the bridge is reduced by the 

same ratio. The first step in creating a scale drawing is to choose a scale—for example, 

1 cm for each 10 m. The scale is then shown as a ratio, using the smallest common unit. 


Scale drawings can be scaled down, such as a map, 
or scaled up, such as a diagram of a microchip. 


length (in cm) length (in cm) <] Scale as a ratio 
on scale drawing of real length A scale of 1 cmto 10m 


can be shovvn as a ratio by 


1 cm ; 1, 00 cm using centimeters as a 


common unit. There are 
symbol for ratio 100 cm in a meter, so 
10 x 100 cm = 1,000 cm. 


How to make a scale drawing 


In this example, a basketball court needs to be drawn to scale. The court is 30 m 
long and 15 m wide. In its center is a circle with a radius of 1 m, and at either end 
a semicircle, each with a radius of 5 m. To make a scale drawing, first make a rough 
sketch, noting the real measurements. Next, work out a scale. Use the scale to 
convert the measurements, and create the final drawing using these. 


Since 30 m (the longest length in the drawing) needs to fit into a 
5m space of less than 10 cm, a convenient scale is chosen: 


measurement o 5 measurement 
on drawing S51 C m o m <<” on real court 
By converting this to a ratio of 1 cm : 500 cm, it is now possible 
30m to work out the measurements that will be used in the drawing. 
real measurements changed 


from meters to centimeters to 
make calculation easier 


length for 


scale drawing . 


6 cm 
3cm 
0.2 cm 
1cm 


length of court = 3,000 cm + 500 
5m width of court = 1,500 cm + 500 
radius of center circle = 100 cm - 500 
radius of semicircle = 500 cm - 500 


€ 15m —— 


Draw a rough sketch to act as a guide, marking on it Choose a suitable scale and convert it into a ratio by using 
the real measurements. Make a note of the longest the lovvest common unit, centimeters. Next, convert the real 
length (30 m). Based on this and the space available measurements into the same units. Divide each measurement 
for your dravving, vvork out a suitable scale. by the scale to find the measurements for the dravving. 


squares on graph 
paper show 
measurement in cm 


3.5 cm 


radius is 
0.2cm 


6 cm 


- 3cm > 


Make a second rough sketch, 

this time marking on the scaled 
measurements. This provides a 

guide for the final drawing. 


convert real length to centimeters 
(3,500 cm) and divide by 

converted ratio value of 1,000 to 
get length for drawing, in this case 35 m 


110 m 


SCALE DRAWINGS 


Sİ Scale drawing of a bridge 
Every measurement of the bridge 
is reduced in the same ratio. All 
the angles in the scale drawing 
are the same as those of the 

real bridge. 


measurements represent 
those of real bridge 


— REAL WORLD 
Scale: 1 cm :5 m 


A 
The scale of a map varies according to 
the area it covers. To see a whole country 
such as France a scale of 1 cm: 150 km 
might be used. To see a town, a scale of 
1cm:500 m is suitable. 

6 cm 
Y 


+ — 3 cm—> 


Construct a final, accurate scale 
drawing of the basketball court. Use a 
ruler to draw the lines, and a compass 
to draw the circle and semicircles. 


GEOMETRY 


Bearings 


A BEARING IS A WAY OF SHOWING A DIRECTION. 


Bearings show accurate directions. They can be used 
to plot journeys through unfamiliar territory, where 
it is vital to be exact. 315° 


NW 
What are bearings? 


Bearings are angles measured clockwise from 292.5° 
the compass direction north. They are usually WNW 
given as three-digit whole numbers of degrees, 2 
such as 270?, but they can also use decimal 270 
numbers, such as with 247.5°. Compass W 
directions are given in terms such as “VVSVV” 


or “west-southwest.” 
Wwsw 
WSW (west-south- ” 2373 


west) on compass is 


337.5° 
NNW 


000° 


022.5° 


NNE 045° 
E (east) on 
NE compass 
is bearing 
090° 
067.5° 


090° 
E 


ESE 
112.5° 


SE \ ESE (east- 


bearing 247.5° 
SW 7 
o o south-east) on 
225 SəN 8 = 5 135 compass is 
[> Compass directions and bearings 202.5 157.5 bearing 112.5° 
This compass shows how specific numerical 
bearings relate to specific compass points. $ 
180” 
Hovv to measure a bearing 
Begin by deciding on the starting point of the journey. Place N 
a protractor at this start or center point. Use the protractor to 
draw the angle of the bearing clockwise from the compass position of 
direction north. position of protractor for first 
protractor measurement 
compass direction for second 
N i north measurement 
measure angle 270° 090° 


remaining 


bearings measured in 
— clockvvise direction 


than 100° has 0 as 
first of three digits 


start at 
center 
point 


090” 


<1 Circle of bearings 

The start point of the journey to 
be plotted can be seen as the 

5 center of a circle, around which 
180 the bearings are positioned. 


above 180° 
“a bearing smaller m.” 


draw line at 180°, 
measured clockvvise 
from north 


225° 180° 


A Bearings greater than 180° 

Use the protractor to measure 180° 
clockwise from north. Mark the 
point and draw the remaining angle 
from 180°—in this example it is 225°. 


Plotting a journey with bearings 


Bearings are used to plot journeys of several direction changes. In this example, a plane flies 
on the bearing 290° for 300 mi, then turns to the bearing 045° for 200 mi. Plot its last leg 


back to the start, using a scale of 1 in for 100 mi. 


First, draw the bearing 290°. N 
Set the protractor at the center 
and draw 180°. Draw a further 
110°, giving a total of 290°. 


center or 
start point 


290°. 


draw first 
bearing 


add 110° to 
bearing 


measure 
180° 


Set the protractor at N N 
the end point of the 3 in 
and draw a new north 
line. The next bearing is 
045° from this north. 


draw second 
bearing of 045° 


new center at 7 


end of 3 in 


protractor placed —”” 


at nevv center 


Set the protractor at the N 

end point of the 2 in and 

dravv a nevv north line. N N 
The next bearing is found 
to be 150° from this latest 
north. This direction takes 
the plane back to the 
start point. 


x = 150” 


measure 
angle 


dravv last leg 


start point ” 


BEARINGS 


SCALE 
e 5 e 
Tin: 100 mi 
Second, work out the distance N 


traveled on the bearing 290°. 
Using the scale, the distance is 
3 in, because 1 in equals 100 mi. 


mark first 


part of flight 7 


start point 


ıı 


distance on 
scale dravving 


actual distance 


300 + 100 -3in 
mark second 
part of flight 
VVork out the distance N N 
traveled on the bearing 
0457. Using the scale of 
1 in for every 100 mi, the 
distance is 200 mi. 


actual distance 


200 + 100 -2in 


distance on 
scale dravving 


Finally, draw the N 
distance traveled on the 

bearing 150°.Usingthe İN 
scale, the distance is 
2.8 in, meaning the 
final leg of the journey 
is 280 mi. 


y -2.8in 


distance on scale 


Vİ” drawing 
2.8 x 100 — 280 mi 


actual distance of — y 
return to start point 


last leg of journey 
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GEOMETRY 


Bisecting an angle es” a 
The bisector of an angle is a straight dı: 
ş j 7 through center of 
line that intersects the vertex (point) of vertex (point) 
the angle, splitting it into tvvo equal 


parts. This line can be constructed by > An angle bisector 
using a compass to mark points on The interior bisector of an angle 
the sides of the angle. intersects the vertex and divides bisector is halfway 
the angle into two equal parts. side b of angle — ə sidesa 
arc crosses first side set compass to just over half a 


of angle at point a ... a 


name ofangle distance it vvas in previous step “M 


size of angle 


x” 


( vertex 


point b is where the 


arc crosses second ? 


side of the angle , b 
First, dravv an angle of any size. Label Dravv an arc by placing the point ofa Place the compass on pointa 
the vertex of this angle vvith a letter, compass on the vertex. Mark the points and dravv an arc in the space 
for example, o. at which the arc intersects the angle’s between the angle’s sides. 


sides and label them a and b. 


mark and label point c 


where two arcs cross line that joins vertex and 


point c is angle bisector 


set compass at same 
length for arc a and arc b 


Keep the compass set at the same length and place Draw a line from the vertex, o, through 
it on point b, and draw another arc, and then on point c—this is the angle bisector. The angle 
point a. The two arcs intersect at a point, c. is now split into two equal parts. 


Triangles are congruent if all their sides and yoining a and c creates 
interior angles are equal. The points that first triangle 

are marked when drawing an angle 

bisector create two congruent triangles 

—one above the bisector and one below. 


> Constructing triangles triangle obc is —”T 


reflected image of b 


By connecting the points triangle oac 


made after dravving a bisecting 

line through an angle, tvvo Draw a line from a to c, to make Now, draw a line from b to 

congruent triangles are formed. the first triangle, which is shaded c to construct the second 
red here. triangle—shaded red here. 


Constructing 90° and 45° angles 


Bisecting an angle can be used to construct some common angles without 
using a protractor, for example a right angle (90°) and a 45° angle. 


* label end 
points of line 


draw arcs above 


a 
tae and below line 
. 


Draw a straight line (AB). Place a 
compass on point A, set it to a distance 
just over half of the line’s length, and 
draw an arc above and below the line. 


label points 
where arcs cross 


“.. 


A 


compass must be 
set to same size as 


S___ arcs from point A 


Then, draw two arcs with the compass 
set to the same length and placed on 
point B. Label the points where the 
arcs cross each other P and Q. 


mark and label the 


CONSTRUCTIONS 


draw a line 
connecting 
” PandQ 
Te 
P this creates 
4 


, yat a 90” angle 


Dravv a line from point P to point 
Q. This is a perpendicular bisector 
of the original line and it creates 
four 90° angles. 


label the p intersecion of arcs 


points the 
arc crosses ——> 


arc from o joinoands p 


a 
$ 


e B 


Draw an arc from point o that crosses 
two lines on either side, this creates a 
45° angle. Label the two points where 
the arc intersects the lines, f and e. 


Constructing 60° angles 


An equilateral triangle, which has three equal sides and three © 
60° angles, can be constructed without a protractor. 


label the line 


Keep the compass at the same length 
as the last arc and draw arcs from points 
f and e. Label the intersection of these 
arcs with a letter (s). 


compass is set Z 


witha f Pe ; 
straight line L-——~ this creates 


a 45° angle 


Draw a line from point o through 
s. This line is the angle bisector. 
The 90” angle is novv split into 
two 45° angles. 


7 mark and label 
point where 


first line can be 
any length 


with letters 


£ 


VN 2.5 cm B 


Draw a line, which will form one arm of the first 
angle. Here the line is 2.5 cm long, but it can be any 
length. Mark each end of the line with a letter. 


to length of 
first line 


two arcs cross 


A B 


Now, set the compass to the same length as the first 
line. Draw an arc from point A, then another from point 
B. Mark the point where the two arcs cross, C. 


C all internal 
angles are 60° 


Construct an equilateral 

K join A triangle by dravving a third 
anes line from B to C. Each side of 

the triangle is equal and 

each internal angle of the 

triangle is 60°. 


Now, draw a line to 
connect points A and C. % 
Line AC is the same length v 
as line AB. A 60° angle has 
been created. 


4— angle is 60° 


A 2.5 cm B 


GEOMETRY 


(6) Loci 


A LOCUS (PLURAL LOCI) IS THE PATH FOLLOWED BY A POINT 
THAT ADHERES TO A GIVEN RULE WHEN IT MOVES. 


What is a locus? 


Many familiar shapes, such as circles and straight lines, are examples of 
loci because they are paths of points that conform to specific conditions. 
Loci can also produce more complicated shapes. They are often used to 
solve practical problems, for example pinpointing an exact location. 


the locus 


kK of point p 
O is a fixed point = "di cis a constant distance is a circle 


e—_> 


path of point p will be 
plotted so that it is always 
the same distance from point O 


A compass and a pencil are needed to construct this The shape drawn when turning the compass a full 
locus. The point of the compass is held in the fixed point, rotation reveals that the locus is a circle. The center of 
O. The arms of the compass are spread so that the the circle is O, and the radius is the fixed distance 
distance between its arms is the constant distance, c. between the compass point and the pencil (c). 


Working with loci 


To draw a locus it is necessary to find all the points that conform to the rule 
that has been specified. This will require a compass, a pencil, and a ruler. This 
example shows how to find the locus of a point that moves so that its 
distance from a fixed line AB is always the same. 


at all points of the locus is curved 
locus, the distance to around the locus is part of a the red line is the 


1 the line AB is d ends of line AB straight line complete locus 


A d 8B 


Draw the line segment AB. A and B are Between points A and B, the locus is a straight This is the completed locus. 
fixed points. Now, plot the distance of d line. At the end of these lines, the locus is a It has the shape of a typical 
from the line AB. semicircle. Use a compass to draw these. athletics track. 


Loci can follow more complex paths. The example below 
follows the path of a piece of string that is wound around a 
cylinder, creating a spiral locus. 


cylinder end of string 
starts off in 
position P, 


points P,, P2, Ps, 
and P, represent 
positions through 
which P moves as 
string is wound 
around cylinder original 
position 
of string 


a smooth line joins 
points P,, P,, Ps, and P, 


P, ——-0P, 


The string starts off lying flat, 
with point P, the position of 
the end of the string. 


Using loci 

Loci can be used to solve difficult 
problems. Suppose two radio 
stations, A and B, share the same 
frequency, but are 200 km apart. 
The range of their transmitters 

is 150 km. The area where the 
ranges of the two transmitters A 
overlap, or interference, can be 

found by showing the locus of 
each transmitter and using a scale 
drawing (see pp.106-107). 


As the string is vvound around the 
cylinder, the end of the string moves 
closer to the surface of the cylinder. 


using the scale, 4cm 
represents 200 km 


When the path of point 
P is plotted, it forms a 
spiral locus. 


To find the area of interference, first choose a scale, 
then draw the reach of each transmitter. An 


appropriate scale for this example is 1 cm: 50 km. 


everyone inside, and on, the 
locus can receive station A 


using the scale, 3 cm 
represents 150 km 


this arc represents a 
section of the locus 
of all points that are 
150 km away from 
transmitter A 


Construct the reception area for radio station A. 
Draw the locus of a point that is always 150 km from 
station A. The scale gives 150 km = 3 cm, so draw an 
arc with a radius of 3cm, with A as the center. 


this area is where 
the signals from 

B the transmitters 
cross over 


everyone inside, and 
on, the locus can 
receive station B 


this arc is a section 
of the locus of all 
points that are 
150 km from B 


Construct the reception area for radio station B. 
This time draw an arc with the compass set to 
3cm, with B as the center. The interference occurs 
in the area where the two paths overlap. 


re EOMETRY 
Triangles 


A TRIANGLE IS A POLYGON WITH THREE ANGLES AND THREE SIDES. 


A triangle has three sides and three interior angles. A vertex (plural vertices) 
is the point where two sides of a triangle meet. A triangle has three vertices. 


Introducing triangles 


A triangle is a three-sided polygon. The base of a triangle can 
be any one of its three sides, but it is usually the bottom one. 
The longest side of a triangle is opposite the largest angle. The 
shortest side of a triangle is opposite the smallest angle. 

The three interior angles of a triangle add up to 180°. 


A 


shortest side 


longest side 


— 


C o 
B biggest smallest AŞ 
angle angle ei 
& 
“S 
ee 

A Labeling a triangle o 

A capital letter is used & 

to identify each vertex. o 


A triangle vvith vertices QZ, 
A, B, and C is knovvn as > 
AABC. The symbol “A” “~ 

can be used to represent & 

the word triangle. 


base 


side on which a triangle “rests” 


Types of triangles 


There are several types of triangles, each with 
specific features, or properties. A triangle is 
classified according to the length of its sides 
or the size of its angles. 


equal sides are 
shown by a dash 
or double dash 


<1 Equilateral triangle 
A triangle with three 
equal sides and three 
equal angles, each of 
which measures 60°. 


equal angles are shown 
as an arc or double arc 


“Sİ Isosceles triangle 

A triangle with two equal 
sides. The angles opposite 
these sides are also equal. 


hypotenuse 
(the longest side of a 
right-angled triangle) 


€ Right triangle 

A triangle with an angle of 
90° (a right angle). The side 
opposite the right angle 

is called the hypotenuse. 


right angle 


angle more 
than 90° 


€) Obtuse triangle 
A triangle with one 

angle that measures 
more than 90°. 


all of the angles 
and sides are 
different 


Sİ Scalene triangle 

A triangle with three 
sides of different length, 
and three angles of 
different size. 


TRIANGLES | 


Interior angles of a triangle 


A triangle has three interior angles at the points where each side 
meets. These angles always add up to 180°. If rearranged and 
placed together on a straight line, the interior angles would still 
add up to 180°, because a straight angle always measures 180°. 


a+b+c= 180° 


Proving that the angle sum of a triangle is 180° 


Adding a parallel line produces two types of relationships between 
angles that help prove that the interior sum of a triangle is 180°. 


Draw a triangle, then add a 
line parallel to one side of the 
triangle, starting at its base, 
to create two new angles. 


“İN 
: 
parallel i 
line ı 
“ 
- nevv 
1 ,angles 
t/ 


Exterior angles of a triangle 


In addition to having three interior angles 
a triangle also has three exterior angles. 
Exterior angles are found by extending 
each side of a triangle. The exterior 
angles of any triangle add up to 360°. 


X+y+z= 360° 


each exterior angle of a triangle is 
equal to the sum of the two 


opposite interior angles, so y =p a 


Corresponding angles are equal 
and alternate angles are equal; 
angles c, a, and b sit on a straight 
line so together add up to 180°. 


“ 


ə ı 
R. 
PAS alternate ‘ 


“ 


V 
corresponding mi 


angles 


opposite 
interior 
angle (to y) 


opposite interior 
angle (to y) 
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GEOMETRY 


x3) Congruent triangles 


TRIANGLES THAT ARE EXACTLY THE SAME SHAPE AND SIZE. 


Identical triangles 


Two or more triangles are congruent if their sides 
are the same length and their corresponding . . R 
interior angles are the same size. In addition to B Cols angles same 

size as angle with 


sides and angles, all other properties of congruent 
triangles are the same, for example, area. Like 
other shapes, congruent triangles can be 
translated, rotated, and reflected, so they may 
appear different, even though they remain the 
same size and have identical angles. 


one arc on AABC 


this angle is same size 
as angle with three 
arcs on APQR 


this side is same length 
as side with three 
dashes on APQR 


this side is same 
length as side 
with two dashes 


on APQR 
this angle is r 
same size as e 
angle with two 
arcs on APQR 
ROTATION 


reflecting an 


Kk object creates a 
L Bi mirror image of it 
REFLECTION 


A Congruent triangles 

The triangle on the right is how 
the triangle on the left would 
appear if rotated clockwise 
through 180° and reflected. 


this side is same 
length as side with 
one dash on APQR 


How to tell if triangles are congruent 


İt is possible to tell if two triangles are congruent without knowing the lengths of all of the sides or the sizes 
of all of the angles—knowing just three measurements will do. There are four groups of measurements. 


> Side, side, side (SSS) 
When all three sides of a 
triangle are the same as the 
corresponding three sides 
of another triangle, 

the two triangles are 
congruent. 


> Side, angle, side (SAS) 
When two sides and the angle 


between them (called the included 
angle) of a triangle are equal to 
two sides and the included angle 
of another triangle, the two 
triangles are congruent. | 


CONGRUENT TRIANGLES 


> Angle, angle, side (AAS) 


When two angles and any one 
side of a triangle are equal to 

two angles and the corresponding 
side of another triangle, the two 
triangles are congruent. 


> Right angle, hypotenuse, 


side (RHS) 

When the hypotenuse and one 

other side of a right triangle are 

equal to the hypotenuse and 

one side of another right 

triangle, the two triangles 

are congruent. R 


Proving an isosceles triangle has tvvo equal angles 
An isosceles triangle has tvvo equal sides. Dravving a perpendicular line helps prove that it has tvvo equal angles too. 


line through point B .-—x B 


is perpendicular (at 
equal sides 


right angles) to line AC , 
xX 


right angle right angle 


congruent triangles 


Draw a line perpendicular (at right angles) 
to the base of an isosceles triangle. This 
creates two new right triangles. They are 
congruent—identical in every way. 


hypotenuse B B hypotenuse 


(side opposite (side opposite 


a right angle) a right angle) 


D D C 


equal angles 


The perpendicular line is common to both triangles. 
The two triangles have equal hypotenuses, another 
pair of equal sides, and right angles. The triangles 
are congruent (RHS) so angles “a” and “c” are equal. 


GEOMETRY 


Area of a triangle 


AREA IS THE COMPLETE SPACE INSIDE A TRIANGLE. 77 


: apex (point at the 
VVhat IS area? İB 
The area of a shape is the amount of space that fits inside 
its outline, or perimeter. İt is measured in squared units, 
such as cm?,. If the length of the base and vertical height 
of a triangle are known, these values can be used to find 
the area of the triangle, using a simple formula, which 
is shown below. 


Sİ Area, base, and height 
The area of a triangle is found 
using two measurements: the 
base of the triangle and the 
vertical height of the triangle, 
which is the distance from its 
base to its apex, measured at 
right angles to the base. 


vertical 
height 
“—. this is the formula area is the 
for finding the space inside a 
area of a triangle triangles frame 


Base and vertical height 


Finding the area of a triangle requires two measurements, the base and the 
vertical height. The side on which a triangle “sits” is called the base. The vertical 
height is a line formed at right angles to the base from the apex. Any one of 
the three sides of a triangle can act as the base in the area formula. 


z second apex 


z first apex 


x third apex 


second corresponding 


vertical height third corresponding 


vertical height 


A 


first corresponding 
vertical height 


pə first base A ¢ XN second base B third base 


Ç A First base ə A Second base ə A Third base 
The area of the triangle can Any one of the triangles 2 The triangle is rotated again, so 
be found using the orange three sides can act as its that the purple side (B) is its base. 
side (A) as the “base” needed for the base. Here the triangle is rotated so The corresponding vertical height is the 
formula. The corresponding vertical that the green side (C) is its base. The distance from the base to the apex. The area 
height is the distance from the base of corresponding vertical height is the of the triangle is the same, whichever side is 


the triangle to its apex (highest point). distance from the base to the apex. used as the base in the formula. 


Finding the area of a triangle 


To calculate the area of a triangle, substitute the given values for the base 


and vertical height into the formula. Then work through the multiplication 


shown by the formula (% x base x vertical height). 


> An acute-angled triangle 
The base of this triangle is 

6 cm and its vertical height is 
3 cm. Find the area of the 
triangle using the formula. 


First, write down the 
formula for the area of 
a triangle. 


Then, substitute the 
lengths that are known 
into the formula. 


Work through the 
multiplication in the 
formula to find the 
answer. In this example, 
%xX6x3=9.Add the 
units of area to the 
answer, here cm2. 


> An obtuse triangle 


area is the space 
inside the triangle 


base=6cm 


area = 


af 
2 


x 6x3 


area is measured 
in squared units 


area is the space 
inside the triangle 


The base of this triangle is 3 cm and its 


vertical height is 4 cm. Find the area of the 
triangle using the formula. The formula and 


the steps are the same for all types of 


triangles. 


First, write down the 
formula for the area of 
a triangle. 


Then, substitute the 
lengths that are known 
into the formula. 


Work through the 
multiplication to find the 
answer, and add the 


appropriate units of area. 


vertical height 

can be measured 
outside the triangle 
as long as it is the 
distance between 
the base and the apex 


x base = 3 cm ——ə- 


area --.x3x4 


’x3x4=6 


2 


— 


area is measured 


x in squared units 


area = 6 cm’ — 


/ 


-e- vertical height = 3 cm—» 


4cm ——> 


<t— vertical height 


AREA OF A TRIANGLE © 


By adjusting the shape of a triangle, it can be 
converted into a rectangle. This process makes 
the formula for a triangle easier to understand. 


vertical 
height 


<t— vertical height —» 


- base > 


Draw any triangle and label its base 
and vertical height. 


line through the 
midpoint of 
vertical height 


- base > 


Draw a line through the midpoint of the 
vertical height that is parallel to the base. 


” 


- base > 


This creates two new triangles. These can 
be rotated around the triangle to form a 
rectangle. This has exactly the same area as 


the original triangle. Və the vertical height 


of the triangle 


- base > 


The original triangle’s area is found using the 
formula for the area of a rectangle (b x h). Both 
shapes have the same base; the rectangle’s height 
is ¥2 the height of the triangle. This gives the area 
of the triangle formula: /2 x base x vertical height. 


GEOMETRY 


Finding the base of a triangle using 
the area and height 


The formula for the area of a triangle can also be used to 
find the length of the base, if the area and height are known. 
Given the area and height of the triangle, the formula needs 
to be rearranged to find the length of the triangle’s base. 


First, write down the formula for the area of a triangle. 
The formula states that the area of a triangle is equal to /2 
multiplied by the length of the base, multiplied by the height. 


Substitute the known values into the formula. Here the 
values of the area (12cm?) and the height (3cm) are known. 


Simplify the formula as far as possible, by multiplying 
the 12 by the height. This answer is 1.5. 


Make the base the subject of the formula by rearranging 
it. In this example both sides are divided by 1.5. 


Work out the final answer by dividing 12 (area) by 1.5. In 
this example, the answer is 8cm. 


Finding the vertical height of a 
triangle using the area and base 


The formula for area of a triangle can also be used to find its 
height, if the area and base are known. Given the area and 
the length of the base of the triangle, the formula needs to 
be rearranged to find the height of the triangle. 


First, write down the formula. This shows that the area of a 
triangle equals 12 multiplied by its base, multiplied by its height. 


Substitute the known values into the formula. Here the 
values of the area (8cm?) and the base (4cm) are known. 


Simplify the equation as far as possible, by multiplying 
the 12 by the base. In this example, the answer is 2. 


Make the height the subject of the formula by 
rearranging it. In this example both sides are divided by 2. 


Work out the final answer by dividing 8 (the area) by 2 
(% the base). In this example the answer is 4cm. 


Area = 12cm? aN 


aur 


base (?) 


= + x base x3 


’%xX3=15 


12 = 1.5 x base 


as base was multiplied by 1.5, divide 
this side by 1.5 to cancel out the 1.5s and 
leave base on its own on this side 


base is unknown 


—İ2 = base 
1.5 4— as the other side has been divided by 
1.5, this side must also be divided by 1.5 


base = 8cm 


Area = 8cm” A 


a al 


m x4x heightx uu 


Wwx4=2 unknown 


2 x height 


this side must be divided by 
1777” 2to cancel out the 2s and leave 
= height height on its own on this side 


2 — as the other side has been divided by 2, 
this side must also be divided by 2 


height = 4¢m 


io) 
ıı 


SIMILAR TRIANGLES 


GE Q Q Q 

& Similar triangles 

TWO TRIANGLES THAT ARE EXACTLY THE SAME SHAPE BUT NOT 
THE SAME SIZE ARE CALLED SIMILAR TRIANGLES. 


What are similar triangles? 


Similar triangles are made by making bigger or smaller copies of a 
triangle—a transformation known as enlargement. Each of the triangles have 
equal corresponding angles, and corresponding sides that are in proportion 
to one another, for example each side of triangle ABC below is twice the 
length of each side on triangle AzB2C2. There are four different ways to check 
if a pair of triangles are similar (see p.126), and if two triangles are known to 


be similar, their properties can be used to find the lengths of missing sides. 
angle at B, is the same 
size as angles at B and B, 


angle B is the b 
same size as 


angles B, and B, B, 


N 


B A,B, is1.5 times longer 
than AB and 3 times 
longer than A,B, 


AB is A,B, divided 

by 1.5 and 2 times 
angle B, is the same the length of A,B, 
size as angles B and B, 


SS BC, is BC divided 
by 2 and BiG BC is B,C, divided by 
divided by 3 1.5, and 2 times 7.5cm 


A,B, is AB divided 


by 2 and A,B, 


divided by 3 
4cm 


longer than B,C, 


12cm 


angle at C, is the 
same size as angles 
at C and C, 


. angle at A is the same size 


as angles at A, and A, 


A Three similar triangles 
These are three similar triangles. The corresponding 
angles, such as those at A, A,, and A, are the same : : 

: E : A,C, is 1.5 times longer 
size (equal), and the corresponding sides, such as than AC and 3 times 
AB, A,B, and A,B, are in the same ratio with each A, longer than A,C, 
other as the other corresponding sides. İt is 
possible to check this by dividing each side of one 
triangle by the corresponding side of another 
triangle - if the answers are all equal, the sides are 
in proportion to each other. 


B,C, is 1.5 times 
longer than BC 
and 3 times 
longer than B,C, 


GEOMETRY 


WHEN ARE TWO TRIANGLES SIMILAR? 


It is possible to see if two triangles are similar without measuring every angle and every side. This can be done 
by looking at the following corresponding measurements for both triangles: two angles, all three sides, a pair 
of sides with an angle between them, or if the triangles are right triangles, the hypotenuse and another side. 


Angle, angle AA 


When two angles of one triangle are equal to two angles 
of another triangle then all the corresponding angles are 
equal in pairs, so the two triangles are similar. 


U = U, 
V — V, .-—. 


U, üns U, =U W, 


U vu 


Side, side, side (S) (S) (S) 

VVhen tvvo triangles have three pairs of corresponding 
sides that are in the same ratio, then the tvvo triangles 
are similar. 


A,B, is in 
— L proportion 
AB isin. s to AB 
proportion C,B, is in 
to A,B, proportion 


to CB 
ACis in 
proportion BCisin 
to A,C, v proportion 
to B,G 
ı a CA is in 


proportion 
İq to CA 


PR _ PQ 


angle at 

P=P, 

PR is in proportion ° 

with P,R, əş at 


LM isin .—”T 


proportion 


Side, angle, side (S) A (S) 

VVhen tvvo triangles have tvvo pairs of corresponding sides that 
are in the same ratio and the angles betvveen these tvvo sides 
are equal, the tvvo triangles are similar. 


and P =P, 
Q Q: 


PR; 7 P,Q, 


PQ is in proportion 


with P,Q, Əv 


P,Q, is in proportion 


with PQ 
Rə” 


PR, isin a R, 


proportion vvith PR 


Right-angle, hypotenuse, side R (H) (S) 
If the ratio between the hypotenuses of two right triangles is 
the same as the ratio between another pair of corresponding 
sides, then the two triangles are similar. 


LW ML for Mit) 
LN, ML, MLN, L, 


L ee L,M, is in 
e hypotenuse, .-—A,ş proportion 
NiLı, isin i 
i . vvith LM 
proportion vvith v 
the other 


hypotenuse, LN 


N, M: 


.— the hypotenuse, LN is in 
proportion vvith the 
other hypotenuse, N,L, 


SIMILAR TRIANGLES 


MISSING SIDES IN SIMILAR TRIANGLES 


The proportional relationships between the sides of similar triangles can be used to find 
the value of sides that are missing, if the lengths of some of the sides are known. 


> Similar triangles 

Triangles ABC and ADE are 

similar (AA). The missing 

values of AD and BC can be 

found using the ratios B 


between the known sides. wet 


Finding the length of AD 


To find the length of AD, use the ratio between AD and its 
corresponding side AB, and the ratio between a pair of 
sides where both the lengths are known — AE and AC. 


Write out the ratios 
between the two pairs of 
sides, each with the longer 
side above the shorter 
side. These ratios are equal. 


AD 
AB 


AE 
AC 


AD is the 
unknown 
Substitute the values z 
that are knovvn into the A D 
ratios. The numbers can — = 
now be rearranged to find 3 
the length of AD. 


sides by 3 
Rearrange the equation 
to isolate AD. In this 
example this is done by 
multiplying both sides of 
the equation by 3. 


üş ” 5) 2 5 


to isolate AD 


x 


Do the multiplication to 
find the ansvver, and add 
the units to the ansvver 
that has been found. This 
is the length of AD. 


AD = 5.4cm 


Finding the length of BC 


To find the length of BC, use the ratio between BC and its 
corresponding side DE, and the ratio between a pair of 
sides where both the lengths are known — AE and AC. 


Write out the ratios 
between the two pairs of 
sides, each with the longer 
side above the shorter 
side. These ratios are equal. 


DE 
BC 


AE 
AC 


Substitute the values 

that are known into the 3 
ratios. The numbers can — 
novv be rearranged to find BC 
the length of BC. 


multiply both 


sides by BC ə. 

Rearrange the equation 
to isolate BC. This may 4. 5 
take more than one step. 3 = —X BC 
First multiply both sides of 2 A 5 
the equation by BC. 

multiply both 

sides by 2.5 


Then rearrange the 
equation again. This time 
multipy both sides of the 
equation by 2.5. 


3 x 2.5 = 4.5 x BC 
o multiply both 


sides by 2.5 


divide both 


sides by 4.5 —. 
5” 


divideb 2 4.5 


sides by 4.5 


BC can now be isolated 
by rearranging the 
equation one more time 
- divide both sides of the 
equation by 4.5. 


1.6666.... is rounded 


to 2 decimal places 
aS 
BC = 1.67cm 


Do the multiplication to 
find the answer, add the 
units, and round toa 
sensible number of 
decimal places. 


GEOMETRY 


Pythagorean Theorem 


THE PYTHAGOREAN THEOREM IS USED TO FIND THE LENGTH OF 
MISSING SIDES IN RIGHT TRIANGLES. 


If the lengths of two sides of a right triangle are known, the length 
€? is the area of the square 


of the third side can be vvorked out using Pythagorean Theorem. formed rom sidesəflengtliz 
VVhat is the Pythagorean c =Cxc 
Theorem? 


bas is th f th 
The basic principle of the Pythagorean Theorem is Semel ae 


that squaring the two smaller sides of a right sides of length a 
triangle (multiplying each side by itself) and 

adding the results will equal the square of the 

longest side. The idea of "squaring" each side can a =axa Ma 
be shown literally. On the right, a square on each 


side shows how the biggest square has the same 
area as the other two squares put together. 


““ €$m 


side a sideb side c (hypotenuse) [> Squared sides 


The squares of the shorter 
sides are shown here with 
the square of the longest side 


Ü-bxb 


(the hypotenuse). b? is the area of the 
b. formula shows that side a squared plus square formed from sides 
side b squared equals side c squared of length b 


area of larger 
square is 5” (or 

5 x 5), which is 

25 smaller squares 


If the formula is used with values substituted for the sides a, b, and c, the 
Pythagorean Theorem can be shown to be true. Here the length of c 
(the hypotenuse) is 5, while the lengths of a and b are 4 and 3. 


ais4 bis3 cigs each side of square 
is 4 cm long 


:.—46(n-——nı 


4? +3?= 5° 


4x4 3x3 5x5 
16+9=25 d 
squares of two square of each side of square 
7 sides hypotenuse is 5 cm long 
adde 


area of larger square 
A Pythagoras in action is 4” (or 4 x 4), which 
In the equation the squares of the two is 16 smaller squares 
shorter sides (4 and 3) added together 
equal the square of the hypotenuse : 
(5), proving that the Pythagorean 5 squats - 
Theorem vvorks. 


“ 

en 
area of larger square is 3” 
(or 3 x 3), which is 9 
smaller squares 


is 3 cm long 


Find the value of the hypotenuse 


The Pythagorean Theorem can be used to find the value of 
the length of the longest side (the hypotenuse) in a right 
triangle when the lengths of the two shorter sides are 
known. This example shows how this works, if the two 


PYTHAGOREAN THEOREM 


Find the value of another side 


The theorem can be rearranged to find the length of 
either of the two sides of a right triangle that are not the 
hypotenuse. The length of the hypotenuse and one other 
side must be known. This example shows how this works 


known sides are 3.5 cm and 7.2 cm in length. 


7.2 cm 


3.5 cm 


First, take the 
formula for the 
Pythagorean 
Theorem. 


hypotenuse 


one side other side 


7 
v, Substitute the values 


3. 5? + 7. 2” — re given into the formula, 


in this example, 3.5 
and 7.2. 


3.5 x 3.5 equals 


12.25+51.84=¢ 


7.2 x 7.2 equals 

Calculate the squares 
of each of the 
triangle’s known sides 
by multiplying them. 


12.25 + 51.84 equals 
2 Add these answers 
together to find the 
64.09 C square of the 


hypotenuse. 


sign means 
square root 


— Use a calculator to 
/ 64 09 — İF: find the square root of 
5 64.09. This gives the 
the square root of 64.09 — length of side c. 
is the same as the 
square root of c” 
The square root is 
the length of the 
ansvver rounded to hypotenuse. 
the hundredths place 


C= cm 


with a side of 5 cm and a hypotenuse of 13 cm. 


this side 
is known 


2— missing side length 


this site 13 cm (hypotenuse) 


is known 


unknown side .. 


unknown side is now 
result of ə. 
ıı 


o hypotenuse novv at 
start of formula 


169 — 25 -b” 
20 XK 5x5 equals 


equals 2 
144 -b 
sign means 


square root “N 
1144 — İb” 


the square root of 144 — 
is the same as the 
square root of b” 


length of 


To calculate the 
length of side b, take 
the formula for the 
Pythagorean Theorem. 


Substitute the 
values given into the 
formula. In this 
example, 5 and 13. 


Rearrange the 
equation by 
subtracting 5” from 
each side. This isolates 
b” on one side because 
5? — 5” cancels out. 


Calculate the squares 
of the tvvo knovvn 
sides of the triangle. 


Subtract these squares 
to find the square of 
the unknovvn side. 


Find the square root 
of 144 for the length of 
the unknown side. 


The square root is 
the length of side b. 


missing side xi b = 12 cm 


GEOMETRY 


‘Z) Quadrilaterals 


A QUADRILATERAL IS A FOUR-SIDED POLYGON. 
“QUAD” MEANS FOUR AND “LATERAL” MEANS SIDE. 


vertex, one of 


Introducing quadrilaterals four vertices 


A quadrilateral is a two-dimensional shape 
with four straight sides, four vertices (points 
where the sides meet), and four interior 
angles. The interior angles of a quadrilateral 
always add up to 360°. An exterior angle 
and its corresponding interior angle always 
add up to 180° because they form a straight 
line. There are several types of quadrilaterals, 
each with different properties. 


one of 
four sides 


diagonal 


one of four 
interior angles 


interior angle 


line extends 7 iMHirand A Interior angles 

to form exterior angle iFasihuledi line i 
V Types of quadrilaterals exterior angle 2 add up to 180” a single diagonal line is 
Each type of quadrilateral is grouped dravvn from any one corner to 


the opposite corner, the 
quadrilateral is divided into 
tvvo triangles. The sum of the 
interior angles of any triangle 
is 180°, so the sum of the 
interior angles ofa 
quadrilateral is 2 x 180”. 


and named according to its properties. 
There are regular and irregular 
quadrilaterals. A regular quadrilateral 
has equal sides and angles, whereas 
an irregular quadrilateral has sides 
and angles of different sizes. 


SQUARE RECTANGLE RHOMBUS PARALLELOGRAM TRAPEZOID KITE IRREGULAR 


PROPERTIES OF QUADRILATERALS 


Each type of quadrilateral has its own name and a number of unique properties. 
Knowing just some of the properties of a shape can help distinguish one type of 
quadrilateral from another. Six of the more common quadrilaterals are shown below 
with their respective properties. 


Square 


A square has four 
equal angles (right 
angles) and four sides 
of equal length. The 
opposite sides of a 
square are parallel. 
The diagonals 
bisect—cut into two 
equal parts—each 
other at 90° (right 


angles). one of four 


right angles 


Rhombus 


All sides of a rhombus 
are of equal length. 
The opposite angles 
are equal and the 
opposite sides are 
parallel. The diagonals 
bisect each other at 
right angles. 


opposite 
angle is 
equal 


this symbol shows —” 


parallel sides 
one of four equal sides ir 


Trapezoid 


A trapezoid, also 
known as a trapezium, 
has one pair of 
opposite sides that are 
parallel. These sides are 


not equal in length. 
one pair of 7 


parallel sides 


a 


one of four 
equal sides 


opposite 
angle is equal 


QUADRILATERALS 


opposite side 
is of equal 


— length 


Rectangle 

A rectangle has four 

right angles and tvvo 

pairs of opposite sides of 

equal length. Adjacent 

sides are not of equal 

length. The opposite 

sides are parallel and 

the diagonals bisect ə” 

each other. opposite 
side is of 
equal length 


one of four 
right angles 


opposite side is 


opposite angle 
is equal Yə of equal length 


Parallelogram 
The opposite sides of 

a parallelogram are 
parallel and are of equal 
length. Adiacent sides 
are not of equal length. 
The opposite angles 
are equal and the 
diagonals bisect each 
other in the center of equal 
the shape. length 


opposite angle Zu 


is equal 


\ opposite 


side is of 


this symbol 
indicates 
parallel sides 


opposite angle 


is not equal adjacent 


Kite .. 

side is of 
A kite has tvvo pairs equal 
of adjacent sides that length 
are equal in length. 
Opposite sides are not 
of equal length. It has 
one pair of opposite 
angles that are equal 
and another pair of 
angles of different 
values. 


adjacent / 


side is of 
equal length 


opposite 
angle is equal 
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FINDING THE AREA OF QUADRILATERALS 

Area is the space inside the frame of a two-dimensional shape. Area is measured in square 
units, for example, cm”. Formulas are used to calculate the areas of many types of shapes. 
Each type of quadrilateral has a unique formula for calculating its area. 


Finding the area of a square 

The area of a square is found by multiplying its length 
by its width. Because its length and width are equal in 
size, the formula is the square of a side. 


ff one of four 
one of four ; 
equal sides 
right angles xo 
mae 
m. 
o 
= Il 
= vı 
wa ə 
hə 
a 
| 


< 5.2 cm this means 
side x side 


units of 
area, square 
centimeters 


5.2 xX 52 = 


A Multiply sides 

In this example, each of the four sides measures 
5.2 cm. To find the area of this square, multiply 
5.2 by 5.2. 


Finding the area of a rhombus 


The area of a rhombus is found by multiplying 

the length of its base by its vertical height. The 
vertical height, also known as the perpendicular 
height, is the vertical distance from the top (vertex) 
of a shape to the base opposite. The vertical height 
is at right angles to the base. 


> Vertical height 

Finding the area of a rhombus depends 
on knowing its vertical height. In this 
example, the vertical height measures 
8 cm and its base is 9 cm. 


Finding the area of a rectangle 


The area of a rectangle is found by multiplying its 


base by its height. eee oe 


same length as 


one of four 2 . 
right angles Ms the side opposite 
E this side is the 
a same length as the 
ıl side opposite 
at 
= 
= 
Q) 
= 
y 
base - 35m 
formula can also be written 
length x width (I x vv) 
area — base x height units of area, 


square meters 


35 x 26 = 910m” 


A Multiply base by height 

The height (or vvidth) of this rectangle is 26 m, and 
its base (or length) measures 35 m. Multiply these 
two measurements together to find the area. 


one of four 
equal sides 


formula can also be 
vvritten area — bh 


base = 9 cm 


Finding the area of 


a parallelogram 


Like the area of a rhombus, the area of 
a parallelogram is found by multiplying 
the length of its base by its vertical 
height. 


=5m 


QUADRILATERALS 


this single dash indicates that this 
side is equal to the opposite side 


C 


the double dash symbols 
show that this side is equal 
to the side opposite 


vertical height 


> Multiply base by vertical height 
İt is important to remember that the 
slanted side, AB, is not the vertical 
height. This formula only works if the 
vertical height is used. 


base = 8m also known as 
perpendicular height 


8x 5 = 40 m? 


Proving the opposite angles of a rhombus are equal 


Creating two pairs of isosceles triangles by dividing a rhombus along two diagonals helps prove that the 
opposite angles of a rhombus are equal. An isosceles triangle has two equal sides and two equal angles. 


X Ww X v X W 
, W angle X is X 
angle U is angleWis equal to 
equal to equal to angleV 
angle W. angle U 
one of four angle V is 
equal sides U V equal to 
U V U V U V angle X 
All the sides of a rhombus are Divide the rhombus along a diagonal Dividing along the other 
equal in length. To show this a to create two isosceles triangles. Each diagonal creates another pair 
dash is used on each side. triangle has a pair of equal angles. of isosceles triangles. 


Proving the opposite sides of a parallelogram are parallel 
Creating a pair of congruent triangles by dividing a parallelogram along two diagonals helps prove that 
the opposite sides of a parallelogram are parallel. Congruent triangles are the same size and shape. 


opposite side angle BCA is equal 
is equal Y to angle CAD 
D 


c congruent B C B c 
triangle C 
angle BAC is 
equal to angle ACD 
aN opposite side congruent 
D 


triangle A D 


x one of two pairs 


of parallel sides 


A 
A is equal A 


Opposites sides of a parallelogram The triangles ABC and ADC are congruent. The triangles are congruent, so 
are equal in length. To show this a Angle BCA = CAD, and because these are angle BAC = ACD; because these are 
dash and a double dash are used. alternate angles, BC is parallel to AD. alternate angles, DC is parallel to AB. 
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Polygons 


A CLOSED TWO-DIMENSIONAL SHAPE OF THREE OR MORE SIDES. 


Polygons range from simple three-sided triangles and four-sided squares 
to more complicated shapes such as trapezoids and dodecagons. Polygons 
are named according to the number of sides and angles they have. 


vertex (point at 


What is a polygon? 7” 77 


A polygon is a closed tvvo-dimensional — 
shape formed by straight lines that 
connect end to end at a point called a 
vertex. The interior angles of a polygon 
are usually smaller than the exterior 
angles, although the reverse is possible. 
Polygons with an interior angle of more 
than 180° are called concave. 


side 


> Parts of a polygon exterior angle 
Regardless of shape, all polygons N 
are made up of the same parts— 

sides, vertices (connecting points), 

and interior and exterior angles. nının dam 


Describing polygons 


There are several vvays to describe polygons. One is by the regularity 
or irregularity of their sides and angles. A polygon is regular when all 
of its sides and angles are equal. An irregular polygon has at least two All the angles and all the sides of a regular polygon are 
sides or two angles that are different. equal—in other words, the polygon is both equiangular 
and equilateral. In certain polygons, only the angles 


7: of harhumFessssni (equiangular) or only the sides (equilateral) are equal. 
is polygon are equa 


different-sized angles 


all sides of 
this polygon 
are equal 


<J Equiangular 

A rectangle is 

an equiangular 
quadrilateral. Its angles 
are all equal, but not all 
with angles more its sides are equal. 
than 180°, this shape 


: all angles the same 
is a concave polygon 


Sİ Equilateral 


A rhombus is 
ARegular Alrregular an equilateral 
All the sides and all the angles of In an irregular polygon, all the quadrilateral. All its 
regular polygons are equal. This sides and angles are not the same. Ny ı sides are equal, but 
hexagon has six equal sides and This heptagon has many different- all sides the same all its angles are not. 


six equal angles, making it regular. sized angles, making it irregular. 


Naming polygons 


Regardless of whether a polygon is regular or irregular, the number of sides it 
has always equals the number of its angles. This number is used in naming both 
kinds of polygons. For example, a polygon with six sides and angles is called a 
hexagon because “hex” is the prefix used to mean six. If all of its sides and angles 
are equal, it is known as a regular hexagon; if not, it is called an irregular hexagon. 


Triangle Quadrilateral 


3 A 


Sides and Sides and 
angles angles 


POLYGONS 


Pentagon 


> 


Sides and 
angles 


Hexagon Heptagon 


6 


Sides and Sides and 
angles angles 


Nonagon Decagon 


Sides and Sides and 
angles angles 


Octagon 


Sides and 
angles 


Hendecagon 


Sides and 
angles 


Dodecagon Pentadecagon 


Sides and Sides and 


angles angles 


Icosagon 


Sides and 
angles 
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PROPERTIES OF A POLYGON 


There are an unlimited number of different polygons that can be drawn using 
straight lines. However, they all share some important properties. 


Convex or concave 


Regardless of how many angles a polygon has, it can be classified as either 


concave or convex. This difference is based on whether a polygon’s 


interior 


angles are over 180° or not. A convex polygon can be easily identified because at 


least one its angles is over 180°. 


all vertices ~~ > 


point outward 
acute angle 


obtuse angle 


<] Convex polygon 

A convex polygon has no 
interior angles greater 
than 180°—its angles are 
either acute or obtuse. All 
acute angle obtuse angle its vertices point outward. 


obtuse angle 


Interior angle sum of polygons 


The sum of the interior angles of both regular and irregular convex 


polygon depends on the number of sides the polygon has. The sum of 
the angles can be worked out by dividing the polygon into triangles. 


convex 


quadrilateral diagonal splits shape 


into two triangles 


This quadrilateral is convex—all of its angles are 
smaller than 180°. The sum of its interior angles can be 
found easily, by breaking the shape down into triangles. 
This can be done by drawing in a diagonal line that 
connects two vertices that are not next to one another. 


triangle 2 


triangle 1 


<J Irregular pentagon 
This pentagon can be 
split up into three 
triangles. The sum of 
its interior angles is 
the sum of the angles 
of the three triangles: 
triangle 3 3 x 180° = 540°. 


triangle 5 


triangle 4 


acute angle 


acute angle 


“İl Concave polygon 

At least one angle of a 
concave polygon is over 
180°. This type of angle is 
known as a reflex angle. 
The vertex of the reflex 
angle points inward, 
toward the center of 

the shape. 


il vertex 


points 
invvard 


acute angle 


interior angles of 

triangle 1 add interior angles 
up to 180 of triangle 2 add 
up to 180° 


A quadrilateral can be split into two triangles. 
The sum of the angles of each triangle is 180°, 
so the sum of the angles of the quadrilateral is 
the sum of the angles of the two triangles 
added together: 2 x 180° = 360°. 


triangle 1 


€) Regular heptagon 
A heptagon (7 sides) 
can be split up into 

five triangles. The sum 
of its interior angles 
triangle 2 is the sum of the angles 
of the five triangles: 

5 x 180° = 900°. 


triangle 3 


A formula for the interior angle sum 


The number of triangles a convex polygon can be split up into 
is always 2 fewer than the number of its sides. This means that 
a formula can be used to find the sum of the interior angles of 
any convex polygon. 


5 sides 
number of sides 


(5 - 2) x 180° 
= 540 — cum ofits 


interior angles 


zz 


<J Regular pentagon 

The interior angles of a regular 
pentagon add up to 540°. Because 
a regular polygon has equal angles 
and sides, each angle can be found 
by dividing by the number of 
angles: 540° + 5 = 108°. 


gö each angle 


is 108” 


Sum of exterior angles of a polygon 


Imagine walking along the exterior of a polygon. Start at one vertex, 
and facing the next, walk toward it. At the next vertex, turn the 
number of degrees of the exterior angle until facing the following 
vertex, and repeat until you have been around all the vertices. In 
walking around the polygon, you will have turned a complete circle, 
or 360°. The exterior angles of any polygon always add up to 360°. 


the exterior angles add up 
to 360° (58+ 57+90+70 
+85 = 360) 


A Irregular pentagon 

The exterior angles of a polygon, regardless of 
whether it is regular or irregular add up to 360°. 
Another way to think about this is that, added 
together, the exterior angles of a polygon would 
form a complete circle. 


the exterior angles of 
an irregular polygon 
are not all the same 


POLYGONS 


9 sides 


number of sides 


(9 - 2) x 180° 


= 1,260° 
a 


<J Irregular nonagon 

The interior angles of an 
irregular nonagon (9 sides) add 
up to 1,260°. Because the angles 
are different sizes, individual 
angles cannot be found from 
the sum of the interior angles. 


sum of its 
interior angles 


exterior angles 
add up to 360° 
(60 x 6 = 360) 


each sector is an 
equilateral triangle 


central angles 
of equilateral 
triangles are equal 
to exterior angles 


A Regular hexagon 

The size of the exterior angles of a regular polygon can 
be found by dividing 360° by the number of sides the 
polygon has. A regular hexagon’s central angles (formed 
by splitting the shape into 6 equilateral triangles) are the 
same as the exterior angles. 
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Circles 


A CIRCLE IS A CLOSED CURVED LINE SURROUNDING A CENTER 
POINT. EVERY POINT OF THIS CURVED LINE IS OF EQUAL 
DISTANCE FROM THE CENTER POINT. 


Properties of a circle 


A circle can be folded into two identical halves, which . 
means that it possesses “reflective symmetry” (see p.88). ce Ye distance around the Circ) 
The line of this fold is one of the most important parts |e e 
of a circle—its diameter. A circle may also be rotated 

about its center and still fit into its ovvn outline, Çi 


segment the space 


giving it a “rotational symmetry” about 


İts center point. Kə 
G between a chord and an arc 
‘S 


kn 
is) 
cı 
oF 
mt 
E 
- 
= 
"ə 
o 
ə center point 
a l Me of circle 
~*~ Cc 
=, o 
“o % 
%, “ pə AF@a the total space 
ke/ a ə covered by the circle 


> Acircle divided 
This diagram shows the 


many different parts of a _ 
circle. Many of these parts = 
lz. 0 
will feature in formulas Op “ə 
over the pages that follow. əyə . = 
ne Re 


Parts of a circle 


A circle can be measured and divided in various 
ways. Each of these has a specific name and 
character, and they are all shown below. 


Radius 

Any straight line from the center 
of a circle to its circumference. 
The plural of radius is radii. 


Diameter 

“—“ Any straight line that passes 
through the center from one 

un 


side of a circle to the other. 


Chord 

Any straight line linking tvvo points 
on a circle’s circumference, but not 
passing through its center. 


Segment 

The smaller of the tvvo parts of 
a circle created vvhen divided 
by a chord. 


Circumference 
The total length of the outside 
edge (perimeter) of a circle. 


Arc 
Any section of the circumference 
of a circle. 


. 


Sector 

A ”slice” of a circle, similar to the 
slice of a pie. It is enclosed by two 
radii and an arc. 


Area 
The amount of space inside a 
circle’s circumference. 


Tangent 
A straight line that touches the 
circle at a single point. 


CIRCLES | 


How to draw a circle 


Two instruments are needed to draw a circle—a compass 
and a pencil. The point of the compass marks the center of 
the circle and the distance between the point and the pencil 
attached to the compass forms the circle’s radius. A ruler is 
needed to measure the radius of the circle correctly. 


Set the compass. First, 
decide what the radius of 


x” stands for the circle is, and then use a 
distance in inches ruler to set the compass at 
between compass this distance. 


point and pencil 
or length of radius 


use ruler to set 
length of radius 


xin is 


keep moving : 
pencil around to Decide where the 


complete circle center of the circle is 
and then hold the point 
of the compass firmly 
in this place. Then put 
the pencil on the 

paper and move the 
pencil around to draw 
the circumference of 
the circle. 


center of 2 


circle 


The completed circle 
has a radius that is 
the same length 

as the distance that 
the compass vvas 
originally set to. 


. circumference 
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“G/ Circumference 


and diameter 


THE DISTANCE AROUND THE EDGE OF A CIRCLE IS CALLED THE 
CIRCUMFERENCE; THE DISTANCE ACROSS THE MIDDLE IS THE DIAMETER. 


All circles are similar because they have exactly the same shape. This means 
that all their measurements, including the circumference and the diameter, are 


in proportion to each other. 
a symbol for pi 


= 3.14 


The number pi 


The ratio between the circumference and diameter of a circle 
isa number called pi, which is written rr. This number is used in 
many of the formulas associated with circles, including the 
formulas for the circumference and diameter. 


value to 2 decimal places 2 


TI İs. a constant 
radius 


Circumference (C) 


The circumference is the distance around the edge of a 
circle. A circles circumference can be found using the 
diameter or radius and the number pi. The diameter is 
always twice the length of the radius. 


circumference 


value of 


, circumference 


is unknown 


The formula for 
circumference shows 
that the circumference is 
equal to pi multiplied by 
the diameter of the circle. 


BS radius is length 


from center to 
circumference 


Substitute known 
values into the formula 
for circumference. Here, 
the radius of the circle is 
known to be 3 in. 


Multiply the numbers 
to find the length of 
the circumference. 
Round the answer to 

a suitable number of 
decimal places. 


18.84 is rounded to — 


one decimal place 


A Finding the circumference 
The length of a circle’s circumference can be found if the length of 
the diameter is known, in this example the diameter is 6 in long. 


circumference 


Sİ The value of pi 

The numbers after the 
decimal point in pi go 

on for ever and in an 
unpredictable way. It starts 
3.1415926 but is usually 
given to two decimal places. 


TI İs a constant 

diameter 
<] Formulas 
There are two 
circumference 
formulas. One uses 
diameter and the 
other uses radius. 


dis the same as 2 xr, 
the formula can also 
be written C=2nr 


3.14 x 6 


two decimal places 


18.8 in 


CIRCUMFERENCE AND DIAMETER | 


Diameter (d) 


The diameter is the distance across the middle of a circle. It is twice the length 
of the radius. A circles diameter can be found by doubling the length of its 
radius, or by using its circumference and the number pi in the formula shown 
below. The formula is a rearranged version of the formula for the circumference 
of a circle. 


diameter circumference 


The formula for diameter 
shows that the length of the 
diameter is equal to the 
length of the circumference 
divided by the number pi. 


Tisa 
constant 


Substitute knovvn values 


into the formula for diameter. di 1 8 


İn the example shovvn here, 


the circumference of the 
circle is 18 in. 


Divide the circumference 1 8 


by the value of pi, 3.14, 
to find the length of 


the diameter. 3 .14 
more accurate to m. 


use rı button on a 
calculator 


Round the answer to a 


A Finding the diameter suitable number of decimal m 
This circle has a circumference of places. In this example, the m 
18 in. lts diameter can be found ansvver is given to tvvo 


decimal places. nee 
p the ansvver is given to two 


decimal places 


using the formula given above. 


All circles are similar to one another. This means that corresponding 
lengths in circles, such as their diameters and circumferences, are always 
in proportion to each other. The number rr is found by dividing the 
circumference of a circle by its diameter—any circle’s circumference 


divided by its diameter always equals rı—it is a constant value. i 
circumference 


b Similar circles 

As all circles are enlargements of each 
other, their diameters (d1, d2) and 
circumferences (C1, C2) are always 


in proportion to one another. ı diameter 
diameter 


- 
—— 
- 


ə. 
“m = 


- 
0::5------.-- 


GEOMETRY 


Area of a circle 


THE AREA OF A CIRCLE IS THE AMOUNT OF SPACE ENCLOSED 
INSIDE ITS PERIMETER (CIRCUMFERENCE). 


177-179) 


edge of circle is 
circumference 


The area of a circle can be found by using the measurements 
of either the radius or the diameter of the circle. 


Finding the area of a circle 


The area of a circle is measured in square units. It can be found 
using the radius of a circle (r) and the formula shown below. If the 
diameter is known but the radius is not, the radius can be found 
by dividing the diameter by 2. 


Tris a fixed value 


area of 
a circle radius 


In the formula for the area of 
a circle, rır? means r (pi) x 
radius x radius. 


Substitute the knovvn values 
into the formula, in this 
example, the radius is 4 in. 


2 
area — 3.14 x 4 
Tris 3.14 to 3 significant — KS this means 


figures; a more accurate value 
can be found on a calculator 4x4 


area = 3.14 x 16 
‘ 


Multiply the radius by itself 
as shown—this makes the last 


area is the total space 
multiplication simpler. 


inside the circle, 
shown in yellow 


4x4=16 


Make sure the answer is in 
the right units (in? here) and 
round it to a suitable number. 


m — answer is 
50.24 exactly 


area 


circle divided 
into segments 


the height of the 
shape is the radius 


The formula for the area of a circle 

can be proved by dividing a circle 

into segments, and rearranging the 
segments into a rectangular shape. The 
formula for the area of a rectangle is 
simpler than that of the area for a 


the width of the shape is 
half the circumference, rı xr 


radius 


circle—it is just height x width. The f : Mi 
rectangular shape” height is simply the 


i 


length of a circle segment, which is the 
same as the radius of the circle. 

The width of the rectangular shape is 
half of the total segments, equivalent 
to half the circumference of the circle. 


—— half circumference (rı x r) —— 


circumference 


Split any circle up into equal 
segments, making them as 
small as possible. 


Lay the segments out in a rectangular shape. The 
area of a rectangle is height x width, which in this case 
is radius x half circumference, or r x rır, which is rır?. 


Finding area using 
the diameter , 


The formula for the / 
area of a circle usually / 
uses the radius, but / 
the area can also 
be found if the 
diameter is given. 


the area is the value 
that needs to be found 


The formula for the 
area of a circle is alvvays 
the same, whatever 
values are knovvn. 


Substitute the known 
values into the 
formula—the radius 

is half the diameter— 
2.5 in this example. 


area = 3.14 x 2.5” 
the radius is half the = 


diameter: 5 +2 = 2.5 

Tris 3.14 to 3 
Multiply the radius by significant figures 
itself (square it) as 
shown 5 the formula— area = 3.14 x 6.25 
this makes the last 2050106005 
multiplication simpler. 


19.6349... is rounded 
to 2 decimal places 


area = 


Make sure the answer 
is in the right units, in? 
here, and round it toa 
suitable number. 


When two or more different shapes are put 
together, the result is called a compound 
shape. The area of a compound shape can 
be found by adding the areas of the parts 
of the shape. In this example, the two 
different parts are a semicircle, and a 
rectangle. The total area is 1,414 in? 

(area of the semicircle, which is 12 x rır”, 
half the area of a circle) + 5,400 in? (the 
area of the rectangle) = 6,814 in?. 


the total height 
of the shape 


= 
— o 
N 
— 
the height of the 


rectangle is 
120 - 30 - 90in 


AREA OF A CIRCLE / 


Finding the radius 
from the area 


The formula for area 
of a circle can also 
be used to find the 
radius of a circle 

if its area is given. 


The formula for the area of a 
circle can be used to find the 
radius if the area is known. 


Substitute the known 
values into the formula— 
here the area is 13 in?. 


13 -3.14xr” 


divide this 12 was 


side by 3.14 multiplied 
Rearrange the formula so r? 13 Ey else 


: R : 2 divide by 
is on its own on one side: = r 3.14to 


divide both sides by 3.14. 3.14 isolate r? 


r? is shown first 
Round the answer, and v” 


svvitch the sides so that the r 2 — 4 1 4 
unknown, P, is shown first. 9 
4.1380... is rounded A 


to 2 decimal places 


Vr? = 14:14 


2.0342... is rounded 
to 2 decimal places 


Find the square root of the 
last answer in order to find 
the value of the radius. 


Make sure the answer is in 
the right units (in here) and r = 
round it to a suitable number. = 


Sİ Compound shapes 
This compound shape 
the radius of the Consists of a semicircle and 
a rectangle. Its area can be 
found using only the two 
measurements given here. 


semicircle 


the vvidth of the rectangle is the 
same as the diameter of the circle. 
This can be be found by multiplying 
the radius by 2, 30 x 2 £ 60 in. 


GEOMETRY 


Angles in a circle 


THE ANGLES IN A CIRCLE HAVE A NUMBER OF SPECIAL PROPERTIES. 


If angles are drawn to the center and the circumference from the same 
two points on the circumference, the angle at the center is twice the 


angle at the circumference. 


Subtended angles 


Any angle within a circle is 
“subtended” from two points on 
its circumference—it “stands” on 
the two points. In both of these 
examples, the angle at point R is 
the angle subtended, or standing 
on, points P and Q. Subtended 
angles can sit anywhere within 
the circle. 


> Subtended angles 

These circles show how a point is 
subtended from two other points 
on the circle’s circumference to form 
an angle. The angle at point R is 
subtended from points P and Q. 


Angles at the center and 


at the circumference 


When angles are subtended from the 
same two points to both the center of the 
circle and to its circumference, the angle 
at the center is always twice the size of 
the angle formed at the circumference. 

In this example, both angles R at the 
circumference and O at the center are 
subtended from the same points, P and Q. 


> Angle property 

The angles at O and R are both 
subtended by the points P and Q 
at the circumference. This means 
that the angle at O is twice the size 
of the angle at R. 


circumference 
(edge of circle) 


Ris the angle 


subtended 
from points P 


ancl) Ris the angle 


subtended 
from points P 
andQ 


circumference R 
(edge of circle) 


circumference 
(edge of circle) 


angle at 
circumference 


center of 
circle 


angle at 
center is 
twice angle at 
circumference 


both angles are 
subtended from the 
same points on the 
circumference 


these angles are all 
equal because they 
are all subtended 
from A and B in the 
major segment 


chord across circle 
splits it into a major 
(larger) segment and 
a minor (smaller) 

segment 


circumference 


(edge of circle) are both subtended 


from A and B in the 


minor segment 
A Angles subtended from the same points 


Angles at the circumference subtended from 
the same two points in the same segment are equal. 
Here the angles marked with one red line are equal, 


as are the angles marked with two red lines. : 
these are all right 


angles subtended 
from diameter, CD 


V. 


diameter is the line 
through center of circle 


these are also right 
angles subtended 
from diameter, CD 


circumference 


A Angles subtended from the diameter —.... 


Any angle at the circumference that is 
subtended from two points either side of the 
diameter is equal to 90°, which is a right angle. 


ANGLES IN A CIRCLE © 


Proving angle rules in circles 


Mathematical rules can be used to prove that the 
angle at the center of a circle is twice the size of 
the angle at the circumference when both the 
angles are subtended from the same points. 


R, P, and Q are 3 points 
on the circumference 


“Na 


angle R subtended 
from P and Q 


Draw a circle and 

mark any 3 points on 

its circumference, for 
example, P, Q, and R. Mark 
the center of the circle, in 
this example it is O. 


a 


Dravv straight lines 
from R to P, R to Q, OtoP, 
and O to Q.This creates 
two angles, one at R 

(the circumference of 
the circle) and one at O 
(the center of the circle). 
Both are subtended from 
points P and Q. 


subtended 


dividing line creates 2 ffomiplendio 


isosceles triangles R 
Draw a line from R through 
O, to the other side of the \ 
circle. This dividing line 
creates two isosceles 
triangles. İsosceles triangles 
have 2 sides and 2 angles 
that are the same. In this 
case, two sides of triangles P 0 
POR and QOR are formed 


from 2 radii of the circle. theanalearo 


is twice the 
R ,angleatR 


For one triangle the tvvo 
angles on its base are 
equal, and labeled A. 
The exterior angle of this 
triangle is the sum of the 
opposite interior angles 
(A and A), or 2A. Looking 
at both triangles, it is clear 
that the angle at O (the 
center) is tvvice the angle 
at R (the circumference). 


GEOMETRY 


"ə 


Chords and cyclic quadrilaterals 


A CHORD IS A STRAIGHT LINE JOINING ANY TWO POINTS ON THE CIRCUMFERENCE 
OF A CIRCLE. A CYCLIC QUADRILATERAL HAS FOUR CHORDS AS ITS SIDES. 


Chords vary in length—the diameter of a circle is also its longest chord. Chords of 


the same length are always equal distances from the center of the circle. The corners 
of a cyclic quadrilateral (four-sided shape) touch the circumference of a circle. 


Chords 


A chord is a straight line across a circle. 
The longest chord of any circle is its 
diameter because the diameter crosses a 
circle at its widest point. The perpendicular 
bisector of a chord is a line that passes 
through its center at right angles (90°) to it. 
The perpendicular bisector of any chord 
passes through the center of the circle. The 
distance of a chord to the center of a circle 
is found by measuring its perpendicular 
bisector. If two chords are equal lengths they 
will always be the same distance from the 
center of the circle. 


> Chord properties 

This circle shows four chords. Two 
of these chords are equal in length. 
The longest chord is the diameter, 
and one is shown on the right with 
its perpendicular bisector (a line 
that cuts it in half at right angles). 


When two chords cross, or“intersect,’ they gain 
an interesting property: the two parts of one 
chord, either side of where it is split, multiply to 
give the same value as the answer found by 


multiplying the two parts of the other chord. 


> Crossing chords 

This circle shows two chords, which 
cross one another (intersect). One 
chord is split into parts A and B, the 
other into parts C and D. 


all chords touch 
the circumference 
at two points 


these two chords are equal yy 


lengths, so they are equal 
distances from the center 
of the circle 


center of circle 
diameter is the longest 
chord; it passes 
through the center 


a 


1 
i : 
distance of chord from — 55: 


the center is found id ( chord 


by measuring its 
perpendicular bisector 

ay this is perpendicular 
bisector of chord 


a circumference 


(edge) of circle 


two parts of other 
chord multiplied 
by each other 


two parts of one 
chord multiplied 


_— by each other 


Finding the 
center of a circle 


Chords can be used to find 
the center of a circle. To do 
this, draw any two chords 
across the circle. Then find draw any 
the midpoint of each chord, 2 chords 
and draw a line through 

it that is at right angles 

to that chord (this is a 
perpendicular bisector). The 


center of the circle is vvhere First, draw any two 
these two lines cross. chords across the circle 
of which the center needs 


to be found. 


Cyclic quadrilaterals 


right-angles 


CHORDS AND CYCLIC QUADRILATERALS | 


perpendicular 
line is at a bisector 


Then measure the midpoint 

of one of the chords, and draw 
a line through the midpoint at 
right-angles (90°) to the chord. 


Cyclic quadrilaterals are four-sided shapes made from chords. Each corner of 

the shape sits on the circumference of a circle. The interior angles of a cyclic 
quadrilateral add up to 360°, as they do for all quadrilaterals. The opposite interior 
angles of a cyclic quadrilateral add up to 180°, and their exterior angles are equal 


to the opposite interior angles. 


points (vertices) of 


cyclic quadrilateral 
are on circumference 


of circle 


x is exterior angle of 
cyclic quadrilateral; 


Ne interior angles add 
up to 360°, so 
A+B+C+D=360° 


opposite interior 


. angles add up to 
D 1809, so D --B — 1800 


A Angles in a cyclic quadrilateral 

The four interior angles of this cyclic quadrilateral 
are A, B, C, and D. Two of the four exterior angles 
are x andy. 


midpoint of 
chord 


Do the same for the other 
chord. The center of the circle 
is the point where the two 
perpendicular lines cross. 


it is equal to its opposite 


A+B+C+D= 360° 


A Interior angle sum 

The interior angles of a cyclic quadrilateral 
always add up to 360°. Therefore, in this 
example A+B+C-+D= 360°. 


A+C=180° 
B+ D=180° 


A Opposite angles 

Opposite angles in a cyclic quadrilateral always 
add up to 180°. In this example, A + C = 180° 
and B + D = 180°. 


exterior angle opposite 


to angle B 
kK 


y exterior angle opposite 


a": angle D 
x= D 


A Exterior angles 

Exterior angles in cyclic quadrilaterals are equal 
to the opposite interior angles. Therefore, in 
this example, y = B and x =D. 


GEOMETRY 


$9) Tangents . 


A TANGENT IS A STRAIGHT LINE THAT TOUCHES THE . 
CIRCUMFERENCE (EDGE) OF A CIRCLE AT A SINGLE POINT. 
2... 


right angle 


circumference 


VVhat are tangents? 


A tangent is a line that extends from a point outside a circle 
and touches the edge of the circle in one place, the point of 
contact. The line joining the centre of the circle to the point of 
contact is a radius, at right-angles (90°) to the tangent. From a 
point outside the circle there are two tangents to the circle. 


tangent 


iş point outside 


the circle 


> Tangent properties radius that touches tangent ne tangent 
The lengths of the two tangents from a point at — . contact is at 
outside a circle to their points of contact are equal. --V— £ “ i 

point of contact 


<J Find the tangent 
The tangent, the 


Finding the length of a tangent 


A tangent is at right-angles to the radius at the point / radius of the circle, 
of contact, so a right triangle can be created using the / \ and the line 
radius, the tangent, and a line between them, which is İ N b connecting the center 
the hypotenuse of the triangle. Pythagorean theorem \ ə. İ cm hypotenuse OT the circle to point P 
can be used to find the length of any one of the three \ / form a right triangle. 
sides of the right triangle, if two sides are known. ~ 7 

a square of square of square of the 


one side other side , hypotenuse 


Pythagorean theorem shows that the square of the hypotenuse 
(side facing the right-angle) of a right triangle is equal to the the 
sum of the two squares of the other sides of the triangle. 


Subsitute the known numbers into the formula. The hypotenuse 2 .- 2 
is side OP which is 4cm, and the other known length is the radius, 1 e 5 + A P = di 


which is 1.5cm. The side not known is the tangent, AP. the value of the 


1.5 x 1.5 2.25 tangent is unknown 

4x4=16 
Find the squares of the two known sides by multiplying the value 2 2 5 - A pe — 1 6“ 
of each by itself. The square of 1.5 is 2.25, and the square of 4 is 16. e 7 


Leave the value of the unknown side, AP? as it is. subtract 2.25 from 2.25 must be subtracted from 
both sides to isolate both sides to isolate the unknown 


Rearrange the equation to isolate the unknown variable. In this --— 


—ı 2 — — 
example the unknown is AP?, the tangent. It is isolated by AP 7:7 1 6 2 e 25 
subtracting 2.25 from both sides of the equation. 


this means AP x AP — x” -—-—. 

Carry out the subtraction on the right-hand side of the equation. A ps — 1 3 75 
. .. ms creates, 7 is the squared value of AP, vvhich is the Fe ; = o ainsi thie signer 
ength of the missing side. e square roo’ t 

of AP? is just AP x” X.. 
Find the square root of both sides of the equation to find the value A p — H 3 75 
of AP. The square root of AP? is just AP. Use a calculator to find the = e 
square root of 13.75. 3.708... is rounded 


to 2 decimal places 


Find the square root of the value on the right, and round the answer to a A p a 
suitable number of decimal places. This is the length of the missing side. m 


Constructing tangents 


center O and a given point outside the circle, in this case, P. 
draw circle mark point 


x” outside circle 
a center point of circle \ 
0: e 


Dravv a circle using a compass, and mark the center O. Also, 
mark another point outside the circle and label it (in this 
case P). Construct tvvo tangents to the circle from the point. 


: a cirde 
vvith center 
M and radius 
OM (or MP) 


points where the 
two circles cross 


— the cirde 


crosses O 
and P 


Set the compass to distance OM (or MP which is the same 
length), and draw a circle with M as its center. Mark the 
tvvo points vvhere this nevv circle intersects (crosses) the 
circumference of the original circle as A and B. 


angle at the 
circumference 


Tangents and angles 


Tangents to circles have some special angle 
properties. İf a tangent touches a circle at B, and 
a chord, BC, is dravvn across the circle from B, an 
angle is formed betvveen the tangent and the 
chord at B. If lines (BD and CD) are dravvn to the 
circumference from the ends of the chord, they 
create an angle at D that is equal to angle B. 


end of the chord 


two lines from the 


create an angle at 
the circumference 
> Tangents and chords 


The angle formed between the tangent and the chord is equal to 
the angle formed at the circumference if two lines are drawn from 
either end of the chord to meet at a point on the circumference. 


To construct a tangent accurately requires a compass and a straight edge. 
This example shows how to construct two tangents between a circle with 


drawn from either 


ends of the chord to 


point of contact 


TANGENTS 


arc drawn from 
point P 


: the midpoint of OP 
is labelled M 


arc drawn from 
centerpoint of circle, O me “ 


Draw a line between O and P then find its midpoint. Set a 
compass to just over half OP and draw two arcs, one from O 
and one from P. Join the two points where the arcs cross with 
a straight line (xy). The midpoint is where xy crosses OP. 


tangents from point 
P to centre O 


Finally, join each point where the circles intersect (cross), 
A and B, with point P. These two lines are the tangents from 
point P to the circle with center O. The two tangents are 
equal lengths. 


these angles are equal 


chord drawn from 
point of contact with 
the tangent 


C 


the angle created 
between the tangent 
and the chord 


”” the tangent 


GEOMETRY 


Arcs 


AN ARCIS A SECTION OF A CIRCLE’S CIRCUMFERENCE. ITS LENGTH CAN 
BE FOUND USING ITS RELATED ANGLE AT THE CENTER OF THE CIRCLE. 


What is an arc? 


An arc is a part of the circumference of a circle. The length 
of an arc is in proportion with the size of the angle made 
at the center of the circle when lines are drawn from each 
end of the arc. If the length of an arc is unknown, it can 
be found using the circumference and this angle. When a 
circle is split into two arcs, the bigger is called the “major” 


arc, and the smaller the “minor” arc. fermilla for finding 


the length of an arc 


360” in a circle 


total length of circles edge 


Finding the length of an arc 


The length of an arc is a proportion of the vvhole 
circumference of the circle. The exact proportion is 

the ratio betvveen the angle formed from each end of 
the arc at the center of the circle, and 360°, which is the 
total number of degrees around the central point. This 
ratio is part of the formula for the length of an arc. 


angle created at the center 
when two lines are drawn from 
the ends of the major arc 


minor arc 


major arc 


.. 


> Arcs and angles 
This diagram shows two 
arcs: one major, one 
minor, and their angles 
at the center of the circle. 


angle created at 
the center when 
two lines are drawn 
from the ends of 
the minor arc 


Sİ Find the arc length 

This circle has a circumference of 
10 cm. Find the length of the arc 
that forms an angle of 120° at the 
center of the circle. 


circumference is 10cm 


Take the formula for finding the length of an arc. arc length angle at center 
The formula uses the ratios between arc length and — 
circumference, and betvveen the angle at the center ‘ = ö 
of the circle and 360° (total number of degrees). circumfe rence 360 
Substitute the numbers that are known into the arclen g th 120 
formula. In this example, the circumference is — 
known to be 10 cm, and the angle at the center of ” 
: : ie this side has also been 
the circle is 120°; 360° stays as it is. 1 0 3 60 multiplied by 10 
this side has been multiplied by because what is done 
10 to leave arc length on its own to one side must be 
Rearrange the equation to isolate the unknown —.. 10 x 120 --— 
value —the arc length—on one side of the equals — 
sign. In this example the arc length is isolated by arc length — 
multiplying both sides by 10. 3 60 
3.333... is rounded to 
2 decimal places 
Multiply 10 by 120 and divide the answer by 360 to 
get the value of the arc length. Then round the C a! 


answer to a suitable number of decimal places. 


Sectors 


A SECTOR IS A SLICE OF A CIRCLE’S AREA. ITS AREA CAN BE FOUND 


USING THE ANGLE IT CREATES AT THE CENTER OF THE CIRCLE. 


What is a sector? 


A sector of a circle is the space between two radii and 
one arc. The area of a sector depends on the size of 
the angle between the two radii at the center of the 
circle. If the area of a sector is unknown, it can be 
found using this angle and the area of the circle. When 
a circle is split into two sectors, the bigger is called the 
“major” sector, and the smaller the “minor” sector. 


angle at the center created by 
the two radii of the major sector 


major sector 


> Sectors and angles 
This diagram shows two 
sectors: one major, one 


formula for finding 


the area of a sector the center of the circle. 


Finding the area of a sector 


The area of a sector is a proportion, or part, of the 
area of the whole circle. The exact proportion is the 
ratio of the angle formed between the two radii that 
are the edges of the sector and 360°. This ratio is part 
of the formula for the area of a sector. 


angle 
formed 


by sector 


area of sector 


Take the formula for finding the area of a sector. 
The formula uses the ratios between the area of a 
sector and the area of the circle, and between the 
angle at the center of the circle and 360°. 


area of circle 


area of sector 


7 


this side has been multiplied by 7 
to leave the area of a sector on its 
own (“7 x7 cancels out) 


area of sector 


Substitute the numbers that are known into the 
formula. In this example, the area is known to be 
7 cm?, and the angle at the center of the circle is 
45°. The total number of degrees in a circle is 360°. 


Rearrange the equation to isolate the unknown 
value—the area of the sector—on one side of the 
equals sign. In this example, this is done by 
multiplying both sides by 7. 


Multiply 45 by 7 and divide the answer by 360 to 
get the area of the sector. Round the answer to a 
suitable number of decimal places. 


minor sector 


minor, and their angles at 


ARCS AND SECTORS 


minor arc 


angle at the 
center created 
by the two 
radii of the 
minor sector 


major arc 


<1 Find the sector area 

This circle has an area of 7 cm2. Find 
the area of the sector that forms a 45° 
angle at the center of the circle. 


the area of the 
circle is 7 cm? 


total number 73 6 0° 


of degrees in 


angle at center 


circle 
45 
360 
this side has 
— also been 
multiplied by 7 
45x7 
360 
0.875 is rounded to 
2 decimal places 
3 2 


GEOMETRY 


Solids 


A SOLID IS A THREE-DIMENSIONAL SHAPE. 


Solids are objects with three dimensions: width, length, and 
height. They also have surface areas and volumes. 


Prisms 


Many common solids are polyhedrons—three-dimensional shapes with flat 
surfaces and straight edges. Prisms are a type of polyhedron made up of two 
parallel shapes of exactly the same shape and size, which are connected by 
faces. In the example to the right, the parallel shapes are pentagons, joined by 
rectangular faces. Usually a prism is named after the shape of its ends (or 
bases), so a prism whose parallel shapes are rectangles is known as a 
rectangular prism. If all its edges are equal sizes, it is called a cube. 


> A prism 

The cross section of this 
prism is a pentagon (a shape 
with five sides), so it is called 
a pentagonal prism. 


€ Volume 
The amount of space that 
a solid occupies is called 

its volume. 


cross section of 
pentagonal prism 
is a pentagon 


this net forms 
a shape with 
seven faces 


a pentagon is 


a shape with 

five sides 
A Cross section cross section “ai 
A cross section is the shape made urface area 
when an object is sliced from top cut out net and fold The surface area of a solid 
to bottom along edges to is the total area of its net 


construct —a two-dimensional shape, 
or plan, that forms the solid 


if it is folded up. 


A Edges ə. 


An edge is a straight line vvhere 
two surfaces of a solid meet. This 
prism has 15 edges. 


A Faces 

A face is the surface contained 
between a number of edges. 
This prism has seven faces. 


vertex 


this shape has 
ten vertices o 


= 
-” 
aw % 
“—— ” 1 
q x 
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A Vertices 

A vertex (plural vertices) is a 
point at which two or more 
edges meet. 


153 


SOLIDS 


Other solids 


A solid with only flat surfaces is 
called a polyhedron and a solid 
with a curved surface is called a 
nonpolyhedron. Each common 
solid also has a name of its own. 


> Cylinder i 
A cylinder is a prism 
with two circular 
ends joined by a 
curved surface. 


\ 
Və 
“ 


circular end 


this face is equal in 
size to its opposite 


> Rectangular 
prism 

A rectangular prism 
is a prism whose 
opposite faces are 
equal. If all its edges 
are equal in length, it 
is a cube. 


> Sphere 

A sphere is a round 
solid in which the 
surface is always the 
same distance from 
its center. 


vertex 


> Pyramid 

A pyramid has a 
polygon as its 

base and triangular 
faces that meet 

at a vertex (point). 


apex — 


> Cone 

A cone is a solid with 

a circular base that is 

connected by a . 
curved surface to its 3 
apex (highest point). 


GEOMETRY 


Volumes 


THE AMOUNT OF SPACE WITHIN A THREE-DIMENSIONAL SHAPE. 


Solid space 


When measuring volume, unit cubes, also called cubic Finding the volume of a cylinder 
units, are used, for example, cm? and m?. An exact A cylinder is made up from a rectangle and two circles. 
number of unit cubes fits neatly into some types of Its volume is found by multiplying the area of a circle 
three-dimensional shapes, also known as solids, such with the length, or height, of the cylinder. 

as a cube, but for most solids, for example, a cylinder, oe it 


this is not the case. Formulas are used to find the 5. 

volumes of solids. Finding the area of the base, or 

the cross section, of a solid is the key to finding its 

volume. Each solid has a different cross-section. The formula for the volume of a cylinder uses the formula 
for the area of a circle multiplied by the length of the cylinder. 


equals 3.14 2 oran 


> Unit cubes 


A unit cube has sides kK ae 
that are of equal size. of a circle 


A 1 cm cube has a volume 
of1x1x1 cm,or1 cm”. 
The space vvithin a solid 
can be measured by the 
number of unit cubes 
that can fit inside. This 
cuboid has a volume of 
3x2x2 cm,or12cm?. 


area of cross 
x” section, given 
3.1 4 x 3.8 x 3 .8 — 45 cm? to 2 significant 
figures 
First, find the area of the cylinders cross-section using the 
formula for finding the area of a circle. Insert the values given 
on the illustration of the cylinder below. 


WwW 


45 x 12 = 544 cm? 


Next, multiply the area by the length of 
the cylinder to find its volume. 


area of a cross section 


> Circular cross-section 
The base of a cylinder is a 
circle. When a cylinder is sliced 
widthwise, the circles created 
are identical, so a cylinder 

is said to have a circular 
cross-section. 


Volume of a rectangular prism 


A rectangular prism has six flat sides and all of its faces are 
rectangles. Multiply the length by the width by the height 
to find the volume of a rectangular prism. 


formula also written 


7::: 


4.3 x 2.2 x 1.7 —il6ikn? 


iç ansvver rounded to 2 


> Multiply lengths of the sides ... 
significant figures 


This rectangular prism has a length 
of 4.3 cm, a width of 2.2 cm, anda 
height of 1.7 cm. Multiply these 
measurements to find its volume. 


ub /"L = IHOHH 


Finding the volume of a sphere 


The radius is the only measurement needed to 
find the volume of a sphere. This sphere has a 
radius of 2.5 cm. 


multiply 
radius by 
itself twice 


a8 3.14 x 2.5 x 2.5 X 2.5 = 


> Using the formula 

To find the volume of this sphere, multiply together 
4/3, TI, and the radius cubed (the radius multiplied 
by itself twice). 


answer rounded to 2 
significant figures 
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Finding the volume of a cone 

Multiply the distance from the tip of the cone to the center 
of its base (the vertical height) with the area of its base (the 
area of a circle), then multiply by 3.  Eəzaledibs 
perpendicular height 


3 X 344 x 2 x 2 x 43-18? 
5 


> Using the formula 


To find the volume of this cone, multiply 17: 
together Vs, rr, the radius squared, and significant 
the vertical height. figures 


4.3cm 


VERTICAL HEIGHT 


GEOMETRY 


Surface area of solids 


c 


OUTER SURFACES. 


For most solids, surface area can be found by adding together the areas of its 
faces. The sphere is the exception, but there is an easy formula to use. 


Surfaces of shapes 


For all solids with straight edges, surface area can be found 
by adding together the areas of all the solid/s faces. One 
way to do this is to imagine taking apart and flattening 

out the solid into two-dimensional shapes. It is then 
straightforward to work out and add together the areas 

of these shapes. A diagram of a flattened and opened out 
shape is known as its net. 


> Cylinder 

A cylinder has two flat faces and 
a curved surface. To create its net, 
the flat surfaces are separated 
and the curved surface 

opened up. 


radius is the 
length from 
center of circle to 
its perimeter 


— 


k 


k 


| & 
oe 
st 


.—— cirde has 


öl m 
4 Y-qui same radius 


unrolled middle / gö as cylinder 
section becomes ( 4cm ) 
rectangle \ } 


length of 10cm 


rectangle 
needs to 
be found 


circumference of the 
cylinder becomes 
length of rectangle 


height of cylinder 
is now width 
of rectangle 


_ A Net of a cylinder 

. This net shows what a 

\ } cylinder looks like if it is 

 flattened and opened up. 

— It consists of a rectangle 
and two circles. 


Finding the surface area of a cylinder 


Breaking the cylinder down into its component parts creates 
a rectangle and two circles. To find the total surface area, 
work out the area of each of these and add them together. 


formula for 


area of circle 
area of circle 


Area = nx? 


3.14x 4x 4=5024 m” 


The area of the circles can be worked out using the known 
radius and the formula for the area of a circle. r (pi) is usually 
shortened to 3.14, and area is always expressed in square units. 


formula for 
circumference 


mə circumference 


of cylinder 


Circumference = 2xnxr ( 


2x3.14 x 4=25.512 cm 


Before the area of the rectangle can be found, it is necessary 
to work out its width—the circumference of the cylinder. This is 
done using the known radius and the formula for circumference. 


length of rectangle 
= circumference 
of cylinder 


width of rectangle area of 
= height of cylinder rectangle 


25.12 x 10 = 25932 em? 


The area of the rectangle can now be found by using the 
formula for the area of a rectangle (length x width). 


surface area 
of cylinder 


50.24 + 50.24 + 251.2 = 351.68 em” 


The surface area of the cylinder is found by adding together 
the areas of the three shapes that make up its net—two circles 
and a rectangle. 


SURFACE AREA OF SOLIDS 


Finding the surface area of a rectangular prism 


A rectangular prism is made up of three different pairs of rectangles, here 
labeled A, B, and C. The surface area is the sum of the areas of all its faces. 


tangle B 
onu To find the area of rectangle A, 


m 1 
2 multiply together the rectangular 
5. m prism’s height and width. 
rectangle C 


To find the area of rectangle B, 


prism’s length and width. 


To find the area of rectangle C, 


prism’s height and length. 


The surface area of the 
rectangular prism is the total 
of the areas of its sides—twice 
area A, added to twice area B, 
added to twice area C. 


12.3 cm 3cm 


A Net of a rectangular prism 
The net is made up of three different 
pairs of rectangles. 


Finding the surface area of a cone 


A cone is made up of two parts—a circular base and a cone shape. 
Formulas are used to find the areas of the two parts, which are then 
added together to give the surface area. 

slant height 


To find the area of the 
cone, multiply m by the 
radius and slant length. 


surface area of 
cone without base 


¢ 
3.14 x 3.9 x 9 = 110.21 cm? 


formula for area 
of a circle 
surface area 


fof base 
3.14 x 3.9 x 3.9 —47.76 cm? 


total surface 
area of cone 


To find the area of 
the base, use the 
formula for the area 
of acircle, n xr”. 


110.21 + 47.76 = 


> Cone base is 
Find the surface area of a cone by using circle 
formulas to find the area of the cone shape 

and the area of the base, and adding the two. 


multiply together the rectangular 


multiply together the rectangular 


3 x 4.9 = 14.7 cm? 


12.3 x 4.9 = 60.27 cm” 


3 x 123 -836)9/n” 


parentheses used to 
separate operations 


(2x A)+(2xB)+(2xQ 


(2 x 14.7) +(2 x 60.27) + (2 x 36.9) 


Finding the surface area 


of a sphere 


Unlike many other solid shapes, a sphere 
cannot be unrolled or unfolded. Instead, a 
formula is used to find its surface area. 


formula for 
x the surface 


area ofa 
sphere 


4x3.14x 17x17 


> Sphere 

The formula for the 
surface area of a 
sphere is the same as 4 
times the formula for 
the area of a circle 
(nr). This means that 
the surface area of a 
sphere is equal to the 
surface area of 4 circles 
with the same radius. 


Trigonometry 


TRIGONOMETRY 


What is trigonometry? 


TRIGONOMETRY DEALS WITH THE RELATIONSHIPS BETWEEN THE 
SIZES OF ANGLES AND LENGTHS OF SIDES IN TRIANGLES. 


Corresponding triangles esi > 


Trigonometry uses comparisons of the lengths of the sides of the Sun’s rays 
similar right triangles (which have the same shape but different atcate shadows of 

: : : : the person and the . 
sizes) to find the sizes of unknown angles and sides. This building “ 
diagram shows the Sun creating shadovvs of a person anda 6060605..,5€,,oooo,ı 
building, vvhich form tvvo similar triangles. By measuring the A 


shadovvs, the height of the person, vvhich is knovvn, can be 
used to find the height of the building, vvhich is unknovvn. 


height of the 
building, 

V Similar triangles which is 
unknown 


The shadows the sun makes 
of the person and the 
building create two 
corresponding triangles. 


the length of 
the person/s 
shadow 


“€ 
” 


— 250 ft 


AA 


is equal, so the building's height divided by the personis 
height equals the length of the building shadow divided by 
the length of the person's shadow. 


> The ratio between corresponding sides of similar triangles height of building length of building’s shadow 


> Substitute the values from the diagram into this h 250 77 is done to one 
equation. This leaves only one unknown—the height theyalus-əfihis —_—_ = — - —. 
of the building (h) —vvhich is found by rearranging unknown 6 9 other, so this side must 


the equation. also be multiplied by 6 


> Rearrange the equation to leave h (the height of the this Side hasbeen 


building) on its own. This is done by multiplying both multiplied by 6 to Ha” = ——— & 6 : 
sides of the equation by 6, then canceling out the tvvo cancel out the — 6 the 7: 
6s on the left side, leaving just h. and isolate h rounded to 


decimal places 
> Work out the right side of the equation to find the 
value of h, vvhich is the height of the building. h — 166.67 ft 


WHAT IS TRIGONOMETRY? 


A) Using formulas in 
trigonometry 


TRIGONOMETRY FORMULAS CAN BE USED TO WORK OUT THE 
LENGTHS OF SIDES AND SIZES OF ANGLES IN TRIANGLES. 


Right triangles 

The sides of these triangles are called the hypotenuse, opposite, and 
adjacent. The hypotenuse is always the side opposite the right angle. 
The names of the other two sides depend on where they are in relation 
to the particular angle specified. 


V Opposite 
The opposite is the side that 
faces the specified angle. 


V Adjacent 

The adjacent is the shorter 
side next to the specified 
angle (the hypotenuse is the 
longer side). 


the angle 


2 
Ypo fen, 
Se 


opposite 
adjacent 


the angle 


adjacent opposite 


Trigonometry formulas 


There are three basic formulas used in trigonometry. “A” stands in for the 
angle that is being found (this may also sometimes be written as 8). The 
formula to use depends on the sides of the triangle that are known. 


A The sine formula A The cosine formula A The tangent formula 
The sine formula is used when the lengths The cosine formula is used when the lengths The tangent formula is used when the lengths 
of the opposite and hypotenuse are known. of the adjacent and hypotenuse are known. of the opposite and adjacent are known. 


Using a calculator 


The values of sine, cosine, and tangent are set for each angle. 
Calculators have buttons that retrieve these values. Use them 
to find the sine, cosine, or tangent of a particular angle. 


inf cos tan ~ OE 


A Sine, cosine, and tangent A Inverse sine, cosine, and tangent 
Press the sine, cosine, or tangent button Press the shift button, then the sin, cosine, or tangent 
then enter the value of the angle to find its button, then enter the value of the sine, cosine, or 


sine, cosine, or tangent. tangent to find the inverse (the angle in degrees). 


El) Finding missing sides 


GIVEN ANA 
TRIANGLE, 


ANGLE AND THE LENGTH OF ONE SIDE OF A RIGHT 
THE OTHER SIDES CAN BE FOUND. 


The trigonometry formulas can be used to find a length in a right triangle 
if one angle (other than the right angle) and one other side are known. Use 
a calculator to find the sine, cosine, or tangent of an angle. 


Which formula? 


The formula to use depends on what information is known. Choose the 
formula that contains the known side as well as the side that needs to be 
found. For example, use the sine formula if the length of the hypotenuse 
is known, one angle other than the right angle is known, and the length 
of the side opposite the given angle needs to be found. 


this is the a. 


sine button 


adjacent 
5—— 
İ hypotenuse 


A The cosine formula 

Use this formula if one angle and 
either the side adjacent to it or the 
hypotenuse are knovvn. 


A The sine formula 

This formula is used if one angle, and 
either the side opposite it or the 
hypotenuse are given. 


Using the sine formula 


In this right triangle, one angle other than 
the right angle is known, as is the length 
of the hypotenuse. The length of the side 
opposite the angle is missing and needs to 


Choose the right formula— 
because the hypotenuse is 
known and the value for the 
opposite side is what needs to 


this is ie 
cosine button 


102 TRIGONOMETRY 


Formulas 177-179) 


V Calculator buttons 
These calculator buttons 
recall the value of sine, 
cosine, and tangent for any 
value entered. 


this is the 7 
tangent button 


A The tangent formula 

This formula is used if one angle 
and either the side opposite it or 
adjacent to it are given. 


be found. be found, use the sine formula. 
missing length i 
Gey Substitute the known values dsefləlıre 

into the sine formula. 7 also been 
hypotenuse multiplied 
is side opposite shovv the by 7 
right angle unknown first cA 

Rearrange the formula to make 


the unknown (x) the subject by 

multiplying both sides by 7. 
this side 
has been multiplied 
by 7 to isolate x 


(aa1soddo) x 


Use a calculator to find the 
value of sin 37°—press the sin 
button then enter 37. 


.. use this angle 


in calculation 


Round the answer to a 
suitable size. 


=sin37°x7 


this is value of sin 
37° to 4 decimal 
places 


W= 0.6018 x 7 


answer is rounded to 2 
decimal places 


X-4.21cm 


Using the cosine formula 


In this right triangle, one angle other than 
the right angle is known, as is the length of 
the side adjacent to it. The hypotenuse is 
the missing side that needs to be found. 


hypotenuse needs 
to be found 


4.1 cm (adjacent) 


adjacent side is next 
to given angle 


Using the tangent formula 


In this right triangle, one angle other than 
the right angle is known, as is the length of 
the side adjacent to it. Find the length of the 
side opposite the angle. 


missing 
length 


(səddə. 


3.7 cm (adjacent) 


adjacent side 
is next to given 
angle 


FINDING MISSING SIDES 


Choose the right formula— 
because the side adjacent to 
the angle is known and the 
value of the hypotenuse is 
missing, use the cosine formula. 


Substitute the known 
values into the formula. 


Rearrange to make x the 
subject of the equation—first 
multiply both sides by x. 


Divide both sides by cos 53° to 
make x the subject of the equation. 


Use a calculator to find the value 
of cos 53°—press the cos button 
then enter 53. 


Round the answer toa 
suitable size. 


Choose the right formula—since 
the side adjacent to the angle given 
are known and the opposite side is 
sought, use the tangent formula. 


Substitute the known values into 
the tangent formula. 


Rearrange to make x the subject 
by multiplying both sides by 3.7. 


Use a calculator to find the value 
of tan 53° — press the tan button 
then enter 53. 


Round the answer to a 
suitable size. 


cos 53°XK = 


this side has been — 
multiplied by x 


been multiplied by 
3.7 to isolate x 


cos 53” 


this side has 
also been multiplied 


by x, leaving 4.1 
4.1 —\ onits own 


this side has 
also been 
divided by 
cos 53° 


ü-—” 
ths side has ə. cos 53° — 


value of 


been divided cos 53” is 
by cos 53” to 4 1 rounded to 
isolate x bə: ri 4 decimal 
” laces 
0.6018 -—”” 


ansvver is 


cəl rounded to 
x= 6.81 cm 2 decimal 


places 


tan 53°= — this side has 
3 7 also been 
z multiplied 
show the by 3.7 
unknown J 
first 
= tan 53° x 3.7 
this side has value of tan 53° 


is rounded to 4 


£” decimal places 
= 1.3270 x 3.7 


the answer is 
rounded to 2 


x- 4 91 cm” places 


TRIGONOMETRY 


( ww e e e e 

kd) Finding missing angles 
IF THE LENGTHS OF TWO SIDES OF A RIGHT TRIANGLE ARE KNOWN, 
ITS MISSING ANGLES CAN BE FOUND. 


ə : : ; : : : Formulas 177-179 ) 
To find the missing angles in a right triangle, the inverse sine, cosine, and - 2 
tangent are used. Use a calculator to find these values. V Calculator functions 

To find the inverse values of sine, cosine, 
Which form ula? and tangent, press shift before sine, 


cosine, or tangent. 
Choose the formula that contains the pair of sides that are .." = = 
7: : 7: sin" cost tan" 
given in an example. For instance, use the sine formula if the 
lengths of the hypotenuse and the side opposite the unknovvn 
angle are knovvn, and the cosine formula if the lengths of the SH I FT then 


hypotenuse and the side next to the angle are given. 


this is the ə” this is the s” this is the ,” 


sine button cosine button tangent button 


adjacent 


cos A = 


hypotenuse 
A The sine formula A The cosine formula A The tangent formula 
Use the sine formula if the lengths of the Use the cosine formula if the lengths of the Use the tangent formula if the lengths of 
hypotenuse and the side opposite the hypotenuse and the side adjacent (next to) the sides opposite and adjacent to the 
missing angle are known. to the missing angle are known. missing angle are known. 


Using the sine formula 


In this right triangle the hypotenuse and the side opposite angle A 
are known. Use the sine formula to find the size of angle A. 


Choose the right formula—in 


Səd this example the hypotenuse 


angle to be found and the side opposite the 
missing angle, A, are knovvn, 
zə 4, so use the sine formula. 
right angle 


4.5 


7.7 
ansvver is rounded 
Work out the value of sin A ə tod decmallplace> 


by dividing the opposite side sink 0.5844 


by the hypotenuse. 
press shift then the sine 


button to get inverse sine 


Substitute the known values 
into the sine formula. 


Find the value of the angle by x 
hypotenuse is side using the inverse sine function A = sin" (0.5844) 


opposite right angle on a calculator. 


this is the missing this is rounded to 


angle Round the answer to a 2 decimal places 
suitable size. This is the value A = 


of the missing angle. 


FINDING MISSING ANGLES 


Using the cosine formula 


In this right triangle the hypotenuse and the side adjacent to 
angle A are known. Use the cosine formula to find the size of 


-. Choose the right formula. in 


25: this example the hypotenuse and 
next to angle the side adjacent to the mssing 
angle, A, are knovvn, so use the 
cosine formula. 


Substitute the knovvn values 3 
ə into the formula. cos A — TE 
fal 
3 
cy 
= Work out the value of cos A by 9 
a dividing the adjacent side by the cos A = 0.6 
s length of the hypotenuse. 
— press shift then 
cosine button to get 
Find the value of the angle by ) ... kanə 
hypotenuse is side using the inverse cosine function on A = cos (0.6) 
opposite right angle asikarlefer 
ansvver is 
—. rounded to 2 
missing angle Round the answer to a suitable size. A = 53.13° 11:17 


This is the value of the missing angle. 


Using the tangent formula 


In this right triangle the sides opposite and adjacent to angle A 
are known. Use the tangent formula to find the size of angle A. 


Choose the right formula—here 
the sides opposite and adjacent to 
the missing angle, A, are known, 
so use the tangent formula. 


side opposite 
missing 
angle 


hypotenuse is 
side opposite 


right angle \ 


Substitute the known values into 
the tangent formula. 


tan A = 
bd 4. 


ansvver rounded to 
1 decimal place 


Work out the value of tan A 
2 by dividing the opposite by tan A = 1,3 
— 


the adjacent. press shift then 
missing angle tangent button to 
: get inverse tangent 
right angle 
Find the value of the angle by 
— -1 
using the inverse tangent function A = tan (1 .3) 


on a calculator. 


ansvver is rounded to 


jacent) | : eke 2 decimal places 
adjacent is side next z : 
to angle Round the ansvver to a suitable size. A 


This is the value of the missing angle. 


4.5 cm (ad 


o 


ALGEBRA 


What is algebra? 


ALGEBRA IS A BRANCH OF MATHEMATICS IN WHICH LETTERS AND SYMBOLS ARE 
USED TO REPRESENT NUMBERS AND THE RELATIONSHIPS BETWEEN NUMBERS. 


Algebra is widely used in maths, in sciences such as physics, as well as in 
other areas, such as economics. Formulas for solving a wide range of 
problems are often given in algebraic form. 


: ei boths sides must 

Using letters and symbols 2017 

Algebra uses letters and symbols. Letters usually represent 

numbers, and symbols represent operations, such as addition <| Balancing 

and subtraction. This allows relationships between quantities to be Both sides of an equation 
written in a short, generalized way, eliminating the need to give must always be balanced. 
individual specific examples containing actual values. For instance, For example, in the equation 
the volume of a rectangular solid can be written as İvvh (which a+b=c+d, ifa number is 
means length x vvidth x height), enabling the volume of any added to one side, it must be 
cuboid to be found once its dimensions are known. added to the other side to 


keep the equation balanced. 


TERM OPERATION VARIABLE 
The parts of an algebraic A procedure carried An unknown number or quantity 
expression that are separated out on the terms of an represented by a letter 


by symbols for operations, algebraic expression, such 
such as + and -. A term can as addition, subtraction, 
be a number, a variable, or multiplication, 

a combination of both and division 


EXPRESSION A Algebraic equation 


An equation is a mathematical statement that 


example above. An expression can contain any combination two things are equal. In this example, the left 
of numbers, letters, and symbols (such as + for addition) side (2 + b) is equal to the right side (8). 


An expression is a statement written in algebraic form, 2 + b in the 


REAL WORLD 


Although algebra may seem abstract, with 
equations consisting of strings of symbols and 
letters, it has many applications in everyday life. For 
example, an equation can be used to find out the 
area of something, such as a tennis court. 


Sİ Tennis court 

A tennis court is 

a rectangle. 

The area of any 
rectangle is found 
by using the 
equation area = 
length x width. 


=LW 


L (length) 


W (width) 


CONSTANT 


A number with a value that 
is always the same 


EQUALS 


The equals sign means that 
the two sides of the equation 
balance each other 


THE ANSWER IS: 


b=6 
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BASIC RULES OF ALGEBRA 


Like other areas of maths, algebra has rules that must be followed 
to get the correct answer. For example, one rule is about the order 
in which operations must be done. 


Addition and subtraction 


Terms can be added together in any order in algebra. However, when 
subtracting, the order of the terms must be kept as it was given. 


a+h = b+a 
MO ub ————ı 


A Two terms 
When adding together two terms, it is possible to start with either term. 


(a+b)+¢ = a-z(b-0 
ıı hıınıxniö 


A Three terms 
As vvith adding tvvo terms, three terms can be added together in any order. 


Multiplication and division 


Multiplying terms in algebra can be done in any order, but when 
dividing the terms must be kept in the order they were given. 
4 rows of 3 is 


5—:s( 
of blocks as 3 
rows of 4 
—— 


axb bxa 


A Two terms 
VVhen multiplying together tvvo terms, the terms can be in any order. 


cx(a xb) 


axt(bxğ bxifaxq 


A Three terms 
Multiplication of three terms can be done in any order. 


ALGEBRA 


Sequences 


( 168-169 What is | 


A SEQUENCE IS A SERIES OF NUMBERS WRITTEN AS A LIST algebra? 
THAT FOLLOWS A PARTICULAR PATTERN, OR “RULE.” Working with 

expressions 172-173 ) 
Each number in a sequence is called a “term.’ The value of any term _ Formulas 177-179 ) 


in a sequence can be worked out by using the rule for that sequence. 


rule for this sequence is each term 
The terms of a sequence / 5” equals previous term plus 2 HB 
The first number in a sequence is the first is10 
term, the second number in a sequence 


is the second term, and so on. 
dots shovv 


first term sequence 


is2 — 
>A basic sequence məs 
For this sequence, the rule is that J ə oy ə 


each term is the previous term 
vvith 2 added to it. 1st - 2nd md 3rd .- 4th ab 5th term 


a expression used to 

find value of term— 
1 is substituted for n 
in 1st term, 2 in 2nd 
term, and so on 


means2xn substitute 1 for n 
2h-2x172 2n-2x2-4 2hn-2x41-82 2n -2 x 1/000— 2,000 


Finding the “nth” value 


The value of a particular term can be found without [> The rule as an expression 
writing out the entire sequence up until that point Knowing the expression, which 
by writing the rule as an expression and then using is 2n in this example, helps find 
this expression to work out the term. the value of any term. 


Ist term 2nd term 41st term 1,000th term 
To find the first term, To find the second term, To find the 41st term, For the 1,000th term, substitute 
substitute 1 for n. substitute 2 for n. substitute 41 for n. 1,000 for n. The term here is 2,000. 


In the example below, the expression is 4n — 2. Knowing this, the rule 
can be shown to be: each term is equal to the previous term plus 4. 


expression here is 4 
+4 +4 +4 +4 multiplied by n, minus 2 


sum of 14 and 4 


/V Y 3 
2, 6, 10, 14, 18,. ae 


Ist ae 2nd nf 3rd term 4th se 5th term value of term 
4n=2=4x1-2=2 4n=2 = 4 x2-2=6 4n=2 = (4 x 1/000/000)— 2= 3,999,998 
Ist term 2nd term 1,000,000th term 
To find the first term, To find the second term, For the 1,000,000th term, substitute 


substitute 1 for n. substitute 2 for n. 1,000,000 for n. The term here is 3,999,998. 


IMPORTANT SEQUENCES 


Some sequences have rules that are slightly more complicated; however, 
they can be very significant. Two examples of these are square numbers and 
the Fibonacci sequence. 


square has 
sides 3 
Square numbers .5 units long 
A square number is found by .—” z units kə 
multiplying a whole number by itself, unit long 


These numbers can be dravvn as 
squares. Each side is the length of a 
whole number, which is multiplied by 
itself to make the square number. 


.. 


Fibonacci sequence 


The Fibonacci sequence is a vvidely recognized sequence, appearing frequently in 
nature and architecture. The first tvvo terms of the sequence are both 1, then after this 
each term is the sum of the tvvo terms that came before it. 


each number in sequence is 
sum of two numbers before it 


a 
1 142 283 345 548 


/V V V V”3 


1, 1, 2, 3, 5, 8, 13, ... 


sequence continues nz 
same way indefinitely 


cone starts with 1 


How to draw a Fibonacci spiral 


SEQUENCES 


square has 


square has sides 5 
units long 


sides 4 
units long : 


Evidence of the Fibonacci sequence is 
found everywhere, including in nature. 
The sequence forms a spiral (see 
below) and it can be 

seen in the spiral of a 

shell (as shown here) 

or in the arrangement 

of the seeds in a 
sunflower. It is 
named after 
Leonardo 
Fibonacci, 

an Italian 
mathematician. 


A spiral can be drawn using the numbers in the Fibonacci sequence, by drawing squares with sides as long 
as each term in the sequence, then drawing a curve to touch the opposite corners of these squares. 


draw second 
square above 
first square each new square 
has sides that are 
total length of all 


Shueel squarelhas that came before 


sides 2 units 
long, and is 
placed on the 
left of first 


two squares : 
q continue to 


add squares 
counterclockvvise, 
so they all fit 
together 


first dravv square vvith 
sides 1 unit long 


First, draw a square that is 1 unit long by 
1 unit wide. Draw an identical one above 
it, then a square vvith sides 2 units long 
next to the 1 unit squares. Each square 
represents a term of the sequence. 


Keep dravving squares that represent 
the terms of the Fibonacci sequence, 
adding them in a counterclockvvise 
direction. This diagram shows the first 
six terms of the sequence. 


trend shown 
by line 
continues 
indefinitely 


draw curves 
to opposite 
corners of 
squares to 
begin 
sequence 


Finally, draw curves to touch the 
opposite corners of each square, 
starting at the center and working 
outward counterclockwise. This curve 
is a Fibonacci spiral. 


Working with expressions 


AN EXPRESSION IS A COLLECTION OF SYMBOLS, SUCH AS X AND Y, AND 
OPERATIONS, SUCH AS + AND -. IT CAN ALSO CONTAIN NUMBERS. 


— 


"Formulas 177-179) 


 ( 168- 69 
Whats algebra? 
Expressions are important and occur everywhere in mathematics. They can 


be simplified to as few parts as possible, making them easier to understand. 


Like terms in an expression 


Each part of an expression is called a “term” A term can be a number, a symbol, or a number with 
a symbol. Terms with the same symbols are “like terms” and it is possible to combine them. 


x is symbol like terms + is operation 
<J Identifying like terms 
The terms 2x and 3x are like terms 
because they both contain the symbol x. 
Terms 2y and —4y are also like terms 
because each contains the symbol y. 
like terms 


Simplifying expressions involving addition and subtraction 


When an expression is made up of a number of terms that are to be added or subtracted, there 
are a number of important steps that need to be followed in order to simplify it. 


cociminne ğı — 5D + 6b —2a+3b—7b 


expression, write it out in a line 


from left to right. 521 


> Group the like terms 
nesoprences 9 —2a —5İ))--.6h--3b—7b 
together, keeping the t r ) A 5 a ) 1 j i ) 


operations as they are. 5 5 
like terms like terms 


> Work out the result - 


The next step is to vvork 
3a-2a—1 -5b--6b--3b-7b--3b 
out the result of each .—. >] a = 3 İ) — ozu 


like term. 


> Simplify the result irə 


Further simplify the result 


by removing any 1s in front term 1a always 
of symbols. written asa , 7a — 3 b) 
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Simplifying expressions involving multiplication 43370) 


To simplify an expression that involves terms linked by multiplication signs, the written without 
individual numbers and symbols first need to be separated from each other. muluplicetionsions 


6ax2b I) 6xax2xb IŞ 12xab-12ab 


The term 6a means 6 x a. Separate the expression into The product of multiplying 6 and 2 is 
Similarly, the term 2b means the individual numbers and 12, and that of multiplying a and b is 
2xb. symbols involved. ab. The simplified expression is 12ab. 


Simplifying expressions involving division 
To simplify an expression involving division, look for any possible cancellation. This 
means looking to divide all terms of the expression by the same number or letter. 


q? means q xq divide 6 by 2, divide q by q, 


© this — ; Ş : : : —” ; .. . .. 
6pq”--2 = 
Pq q MERT. 2xq D Iv £7/ -.8— 3pq 


same as + divide 2 by 2, A <4 leaving 1 
leaving 1 
Any chance to cancel the expression down Both terms (top and bottom) Canceling down by dividing 
makes it smaller and easier to understand. are canceled down by each term equally makes the 
dividing them by 2 and q. expression smaller. 


Substitution 


Once the value of each symbol in an expression is known, for example 
that y = 2, the overall value of the expression can be found. This is called 
“substituting” the values in the expression or “evaluating” the expression. 


Sİ Substituting values 
The formula for the 

area of a rectangle is 
length x width. 
Substituting 5 in for the 
length and 8 in for 

the width, gives an area 
of 5in x 8in=40 in’. 


LENGTH 


L= 


Substitute the values in the expression 2X — 2y = Ay + 3x if 


X-1 and y=2 


W=WIDTH 


grouped terms are 
easier to substitute substitute 1 for x 


like terms ” answer is -7 Ss 


—— B= 5x@= 5 
2x—2y—4y+3x Iİ) 5x-öy IB a ey Xar IB) 5-12-32 


like terms a 
substitute 2 for y 


Group like terms together The expression has Now substitute the given The final answer is 
to simplify the expression. now been simplified. values for x and y. shown to be -7. 


Ri 
174 ALGEBRA 


Səsə) Expanding and -— 


expressions 


-— -. zı 


Hovv to expand an expression 


The same expression can be written in a variety of ways, depending on how it will be used. 
Expanding an expression involves multiplying all the parts it contains (terms) and writing it out in full. 


first term is multiplied vsecond term is 4xa- b 4x3- . 
by number ... multiplied by number 
4(a+3) = 4xa+4x3 = 4a:-12 
number outside is multiplied sign between terms —7 
by each number inside remains the same 
To expand an expression with a Multiply each term inside the parenthesis by Simplify the resulting 
number outside a parenthesis, multiply the number outside. The sign between the two terms to show the expanded 
all the terms inside the parenthesis by terms (letters and numbers) remains the same. expression in its final form. 
that number. Here, 4 x ais simplified to 


. 5 4aand4x3to12. 
Expanding multiple parentheses 

To expand an expression that contains tvvo parentheses, each part of the first one is multiplied by each 
part of the second parenthesis. To do this, split up the first (blue) parenthesis into its parts. Multiply the 


second (yellow) parenthesis by the first part and then by the second part of the first parenthesis. 
3XxX3-9x, Ix2y=2y 1x3-3 


second parenthesis multiplied —— 
by first part of first parenthesis 3x x dy = 7 . ) 
(3x + 1) 7 +9X+2y+3 


se first second second 3x(2y multiplied —7 these signs remain 
parenthesis parenthesis by second term of first parenthesis 
To expand an expression of two Break down the first parenthesis into Simplify the resulting terms by 
parentheses, multiply all the terms of its terms. Multiply the second parenthesis carrying out each multiplication. 
the second by all the terms of the first. by each term from the first in turn. The signs remain the same. 


Squaring a parenthesis 


Squaring a parenthesis simply means multiplying a parenthesis by itself. Write it out as 
two parentheses next to each other, and then multiply it to expand as shown above. 


: XX —3 =-3x -—- 
parenthesis means XXX=X 3x-3-9 
multiply ) 
2 ı i 2 
(x - 3) = (23) (ENB) = x -3 = X -3X-3X49-X -6X49 
multiply second parenthesis oe remaine — multiply second parenthesis by 
by first part of first one Tesame second part of first parenthesis 
To expand a squared parenthesis, Split the first parenthesis into its Simplify the resulting terms, making sure to 
first write the expression out as two terms and multiply the second multiply their signs correctly. Finally, add or 


parentheses next to each other. parenthesis by each term in turn. subtract like terms (see pp.172-173) together. 


rır 
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How to factorize an expression 


Factorizing an expression is the opposite of expanding an expression. To do this, look for a factor 
(number or letter) that all the terms (parts) of the expression have in common. The common 
factor can then be placed outside a parenthesis enclosing what is left of the other terms. 


4 is common to both 4b and 12 this is the same as 12 5777 


(because they can both be divided by 4) 1111117: 


both b and 3 are ” inside parenthesis 


4b --12 xüğındxğ zı 40573) 


they go inside 
‘_ this means 4 xb 


the parenthesis KL parenthesis means multiply 


To factorize an expression, In this case, 4 is a common factor of both 4b Simplify the expression by placing 
look for any letter or number and 12, because both can be divided by 4. the common factor (4) outside a 
(factor) that all its parts have Divide each by 4 to find the remaining factors parenthesis. The other tvvo factors 
in common. of each part. These go inside the parenthesis. are placed inside the parenthesis. 


Factorizing more complex expressions 


Factorizing can make it simpler to understand and vvrite complex 


expressions vvith many terms. Find the factors that all parts of The formula for finding the surface area (see pp.156-157) 
the expression have in common. of a shape can be vvorked out using knovvn formulas for 
3x5xxxyxy 15xy? the areas of its parts. The formula can look daunting, but 
Oe 3X3XXXX XY = Ixy — | it can be made much easier to use by factorizing it. 
6 vi pə xxy, ə two circles, one at each end 
ox'y + 15x9"+ 18x? - —-- 
də height 
alış, 7 To factorize an expression write out the — a Surface of a cylinder 
factors of each part, for example, y” is y xy. The formula for the surface 
Look for the numbers and letters that are area of a cylinder is worked 
common to all the factors. out by adding together 
the areas of the circles 
common factor of x variables at each end and the 


rectangle that forms the 
common factor —~y 
common factor \ 
, space betvveen them. 
ulu 3£y— of y variables “ se p 


length of rectangle is 
circumference of circle (27ir) area of a 


j 2 
area of rectangle circle is mr’, 
2 for 2 circles 


All the parts of the expressions contain is .. s is 2nr2 
| aoe, 2nrh + 2m 
the letters x and y, and can be factorized by €“ 
the number 3. These factors are combined 
to produce one common factor. To find the formula for the surface area of 
a cylinder, add together the formulas for 
of the expression 9xöy + 3xy = 3x 15xy? + 3xy = 5y the areas of its parts. 


3xy is common 
factor of all parts 


18xy5 + 3xy = 6y? h and r are not common 


v9 2nr is common to means to both terms so they sit 
3 xy(3 X + öy “++ 6y ) both expressions << —” inside the parenthesis 


Set the common factor (3xy) outside a set To make the formula easier to use, simplify it by 
of parentheses. Inside, write what remains identifying the common factor, in this case 2Tir, and 
of each part when divided by it. setting it outside the parentheses. 
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Quadratic expressions — 


factorizing expressions 
A QUADRATIC EXPRESSION CONTAINS AN UNKNOVVN TERM (VARIABLE)  Factorizing quadratic 
SQUARED, SUCH AS X”. equations 190-191) | 
An expression is a collection of mathematical symbols, such as x and y, and 
operations, such as + and -. A quadratic expression typically contains a squared 
variable (x”), a number multiplied by the same variable (x), and a number. 
i i a can be any 
What IS bi q uad ratic number, squared term 
expression? including 1 7” first “1 Quadratic expression 
A quadratic expression is usually given in The standard form of a 
the form ax? + bx + c, where a is the P1h4477v77v7v7v7v7v€v77( 

: . : vvith squared term (x?) listed 
multiple of the squared term x2, b is the x İ X i  iuktemsmiliielied Hus 
multiple of x, and c is the number. The listed 20 5 ‘ae 17: 
letters a, b, and c all stand for different term mültiplied kə . listed last : 
positive or negative numbers. by x listed next x. i 


From tvvo parentheses to a quadratic expression 


Some quadratic expressions can be factorized to form two expressions within 
parentheses, each containing a variable (x) and an unknown number. 


Conversely, multiplying out these expressions gives a quadratic expression. any two two parentheses 


ma numbers XV ra next to each other 
are multiplied 

Multiplying two expressions in parentheses together 

means multiplying every term of one (x -- azı ) (x -İ- üzə ) 

parenthesis vvith every term of the other. The multiply both terms 


final answer will be a quadratic equation. of second parenthesis multiply both terms of second 


by first term of both variables are x we 
. —— sharathe same value parenthesis by second term of 
p first parenthesis 


To multiply the two parentheses, split one of the 

parentheses into its terms. Multiply all the terms of x( X - * X -İ- 
the second parenthesis first by the x term and then 

by the numerical term of the first parenthesis. 


7 up one 0” 
into its terms 


Multiplying both terms of the second 2 
parenthesis by each term of the first in turn X . ay X “. ül X -İ- a) üz 
results in a squared term, tvvo terms multiplied by 


x, and tvvo numerical terms multiplied together. İÇ 
squared term x x x Tamu ead numerical in 


multiplied by x multiplied together 
Simplify the expression by adding the x 2 
terms. This means adding the numbers X -İ- X -İ- -- 
together inside parentheses and multiplying 
the result by an x outside. “ə” dn ununu nn sd 
Looking back at the original quadratic X 2 -İ- X of Cc 
expression, it is possible to see that the 


numerical terms are added to give b, number terms are number terms are o 
and multiplied to give c. added to giveb multiplied to give c 


FORMULAS 


(A=) Formulas 


IN MATHS, A FORMULA IS BASICALLY A “RECIPE” FOR FINDING THE VALUE 
OF ONE THING (THE SUBJECT) WHEN OTHERS ARE KNOWN. 


A formula usually has a single subject and an equals sign, together with an 
expression written in symbols that indicates how to find the subject. 


Sİ Area of a tennis court 

A tennis court is a rectangle. 
The area of the court depends 
on its length (L) and width (W). 


Introducing formulas 


The recipe that makes up a formula can be simple 
or complicated. However, formulas usually have 
three basic parts: a single letter at the 

beginning (the subject); an equals sign 
that links the subject to the recipe; 
and the recipe itself, which 
when used, works out the 

value of the subject. 


area is the space occupied 
by the tennis court 


This is the formula to find the 
area of a rectangle when its length 
(L) and width (W) are known: 


A=LW 


subject i \ equals sign ‘ the recipe—to find A 


the formula we must multiply the length 
(L) and the width (W). LW 
means the same as L x W 


Formulas can be rearranged to make <1 Simple rearrangement 
different parts the subject of the area (A) is the subject This triangle shows the different 
formula. This is useful if the unknown -. A — L x W ways the formula for finding a 
value to be found is not the subject of rectangle can be rearranged. 

he original formula—the formula can area (A) = length (L) 

be rearranged so that the unknown multiplied by width {W) 

becomes the subject, making solving 4m 


he formula easier. A stands 
for area 
length (L) = area (A) width (W) = area (A) 
divided by width (W) L stands W stands divided by length (L) 


V for length for width 


L — 


length (L) is the subject TAL . : i 
of the formula İndir. . 17 subject 


baqa i 
4 
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CHANGING THE SUBJECT OF A FORMULA 


Changing the subject of a formula involves moving letters or numbers (terms) from one side of the 
formula to the other, leaving a nevv term on its ovvn. The vvay to do this depends on vvhether the term 


being moved is positive (+c), negative (-c), or whether it is part of a multiplication (bc) or division (b/c). 


VVhen moving terms, vvhatever is done to one side of the formula needs to be done to the other. 


Moving a positive term 


-c is brought in to the 
left of the equals sign 


A-b 

To make b the subject, 
+c needs to be moved 
to the other side of the 
equals sign. 


-c is brought in to the 
right of the equals sign 


A-c=b+c-¢ 
Add -c to both sides. To move 
+c, its opposite (-c) must first 
be added to both sides of the 
formula to keep it balanced. 


Moving a negative term 


+c is brought in to the 
left of the equals sign 


A=b 


To make b the subject, 
-c needs to be moved 
to the other side of the 
equals sign. 


+c is brought in to the 
right of the equals sign 


A+c=b-c+e¢ 
Add +c to both sides. To move 
-c, its opposite (+c) must first 
be added to both sides of the 
formula to keep it balanced. 


+c-c cancels out 
because c—c=0 


a formula must have a 
single symbol on one 


N side of the equals sign 


A-c- bEgey 


Simplify the formula by 
canceling out -c and +c on 
the right, leaving b by itself 
as the subject of the formula. 


—c+c cancels out 
because c-c=0 


BA-c=b 


The formula can 
now be rearranged 
so that it reads 
b=A-c. 


a formula must have a 
single symbol on one 


side of the equals sign zy 


A+c=b-4¢ b 


Simplify the formula by 
canceling out -c and +c on the 
right, leaving b by itself 

as the subject of the formula. 


Moving a term in a multiplication problem 


bc means 
bxc 


A-b 


İn this example, b is 
multiplied by c.To make 
b the subject, c needs to 
move to the other side. 


Moving a term in a division problem 


xc is brought in 
to the left of the 
equals sign 


b/c means 


In this example, b is 
divided by c. To make 

b the subject, c needs to 
move to the other side. 


+c (or /c) is brought 
in to the left of the 
equals sign 


LA = be) 


equals sign 


Divide both sides by c. To 
move the c to the other side, 
you must do the opposite of 
multiplying, which is dividing. 


xc is brought in 
to the right of the 
equals sign 


) 
Adı - bal 


Multiply both sides by c. To 
move the c to the other side, 
you must do the opposite of 
dividing, vvhich is multiplying. 


+c (or /c) is brought in 
to the right of the 


c/c cancels out 
because c/c equals1 


“ə ty 


Simplify the formula by 
canceling out c/c on the 
right, leaving b by itself as 
the subject of the formula. 


remember that 
c/c cancels out Axcis written 
because c/c equals 1 as Ac 


= 
Axe = ¥ p) 


Simplify the formula 

by canceling out c/c on the 
right, leaving b by itself as the 
subject of the formula. 


Arc-b 


The formula can 
novv be rearranged 
so that it reads 
b=A+c. 


a formula must have a 
single symbol on one 


ə side of the equals sign ) 


A. 
Ab 


The formula can 
now be rearranged 
so that it reads 

b — A/c. 


a formula must 
have a single 
symbol on one side 
of the equals sign 


Ac -b” 


The formula can 
novv be rearranged 
so that it reads 

b - Ac. 


FORMULAS 


FORMULAS IN ACTION 


A formula can be used to calculate how much 

interest (the amount a bank pays someone in this stands for principal, which this stands for rate of interest 
exchange for being able to borrow their money) just means the amount 

is paid into a bank account over a particular 


period of time. The formula for this is principal (or I — [Pp R 5 “nas for thetime it 
SS 


amount of money) x rate of interest x time. This will take to earn interest 


formula is shown here. 2 
this stands for interest 


There is a bank account with $500 in it, earning simple interest (see pp./74-75) at 2% a year. To find 
out how much time (T) it will take to earn interest of $50, the formula above is used. First, the 
formula must be rearranged to make T the subject. Then the real values can be put in to work out T. 


[> Move P I 


The first step is to divide | = Peri __ = RT — 
each side of the formula by mex p Zə remember that dividing the right 


P to move it to the left of side by P gives PRT/P, but the Ps 
the equals sign . cancel out, leaving RT 
to remove P from the right side, 


divide each side of the formula by P 


to remove R from the right side, divide 
each side of the formula by R 


[> MoveR I I 

The next step is to divide RT = T 

oe mids ot 255 — zü — remember that dividing the right 
to move io the lefto b P R side by R gives RT/R, but the Rs 

the equals sign. cancel out, leaving T. 


interest (I) is $50 length of time (T) to earn 
aN interest of $50 is 5 years 
> Put in real values 
Put in the real values for 
1 ($50), P ($500), and T 5— ————— — 5 yea rs 
R (2%) to find the value PR 2 
ofT (the time it vvill take x e 


x rate of interest (R) is 2%, 


to earn interest of $50). written as a decimal as 0.02 


principal (P) is 5500 
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Solving equations 


AN EQUATION IS A MATHEMATICAL STATEMENT THAT 
CONTAINS AN EQUALS SIGN. 


Equations can be rearranged to find the value of 
an unknown variable, such as x or y. 


Simple equations 


Equations can be rearranged to find the value of an unknown 
number, or variable. A variable is represented by a letter, such 
as x or y. Whatever action is taken on one side of an equation 
must also be made on the other side, so that both sides 


remain equal. 

to get rid of this 
2, 2 must also be 
taken from the 
other side 


variable 


> 
2+ 


subtract 2 on this side 


2-x 


cancel out +2 and 
—2, which gives 0 


+x 


x is now the subject of 
the equation 


To find the value of x the equation must 
be rearranged so that x is by itself on one 
side of the equation. 


Changes made to one side of the equation 
must also be made to the other side. 
Subtract 2 from both sides to isolate x. 


Simplify the equation by canceling out 
the +2 and —2 on the left side. This leaves 
x on its own on the left. 


Once x is the subject of the equation, 
working out the right side of the 
equation gives the value of x. 


Equations can be created to explain day-to-day situations. For 
example, a taxi firm charges $3 to pick up a customer, and $2 
per mile traveled. This can be written as an equation. 


v 


pick-up cost 


=3+24 


total cost of the 
trip 


cost per mile 
multiplied by 
distance 


3 has been al 5 


taken from 
this side 


Left-hand side 


total cost of trip 


18 


pick-up cost ə” 


this side has been Timi 
divided by 2 


( 168-169 What is algebra? | 
| € 172-173 Working with 


expressions 
(177-179 Formulas 
Linear graphs 182-185 ) 


Sİ Balancing 

The expressions on either 
side of the equals sign in an 
equation are alvvays equal. 


Right-hand side 


this expression has the same 


"aul value as the expression on the 
8 other side of the equals sign 


a 

Si 
2 was subtracted from 

Vf the other side, so it must 

also be subtracted from 

— this side 

1 —— 

“— 

5. 

— working out the right side 

Sa 


of the equation (8 — 2) 
gives the value of (6) 


If a customer pays $18 for a trip, the equation can be used to work 
out how far the customer traveled. 


cost per mile multiplied 

a distance 
Substitute the cost of the 

— 

— 3 + 2 trip into the equation. 


Rearrange the equation 
- subtract 3 from both sides. 


—_ 3 has been 
— 2 d— taken from 


this side 


1 to get rid of 2 
in 2d, divide 
both sides by 2 


Find the distance traveled 
by dividing both sides by 2. 
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MORE COMPLICATED EQUATIONS 


More complicated equations are rearranged in the same way as simple equations— 
anything done to simplify one side of the equation must also be done to the other side 
so that both sides of the equation remain equal. The equation will give the same 
answer no matter where the rearranging is started. 


Example 1 


This equation has numerical and unknown 
terms on both sides, so it needs several 
rearrangements to solve. 


First, rearrange the numerical terms. To 
remove the -9 from the right-hand side, add 
9 to both sides of the equation. 


Next, rearrange so that the a5 are on the 
opposite side to the number. This is done by 
subtracting 2a from both sides. 


Then rearrange again to make a the only 
subject of the equation. Since the equation 
contains 3a, divide the whole equation by 3. 


The subject of the equation, a, is now on its 
own on the right side of the equation, and 
there is only anumber on the other side. 


Reverse the equation to show the unknown 


variable (a) first. This does not affect the meaning 


of the equation, because both sides are equal. 


Example 2 


This equation has unknown and numerical 
terms on both sides, so it will take several 
rearrangements to solve. 


First rearrange the numerical terms. 
Subtract 4 from both sides of the equation so 
that there are numbers on only one side. 


Then rearrange the equation so that the 
unknown variable is on the opposite side to the 
number, by adding 2a to both sides. 


Finally, divide each side by 8 to make a 
the subject of the equation, and to find the 
solution of the equation. 


a appears on both 
sides of the equation 


0 =~ § ) 
3+2a=5a- 
add 9 to 3 


12 +2a 


2a-2a=0, 
leaving 12 on its own 


_ 
12 


: 
— 
the right side must be 
divided by 3 to isolate 
a, so the left side must 
also be divided by 3 to 12 — 3a 
keep both sides equal 3 — 3 
12 +3=4, which 
is the value of a 
| = 
——. 
put the variable first 
ÜN a= 
—- 
there are numerical 
values on both sides 
6a+4= 
— 
4-4-0,so6a 
is on its ovn  V— Xi 
6a=1- 
6a+2a=8a 


a 
8 a — 
sədi 
divide 8a by 8 to leave 
a = 


a by itself on the left 
of the equation 


1” 


there are numerical 
terms on both sides 


9” 


add 9 to -9, which leaves 
0 so 5a is isolated 


il 
x 


-—— divide 3a by 3 to leave a on its own 
y 


a is now the subject, 


a £”- isolated by itself on one 


side of the equation 


this is the solution of the 
equation—it gives the value 
of the variable (a) 


there are terms including the 


unknown a on both sides 
5 — 2 a oe 


take 4 from 


ae 5, leaving 1 


-2a+2a=0,s50 
1 is on its own 


because the left side vvas divided by 
8 to isolate a, the right side must 
also be divided by 8 to keep both 
sides equal 
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izle Linear graphs 


GRAPHS ARE A WAY OF PICTURING AN EQUATION. A LINEAR 
EQUATION ALWAYS HAS A STRAIGHT LINE. 


Graphs of linear 


ə slope, or 
equations gradient value of x 
A linear equation is an equation ‘a 
that does not contain a squared = b 
variable such as x2, or a variable of y mx + 


®_ value of y 
a higher power, such as x”. Linear 


equations can be represented by 
straight line graphs, where the line 
passes through coordinates that 
satisfy the equation. For example, 
one of the sets of coordinates for 

y z x 4.5 is(1, 6), because 6 1 45. 


\ value of y 


A The equation of a straight line 
All straight lines have an equation. The 
value of m is the slope (or slope) of the 
line and b is where it cuts the y axis. 


Finding the equation of a line 
To find the equation of a given line, use the graph to find its slope and 
y intercept. Then substitute them into the equation for a line, y= mx + b. 


To find the slope of the line (m), draw lines out from a 
section of the line as shovvn. Then divide the vertical 
distance by horizontal distance—the result is the slope. 


4 — 4&— slope 
+1 


4 


division sign 


im .k... o on o m m 

1 asili ağir 

1 distance is 4 : 
A vertical 


distance is 4 


Finally, substitute the values that have been found 
from the graph into the equation for a line. This gives 
the equation for the line shown above. 


intercept—the 
point where the 
line crosses y axis 


(180-181 Solving 


Kara 


graph of 
the equation 
y=”xt+1 


A Alinear graph 
The graph of an equation is a set of points 
with coordinates that satisfy the equation. 


To find the y intercept, look at the graph and find where 
the line crosses the y axis. This is the y intercept, and is b 
in the equation. 


y intercept = (0,4) 


4 
Nə intercept 
is where line 
3 
crosses the 
y axis—here 


it is (0,4) 


y intercept 


1x simplifies 
tox 


» y=K+4 


Positive slopes 


Lines that slope upward from left to right have positive 
slopes. The equation of a line with a positive slope 
can be worked out from its graph, as described below. 


Find the slope of the line by choosing a section of it and 
drawing horizontal (green) and vertical (red) lines out from 
it so they meet. Count the units each new line covers, then 
divide the vertical by the horizontal distance. 


vertical distance 6 
slope = = ————_———_= — = 
horizontal distance 3 


slopes upward 


The y intercept can be easily read off the graph from left to right 


—it is the point where the line crosses the y axis. 


y intercept = (0,1) 


Substitute the values for the slope and y intercept into the 
equation of a line to find the equation for this given line. 


y intercept is 1 y intercept 
OPE 


=mx+b ® y= e+ 


Negative slopes 


Lines that slope downward from left to right have negative 
slopes. The equation of these lines can be worked out in the 
same way as for a line with a positive slope. 


ER is +2 


Find the slope of the line by choosing a section of it and drawing 
horizontal (green) and vertical (red) lines out from it so they meet. 
Count the units each new line covers, then divide the vertical by the 
horizontal distance. 


slope= -—— — — — —— - 
horizontal distance 


-—.. 


insert minus 


sign to shovvline 
slopes downward 
from left to right 


vertical distance 4 
1 


The y intercept can be easily read off the graph 
—it is the point where the line crosses the y axis. 


y intercept = (0,-4) 


Substitute the values for the slope and y intercept into the 
equation of a line to find the equation for this given line. 


y intercept is ( PN, y intercept 
slope 


ar 5 
zə ap » y= -4 


Cox means line 
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draw line 
down from 
graph; vertical 


y intercept is (0,1) distance is 6 


dın” 


+ 


draw line across 
from graph; 
horizontal 
distance is 3 


draw line down from 
graph; vertical Hü” 


—2 
distance is 4 1 
vw 
i 2 
' y intercept is (0,—4) 
1 wie 
ua —4 


dravv line across — 


from graph, 
horizontal 
distance is 1 
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How to plot a linear graph 


The graph of a linear equation can be drawn by working out 
several different sets of values for x and y and then plotting 
these values on a pair of axes. The x values are measured 
along the x axis, and the y values along the y axis. 

this means 2 


Z multiplied by x 
y - 2X 


>The equation 

This shows that each of the 

y values for this equation will 
be double the size of each of 
the x values. 


first, choose some 7 a... then find 


possible values of x corresponding 
values of y by 


- doubling each 
x value 


ə 


2 
3 
4 


co s 


First, choose some possible values of x—numbers belovv 10 are 
easiest to vvork vvith. Find the corresponding values of y using 

a table. Put the x values in the first column, then multiply each 
number by 2 to find the corresponding values for y. 


y 

8 x 

7 

6 x 

5 plot points from the 
table on to the graph 

4 

3 


Third, plot the 


-4 
x and y values 

from the table zə 
on to the graph. 3% 


y 


8 
mice 8 is highest calculated 
value of y 
F 6 
y axis ——> 
5 
4 
3 
4 is highest 

2 calculated 
1 value ofx x axis 


Se Heal Pee! 


Second, draw a set of 
axes and label the axes 
with numbers. Make 
sure there is space to 
extend the line beyond 
the calculated values. 


ro extend axes beyond 
known values to allow 
space for line to continue 
beyond points in table 


MŞTBA:lIM.iH2.lnİ 


Finally, draw 
a straight line 
through the 
points—this 

is the graph of 
the equation 
y=2x. 


line continues 
beyond points in 
table to all points 
where y = 2x 


Downward-sloping graph 


Graphs of linear equations are read from left to right and 
slope down or up. Downward-sloping graphs have a negative 
gradient; upvvard-sloping ones have a positive gradient. 


The equation here this means x 
contains the term -2x. -—- multiplied by -2 
Because x is multiplied 

by a negative number y = —?) X + 1 

(-2), the graph will 

slope downward. 


Use a table to find some values for x and y. This equation is more 
complex than the last, so add more rows to the table: -2x and 1. 
Calculate each of these values, then add them to find y. It is 
important to keep track of negative signs in front of numbers. 


work out 
corresponding 
values for y by 
adding together 


write down f 


2 the parts of 
Solus the equation 
possible 3 m5 
values of x 
4 -8 +1 —7 
values of x multiplied i) ( +1is constant 
by -2 
REAL WORLD 


A linear graph can be used to shovv the 
conversion betvveen the tvvo main 
methods of measuring temperature— 
Fahrenheit and Celsius. To convert any 
temperature from Fahrenheit into 
Celsius, start at the position of the 
Fahrenheit temperature on the y axis, 
read horizontally across to the line, and 
then vertically down to the x axis to find 


TEMPERATURE (°F) 


the Celsius value. a isdi Hi 
at this line shows 


32°F is pi 


32.0 | 0 the same 


as 0°C 


50.0 10 


A Temperature conversion 

Two sets of values for Fahrenheit (F) 
and Celsius (C) give all the 
information that is needed to plot 
the conversion graph. 


LINEAR GRAPHS 


y=-2x+1 


Nu WwW FU A co <S 


plot each point 


: ezib (x, y) from the 


table 


this means that 10”C 
is the same as 50°F 


this means that 20°C 
is the same as 68°F ~~ 


the conversions 
between 
Fahrenheit and 
Celsius 


8 10 12 14 
TEMPERATURE (°C) 
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Ss) Simultaneous equations (zz 


SIMULTANEOUS EQUATIONS ARE PAIRS OF EQUATIONS WITH THE SAME aT 


UNKNOWN VARIABLES, THAT ARE SOLVED TOGETHER. 


i : both equations contain 
both equations contain 


. . ° ı the variable 
Solving simultaneous equations the variable x . : ; 

Sİ A pair of equations 
Simultaneous equations are pairs of equations that contain 3 X ı— 5y — 4 These simultaneous 
the same variables and are solved together. There are three equations both contain 
vvays to solve a pair of simultaneous equations: elimination, — the unknovvn variables 
substitution, and by graph; they all give the same answer. ix RA öy 1 7 xandy. 


Solving by elimination > Equation pair 1ÜX 4 3V —2 
Make the x or y terms the same for both equations, then add or R ENS PALOT y 
subtract them to eliminate that variable. The resulting equation finds un 


. R equations using the — 
the value of one variable, which is then used to find the other. SEHIRGHC RnR od. 2 X “ 2y 6 


the second equation 
Multiply or divide one of the is multiplied b 5 1 0 dk 3 —— 2 first equation stays as it is 
equations to make one variable the me X y x 


same as in the other equation. Here, the second equation is 


sto make tnextemsine sm 2X + 2y x 6 10X + 10y -30 xun 


Sg this is the second equation the x term is now the same same value (10x) 
as in the first equation 
this will cancel out the x terms uu. 
terms from each 


unknovvn terms 


Yə enero 10K “ 10x + 3y — 10y = 2 £30 surə. 


in the first, to remove the matching terms. . 7 —_ 2 8 

The nevv equation can then be solved. 205 . = m y munu 

Here, the second equation is subtracted -2 8 nm this side must also be 
from the first, and the remaining variables this side is divided by -7 ——> y = —— divided by -7 

are rearranged to isolate y. to isolate y = 


y — “— this 
the second equation 


Choose one of the tvvo original 2 xX - 2 y — 6 74 has been chosen 


gives the value of y 


equations—it does not matter which— 


and put in the value for y that has just 4 @ itis already known that y =4 
been found. This eliminates the y variable 2x .. (2 x 4) — 6 so 2y=8 

from the equation, leaving only the x 

variable. Rearranging the equation 2x + 8-6””” 

means that it can be solved, and the ə 
value of the x can be found. subtracting 8 from this —) X = —2 5 - 2. 


side to isolate 2x 


divide this side by 2 to ——S X == —. 4” this side must also be 
isolate x divided by 2 


X -1— this is the value of x 


Both unknown variables have now 
been found—these are the solutions to X -1 y — 


the original pair of equations. 


Era 
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Solving by substitution [> Equation pair X-2 7 
To use this method, rearrange one of the tvvo equations so that the tvvo solve this palkof y 
: : : : simultaneous 

unknovvn values (variables) are on different sides of the equation, then 5 : 

: : eir : equations using the 4 = 3 
substitute this rearranged equation into the other equation. The new, ə X 

5 b 5 substitution method. 
combined equation contains only one unknown value and can be solved. 
Substituting the new value into one of the equations means that the 
other variable can also be found. Equations that cannot be solved by 2507101000 
elimination can usually be solved by substitution. this is the first equation 


“a 


il 
cə 


Choose one of the equations, and 2 - 

rearrange it so that one of the tvvo X + y oc 

unknown values is the subject. Here 

x is made the subject by subtracting make x the subject by subtracting . əy MK = 7 = 2y 

2y from both sides of the equation. 2y from both sides of the equation ( 
2y must be subtracted from 
both sides of the equation 

substitute the 


expression for x which 
has been found in 
Then substitute the expression that has the previous step 


been found for that variable (x = 7 — 2y) 4x =a 3 y 
into the other equation. This gives only 


one unknown value in the newly 4 (7 = 2y) ə 3y 


compiled equation. Rearrange this nevv 
equation to isolate y and find its value. 2 8 8 3 6 
: a 27 simplify the two y terms: 
multiply out the 2 8 a 1 1 y — 6 -8y -3y - -11y 


6 4&— take the other equation 


6 4— this equation now has only one 
unknown value so it can be solved 


parentheses above: 4 x 7 = 
28 and 4 x -2y = -8y 


—1 1 y — —2 .— 28 must also be subtracted 


isolate the y term by subtracting — 5. 
28 from this side -1 1 y -2 2 


divide this side by -11 to — 1 1 1 1 1107100710)”: 


: divided by -11 
isolate y (-11y +-11=y) zr 2. 
y this is the value of y 


choose one of the equations, 
Substitute the value of y that has just this is the first one —N 2 mv 7 
been found into either of the original pair X as y ə 


of equations. Rearrange this equation to = _—™ because y =2, 


isolate x and find its value. X -İ- (2 x 2 = 7 dyis2x2=4 
X+4=/7 


work out iis terms in the —” 4 has been subtracted from 
parentheses: 2 x 2 - 4 X the other side of the equation, 
so it must also be subtracted 


subtract 4 from this side to isolate x —. from this side:/ 453 


Both unknown variables have now — on. 
been found—these are the solutions to X = y — 


the original pair of equations. 
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Solving simultaneous equations with graphs 


Simultaneous equations can be solved by rearranging each equation so that it is 
expressed in terms of y, using a table to find sets of x and y coordinates for each 
equation, then plotting the graphs. The solution is the coordinates of the point 


where the graphs intersect. 


> A pair of equations 

This pair of simultaneous 
equations can be solved 
using a graph. Each 
equation will be represented 
by a line on the graph. 


| 
bud 
— 
a 
kad 
— 
il 


there are y terms in both equations 


2x+y=7 


9 


there are x terms in 


both equations 


To isolate y in the first equation, 
rearrange the equation so that y is left on 
its own on one side of the equals sign. 
Here, this is done by subtracting 2x from 
both sides of the equation. 


2x Ey =7 is the first equation 


. 
2X -y -7 
-2x has also been 
added to this side 
-2x has been added to 
this side to cancel out 
the 2x and isolate y “əy — 7 — 2 ) 4 


Find the corresponding x and y values for 
the rearranged first equation using a table. 
Choose a set of x values that are close to zero, 
then vvork out the y values using a table. 


choose a set of values for x that are 
close to 0 


the 7 does not 
depend on x 


work out the /q 


value of -2x for 
each value of x 


To isolate y in the second equation, 
rearrange so that y is left on its own on one 
side of the equals sign. Here, this is done by 
first adding 3x to both sides, then dividing 
both sides by 3. 


-3x + 3y = 9 is the second equation 
3 73 3x must also be 
— — 0 added to this 
X + y əə side 
3x has been added \ 
to this side to cancel — 3 ö -İ- 3 
out —3x, this y X 
isolates 3y 
divide both sides of — 
equation by 3 to isolate y y xx + X 
267775 


Find the corresponding x and y values for 

the rearranged second equation using a table. 
Choose the same set of x values as for the other 
table, then use the table to vvork out the y values. 


choose the same values 
of x as in the other table 


the 3 does not 
depend on the 


value of x “ə 3 


the value of +x 7” +X 


is the same as x 


the y value is the sum of 3 and x 


SIMULTANEOUS EQUATIONS 


Draw a set of axes, then plot the two sets of x and 
y values. Join each set of points with a straight line, 
continuing the line past where the points lie. If the Sometimes a pair of simultaneous 
pair of simultaneous equations has a solution, then equations does not have a solution. 
the two lines will cross. For example, the graphs of the 
two equations x + y= 1 and 
x+y =2 are always equidistant from 
each other (parallel) and, because 
they do not intersect, there is no 
solution to this pair of equations. 


əli this is the graph of the equation 


y =3 +x, which is the 
rearranged form of the second 
equation: -3x + 3y =9 
value of y 
is read off 
y axis: 4.3 


4 point of intersection 


represents solution to pair of 
simultaneous equations 


4 NN this is the graph of the 
: equation y = 7 — 2x, which is 
the rearranged form of the 

first equation: 2x + y=7 


the value of x is read 
off the x axis: 1.3 


The solution to the pair of simultaneous equations is 


the coordinates of the point where the two lines cross. 
Read from this point down to the x axis and across to X — — 
the y axis to find the values of the solution. 
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62) Factorizing quadratic equations 


SOME QUADRATIC EQUATIONS (EQUATIONS IN THE FORM AX?+ BX + C = 0) 
CAN BE SOLVED BY FACTORIZING. 

m. 
( 176 Quadratic 
expressions 


Quadratic factorization 


Factorization is the process of finding the terms that multiply together to form 
another term. A quadratic equation is factorized by rearranging it into two bracketed 
parts, each containing a variable and a number. To find the values in the parentheses, 
use the rules from multiplying parentheses (see p.176)—that the numbers add 
together to give b and multiply together to give c of the original quadratic equation. parentheses set next 


to each other are 
a isa number b isa number that 
that multiplies x? multiplies x 


x +bx+€=0 ə (x üĞ (x 3-0 
— x 


fi NK can also A KR c isa number 
x-xxx 


The quadratic 
formula 192-193 ) 


be a minus sign by itself these tvvo unknovvn 
numbers add together 
A A quadratic equation A Two parentheses to give b and multiply 
All quadratic equations have a squared term (x2), a term A quadratic equation can be factorized astwo _ together to give c of 
that is multiplied by x, and a numerical term. The letters parentheses, each with an x and a number. the original equation 
a, b, and, c all stand for different numbers. Multiplied out, they result in the equation. 
Solving simple quadratic equations 
To solve quadratic equations by factorization, first fınd the missing numerical terms in the these two numbers add 
parentheses. Then solve each one separately to find the answers to the original equation. together to give 6 and 
multiply together to give 8 
To solve a quadratic equation, first look at its b Ja x? means 1x” Lx b 
and c terms. The terms in the two parentheses 2 
vvill need to add together to give b (6 in this case) X zı 6x .. 6 — 0 & (x a a ) (x + ay ) = 0 
and multiply together to give c (8 in this case). NG eee Re HSyeT is 
alvvays 0 
list possible add factors to 
factors of c-b N vv. find their sum 


To find the unknown terms, draw a table. In 
the first column, list the possible combinations rae 
of numbers that multiply together to give the 


not all the factors add up 
to produce the needed 


= sum (b), which is 6 
value of c = 8. İn the second column, add these 8and1 "səlis x 
terms together to see if they add up to b = 6. 4and2 4+2=6 VU  4and 2are the factors 
needed, as4+2=6, 
all sets of numbers in this —” milisin 


column multiply to give c=8 7 
insert first value here 


, XN 
Insert the factors into the parentheses after 
the x terms. Because the two parentheses (x + anı )(x + anı ) = 0 i (x Rü 4) (x in 2) = 0 


multiplied together equal the original quadratic İHSETETSCONUVƏİUSİhero 


expression, they can also be set to equal 0. solve for subtract 4 from both 
first value = sides to isolate x 
X + 4 = 0 jay X= one possible solution is -4 
For the two parentheses to multiply to equal 0, sübtraeto from. both 


the value of either one needs to be 0. Set each 272575 ides to isolate x 


s 
one equal to 0 and solve. The resulting values are X + 2 — ii) X= anithencolecluian o 
the two solutions of the original equation. -_ ” 


FACTORIZING QUADRATIC EQUATIONS 


Solving more complex quadratic equations 


Quadratic equations do not always appear in the standard form of ax? + bx +c = 0. 
Instead, several x? terms, x terms, and numbers may appear on both sides of the equals 


sign. However, if all terms appear at least once, the equation can be rearranged in the 
standard form, and solved using the same methods as for simple equations. 


This equation is not written in standard quadratic form, but 
contains an x” term and a term multiplied by x so it is known to 
be one. In order to solve it needs to be rearranged to equal 0. 


Start by moving the numerical term from the right-hand 
side of the equals sign to the left by adding its opposite to 
both sides of the equation. In this case, -7 is moved by 
adding 7 to both sides. 


Next, move the term multiplied by x to the left of the equals 
sign by adding its opposite to both sides of the equation. In 
this case, 2x is moved by subtracting 2x from both sides. 


these terms need to be 
moved to other side of 
equation for it to equal 0 


x? + 11x +13 =2x —7 


7 has been added to 


this side (13 + 7 = 20) 7 has been 
aN added to this 
2411 20-2 v” side, which 
X + X + = X cancels out 
-7, leaving 2x 
on its own 
adding -2x to 
—. YN “ subtracting 2x from 


this side cancels 


X7+9x+20=0 cə 


list possible factors of c=20 —— add the 
vı factors to find 


It is now possible to solve the equation by factorizing. Draw their sum 
a table for the possible numerical values of x. In one column, 
20,1 21 x 
list all values that multiply together to give the c term, 20; in x r 
A 2 2 10 12 stop wnen 
the other, add them together to see if they give the b term (9). ü x HƏƏ fərə 
all sets of numbers in this 5,4 ? . to . 
A 4 erm, 
zalım ul Siply (0019570 ——7 parentheses set next to each other 


Write the correct pair of factors into parentheses and set 
them equal to 0. The two factors of the quadratic (x + 5) and 
(x + 4) multiply together to give 0, therefore one of the 
factors must be equal to 0. 


solve for first value 


Solve the quadratic equation by solving each of the 
bracketed expressions separately. Make each bracketed 
expression equal to 0, then find its solution. The two 
resulting values are the two solutions to the quadratic 
equation: -5 and -4. 


are multiplied together entire equation 


(x 5 5) (x az 4) =Q equals 0 


subtract 5 from both 
sides to isolate x 


X = one possible 
solution is -5 


x+5=0 


solve for subtract 4 from both 
second value 


sides to isolate x 


”N 
X+ 4 — 0 X= another possible 
solution is -4 


Some quadratic equations cannot be factorized, as the sum of the factors of the purely numerical component (c term) 
does not equal the term multiplied by x (b term). These equations must be solved by formula (see pp.192-193). 


b term (3) c term (1) 


— 


x7+3x+1=0 


both sets of 


together to give 
c(1) 


pers sri Masa 


numbers multiply 


a sum of +3 
is needed as 


hil 2 xX the b term is 3 


-1,-1 -2 x 


The equation above is a typical 
quadratic equation, but cannot 
be solved by factorizing. 


Listing all the possible factors and their sums 
in a table shows that there is no set of factors 
that add to b (3), and multiply to give c (1). 
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Mi Quadratic graphs 


JATION IS A SM‘ 


THE GRAPH OF A 


The exact shape of the curve of a quadratic graph varies, depending on the 
values of the numbers a, b, and c in the quadratic equation y = ax? + bx +c. 


Quadratic equations all have the same general form: y = ax? + bx +c. With a 
particular quadratic equation, the values of a, b, and c are known, and corresponding 
sets of values for x and y can be worked out and put in a table. These values of x and 
y are then plotted as points (x,y) on a graph. The points are then joined by a smooth 
line to create the graph of the equation. 


A quadratic equation can be shown as a graph. 
Pairs of x and y values are needed to plot the 


— 


( 176 Quadratic 
expressions 

( 182-185 Linear graphs 
( 190-191 Factorizing 
quadratic equations 


( 192-193 The quadratic 
formula 


this group of terms is 
used to find the y value 


= for each value of x 


graph. In quadratic equations, the y values are $ il 


given in terms of x—in this example each y value 2 
is equal to the value of x squared (x multiplied by y = X -İ- X -İ 


itself), added to 3 times x, added to 2. 


r value gives position of each 


point on y axis of the graph 


Find sets of values for x and yin order to plot the graph. 
First, choose a set of x values. Then, for each x value, vvork 
out the different values (x2, 3x, 2) for each value at each stage 
of the equation. Finally, add the stages to find the 
corresponding y value for each x value. 


y - x” + 3x + 2, soitis 
choose some values difficult to work out they vvork out x” in work out 3x in +2 is the same for 
of x around 0 values right away this column this column each x value 


add values in each purple 
row to find y values 


özrə SS rımız mx 


—o =o 2 —9 2 2 
—2 —2 4 —6 ö —2 4 —6 2 0 
— — 1 —3 2 — 1 — 2 0 
0 E, 0 0 0 2 ə 0 0 0 2 2 
1 1 1 3 2 1 1 5 2 6 
2 2 4 6 2 2 4 6 2 12 
3 3 9 9 2 3 9 9 2 20 
y isthe sum of numbers \ yi 5 l 
in each purple row — = - — 
A Values of x A Different parts of the equation mn 
The value of y depends on the Each quadratic equation has 3 different A Corresponding values ofy 
value of x, so choose a set of x parts—a squared x value, a multiplied x value, Add the three parts of the equation together 
values and then find the and an ordinary number. Work out the different to find the corresponding values of y for each 
corresponding values of y. values of each part of the equation for each x value, making sure to pay attention to vvhen 
Choose x values either side of 0 value of x, being careful to pay attention to the different parts of the equation are positive 


as they are easiest to work with. when the numbers are positive or negative. or negative. 


QUADRATIC GRAPHS 


Draw the graph of the equation. Use the values of x and 

y that have been found in the table as the coordinates of 
points on the graph. For example, x = 1 has the corresponding 
value y = 6. This becomes the point on the graph with the 
coordinates (1, 6). 


make axes a little longer 

than needed by the SSH GRIBES | y 

the table, in case the line of 20 x 
the graph is extended later 


> Draw the axes and plot 15 

the points 

Dravv the axes of the graph x 
so that they cover the plot x andy 10 

values found in the tables. values from table 


It is often useful to make 
the axes a bit longer than 
needed, in case extra values 
are added later. Then plot 
the corresponding values 
of x and y as points on 

the graph. 


point plotted 


from table — 


line continues 
past the points 
plotted 


draw smooth line 
connecting plotted points 


line continues —”7 


> Join the points past the points 
Draw a smooth line to plotted 
join the points plotted on 
the graph. This line is the 
graph of the equation 

y =x? + 3x + 2. Bigger and 
smaller values of x could 
have been chosen, so 

the line continues past 
the values that have 

been plotted. 


The shape of a quadratic graph <ly=ax?+bx +c <l y=-ax? + bx +c 
depends on whether the If the value of the If the value of the 


number that multiplies x” is a term is positive, a term is negative, 
positive or negative. If it is then the graph of the then the graph of 
positive, the graph is a smile, if it equation is shaped the equation is 

İs negative, the graph is a frovvn. like this. shaped like this. 


—— 
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Using graphs to solve quadratic equations 


A quadratic equation can be solved by drawing a graph. If a quadratic equation 
has a y value that is not 0, it can be solved by drawing both a quadratic and a 
linear graph (the linear graph is of the y value that is not 0) and finding where 
the two graphs cross. The solutions to the equation are the x values where the 


two graphs cross. 


This equation has two parts: a 
quadratic equation on the left and a 
linear equation on the right. To find the 
solutions to this equation, draw the 
quadratic and linear graphs on the same 
axes. To draw the graphs, it is necessary 
to find sets of x and y values for both 
sides of the equation. 


Find values of x and y for the quadratic 
part of the equation using a table. Choose 
x values either side of 0 and split the 
equation into parts (-x?, -2x, and +3). Work 
out the value of each part for each value of 
x, then add the values of all three parts to 
find the y value for each x value. 


choose some values y  —X? — 2x 43, so it is 
of x around 0 difficult to work out the y 


( a values right away 


y values for quadratic 
part of equation are 
dependent on value 


of x 


—< 


linear part 
of equation 


y values for linear 
part of equation 
fo 
y = — 


( quadratic part 


of equation 


vam 7” 
.—. X +e This graph is very 


simple: whatever value 
x takes, y is always -5. 
This means that the 


5 graph is a straight 

horizontal line that 
passes through the y 
axis at -5. 

work out x” first 

then put a minus 

sign in front to vvork out -2Xin +3 is the same for add values in each purple 

give values this column each x value row to find y values 


EE EZ EESİL i + TEZE BƏN 
-16 +8 +3 -16 +8 +3 


—4 —4 —4 =5 
=) =} =!) +6 +3 =) ci) +6 +3 0 
—2 —2 -4 +4 +3 ub —2 — +4 +3 3 
-1 p — -1 +2 +3 — -1 +2 +3 4 
0 0 0 0 +3 0 0 0 +3 3 
1 1 = —2 +3 1 zi — +3 0 
2 2 — — 5 2 -4 — +3 —5 
y isthe sum of numbers \ 8 8 3 
in each purple rovv a + —— 
A Values of x A Different parts of the equation ” 
Each value of y depends on The equation has 3 different parts: -x?, A Corresponding values ofy 
the value of x. Choose a -2x, and +3. Work out the values of each Finally, add the three parts of the 
number of values for x, and part of the equation for each value of x, equation together to find the 
work out the corresponding being careful to pay attention to whether corresponding values of y for each x 
values of y. It is easiest to the values are positive or negative. The value. Make sure to pay attention to 
include 0 and values of x that last part of the equation, +3, is the same whether the different parts of the 
are on either side of 0. for each x value. equation are positive or negative. 


Plot the quadratic graph. First draw 
a set of axes, then plot the points of 
the graph, using the values of x and y 
from the table as the coordinates of 
each point. For example, when x = -4, 
y has the value y = -5. This gives the 
coordinates of the point (-4, -5) on 
the graph. After plotting the points, 
draw a smooth line to join them. 


Then plot the linear graph. The 
linear graph (y = -5) is a horizontal 
straight line that passes through the y 
axis at -5. The points at which the 
two lines cross are the solutions to 
the equation -x? -2x +3 =-5. 


The solutions are read off the 
graph—they are the two x values of 
the points where the lines cross: 
-4and 2. 


QUADRATIC GRAPHS 


green line represents 
equation —x?— 2x + 3=0 


i sli plot x and y values 


from the table 


green line represents 
equation —x? — 2x +3=0 


solution 2 


orange line represents i 
equation y=-5 


second 
coordinates of coordinates of first solution solution to 
first solution second solution to the equation the equation 


(-4° 5) and (2° 5) > x= X = 


ALGEBRA 


(4) Inequalities 


AN INEQUALITY IS USED TO SHOW THAT ONE 
QUANTITY IS NOT EQUAL TO ANOTHER. 


Inequality symbols 


An inequality symbol shows that the numbers on either side of 
it are different in size and how they are different. There are five 
main inequality symbols. One simply shows that two numbers 
are not equal, the others show in what way they are not equal. 


xəy xey 


A Greater than A Greater than or equal to 
This sign shovvs that x is greater This sign shows that x is greater 
than y; for example, 7 > 5. than or equal to y. 


V Inequality number line 

Inequalities can be shown on a number line. The empty circles represent 
greater than (>) or less than (<), and the filled circles represent greater 
than or equal to (=) or less than or equal to (x). 


— 0: 


x < 2 (xis less 
than 2) 


[> Multiplying or dividing 
by a positive number 
When an inequality is multipl 


Inequalities can be rearranged, 
as long as any changes are made 
to both sides of the inequality. If 
an inequality is multiplied or 
divided by a negative number, 
then its sign is reversed. 


its sign does not change. 


4 added to both 
sides of sign 


çı K+4<0 
sign stays 


the same 
— — 2 subtract 


from both 


xX € -4 


A Adding and subtracting 
VVhen an inequality has a number 
added to or subtracted from it, its 
sign does not change. 


This sign shovvs that x is less 
than y. For example, -2 < 1. 


ö x between 5 and 8) a 


or divided by a positive number, 


sides of sign 


expressions 
( 180-181 Solving | 
equations 


Sİ Not equal to 

This sign shows that x 
is not equal to y; for 
example, 3 # 4. 


xey 


A Less than or equal to 
This sign shows that x is less 
than or equal to y. 


x 6 


xey 


A Less than 


x x 9 (xis greater 


ail or equal to 9) 


5<x<8(xlies 


ied sign stays 


the same 


sign is 
reversed 


ed A Multiplying or dividing by a negative number 


When an inequality is multiplied or divided by a 
negative number, its sign is reversed. In this example, 
a less than sign becomes a greater than sign. 


INEQUALITIES | 199 


Solving inequalities 


Inequalities can be solved by rearranging them, but anything that is done to one side of 
the inequality must also be done to the other. For example, any number added to cancel 
a numerical term from one side must be added to the numerical term on the other side. 


To solve this inequality, 
add 2 to both sides then divide 
by 3. 


3b—2210 


adding 2 to 3b -2 
leaves 3b on its own 


Ae 
3b212 


3b divided by 3 
leaves b on its own 


10+2=12 
To isolate 3b, -2 needs to be 
removed, which means adding 
+2 to both sides. 


a 12-3-4 


Solving double inequalities 


To solve a double inequality, deal with each side 
separately to simplify it, then combine the two sides 
back together again in a single answer. 


Solve the inequality by dividing 
both sides by 3 to isolate b. 


This is a double inequality that needs 
to be split into two smaller inequalities 


To solve this inequality, 
subtract 3 from both sides then 
divide by 3. 


3a+3<12 


subtracting 3 leaves 
3a on its own 12-3=9 


\ v 


3a<9 


3a divided 
by 3 leaves a 
on its own 
Solve the inequality by dividing 
both sides by 3 to isolate a. This is 
the solution to the inequality. 


Rearrange the inequality by 
subtracting 3 from each side to 
isolate the a term on the left. 


\ 
a 


for the solution to be found. 


—1< 3x+5 


subtracting 5 from 


HIG hess ə subtracting 5 
a from 3x +5 
= 6 < 3 X leaves 3x on 
~ its own 
-6+3=-2 
N 3x+3=x 


—2< 


-1 < 3x+5<11 


These are the two parts the double 
inequality is split into; each one needs 
to be solved separately. 


3X--5c11 


subtracting 5 subtracting 


from 3x 45 leaves Yy 5 from 11 
Isolate the x terms by subtracting 3x on its own gives 6 
5 from both sides of the smaller parts. 3 X < 6 
3x+3=x Oe ase 


Solve the part inequalities by 
dividing both of them by 3. 


v” 
Xc2 


Finally, combine the two small 
inequalities back into a single 
double inequality, with each in the 
same position as it was in the original 
double inequality. 


—2<x<2 


Statistics 


STATISTICS 


What is statistics? 


STATISTICS IS THE COLLECTION, ORGANIZATION, AND 
PROCESSING OF DATA. 


Organizing and analyzing data helps make large quantities of 
information easier to understand. Graphs and other visual charts 
present information in a way that is instantly understandable. 


Working with data 


Data is information, and it is everywhere, in enormous quantities. When data is 
collected, for example from a questionnaire, it often forms long lists that are hard 
to understand. It can be made easier to understand if the data is reorganized into 
tables, and even more accessible by taking the table and plotting its information 
as a graph or circle graph. Graphs show trends clearly, making the data much 
easier to analyze. Circle graphs present data in an instantly accessible way, 
allowing the relative sizes of groups to be seen immediately. 


Female teachers 10 
Male teachers İs 
Female students 66 
Male students | 99 
Total people 100 


A Collecting data 

Once data has been collected, it must 

be organized into groups before it can be 
effectively analyzed. A table is the usual 
way to do this. This table shows the 
different groups of people in a school. 


A Set of data 
A set of data can be drawn up from almost 
anywhere. This image shows the members 
of a school. There are 10 female teachers, 5 
male teachers, 66 female students, and 19 
male students. This information can be put 
into a table (see top right), and can then be 
plotted as a graph, or shown as a circle graph, 
allowing it to be analyzed more easily. 


Presenting data 


WHAT IS STATISTICS? 


There are many ways of presenting statistical data. It can be presented simply as a table, or 
in visual form, as a graph or diagram. Bar graphs, pictograms, line graphs, circle graphs, and 
histograms are among the most common ways of showing data visually. 


number of times a value appears 


Group 3 6 


Group 5 5 


A Table of data 

Information is put into tables to organize it 
into categories, to give a better idea of what 
trends the data shows. The table can then be 
used to draw a graph or pictogram. 


10 position of points shows 


frequency of data 


8 
Fal 
= 6 
= 
oO 
= f' 
4 shape of line 
shows trend 
2 
0 
DATA GROUP 
A Line graph 


Line graphs show data groups on the x axis, 
and frequency on the y axis. Points are 
plotted to show the frequency for each group, 
and lines between the points show trends. 


height of bars 
shows frequency 
of data 


FREQUENCY 


DATA GROUP 


A Bar graph 

Bar graphs show groups of data on the x 
axis, and frequency on the y axis. The height 
of each “bar” shows what frequency of data 
there is in each group. 


height of block 
10 shows frequency = area of block 
density shows amount 


of data 


8 
on 
= 
nn 
- 
Cr vvidth of block 
=) shows size of 
-. data group 
m4 
zz 


DATA GROUP 


A Histogram 

Histograms use the area of rectangular 
blocks to shovv the different sizes of groups 
of data. They are useful for shovving data 
from groups of different sizes. 


10 


number of images 
shovvs frequency 
of data 


FREQUENCY 


DATA GROUP 


A Pictogram 

Pictograms are a very basic type of bar graph. 
Each image on a pictogram represents a 
number of pieces of information, for 
example, it could represent four musicians. 


each colored 
segment represents 
a different group 
of data 


size of segment 
shovvs amount 
of information it 


represents — 


m 
VN 


Circle graphs shovv groups of information as 
sections of a circle. The bigger the section 
of the circle, the larger the amount of 

data it represents. 


A Circle graph 


STATISTICS 


(4s) Collecting and organizing data 


What is data? 


In statistics, the information that is collected, 
usually in the form of lists of numbers, is 
known as data. To make sense of these lists, 
the data needs to be sorted into groups and 
presented in an easy-to-read form, for 
example as tables or diagrams. Before it is 
organized, it is sometimes called raw data. 


Collecting data 


A common way of collecting 
information is in a survey. A 
selection of people are asked 
about their preferences, 
habits, or opinions, often 


in the form of a questionnaire. 


The answers they give, which 
is the raw data, can then 

be organized into tables 

and diagrams. 


information from 
these answers is 
collected as lists of data 


> Questionnaire 
Questionnaires often take the 
form of a series of multiple 
choice questions. The replies 
to each question are then 
easy to sort into groups of 
data. In this example, the 
data would be grouped by 
the drinks chosen. 


choice of drinks 


1) Are you a boy ora girl? 


x boy 


2) What is your favorite drink? 


pineapple juice orange juice 


3) How often do you drink it? 


once a week X 2-3 times 


or less a vveek 


over 5 times 
a week 


4) Where is you favorite drink usually bought from? 


supermarket xX deli 


| SEE ALSO 


<J Questions 

Before designing a 
questionnaire, start with an 
idea of a question to collect 
data, for example, which 
drinks do children prefer? 


apple juice 


3-5 times 
a week 


Tallying 


Results from a survey can be 
organized into a chart. The 
left-hand column shows the 


COLLECTING AND ORGANIZING DATA 


king tall 
maring taiy —— aad aural Cola 


marks in 


makes chart 


groups of data from the easier to Apple juice Apple juice 
stionnaire. A simple wa 5171 
ae Asimple way that goes pazənım Is — — 
to record the results Is by across is Milk Il Milk 
making a tally mark in the the 5th 
chart for each answer. To tally, | a eee are 
mark a line for each unit and 
cross through the lines when A Tally chart A Frequency table 
5 is reached This tally chart shows the Counting the tally marks for each group, the 
ı results of the survey vvith results (frequency) can be entered ina 
tally marks. separate column to make a frequency table. 
Tables ‘Drink = Frequency ..-—. 
Tables shovving the frequency of results Cola 6 Cola 


for each group are a useful way of 
presenting data. Values from the 


frequency column can be analyzed and Apple juice 2 Apple juice 


50502... — 


Frequency tables can have more columns 
to show more detailed information. 


Bias 


İn surveys it is important to question a vvide selection of 
people, so that the ansvvers provide an accurate picture. İf the 


survey is too narrow, it may be unrepresentative and show a A lot of data is recorded by machines—information about the 
weather, traffic, or internet usage for instance. The data can then 


be organized and presented in charts, tables, and graphs that 
make it easier to understand and analyze. 


bias toward a particular answer. 


a 


supporters 
of red team 


f— man questioned 


İn survey 


supporters 
of blue team 


A Football fan 

If asked whether the blue or red 
team is better, a blue supporter 
would probably answer blue. This 


would be regardless of whether the 


reds had proved their superiority. 


Milk 2 Milk 
Other 1 oI GE 
A Frequency table A Two-way table 
Data can be presented in a This table has extra columns that break 
table. In this example, the down the information further. It also 
number of children that chose shows the numbers of boys and girls 
each type of drink is shown. and their preferences. 


Sİ Seismometer 
A seismometer 
records movements 
of the ground that 
are associated with 
earthquakes. The 
collected data is 
analyzed to find 
patterns that may 
predict future 
earthquakes. 


STATISTICS 


unlu, B 


ar graphs 


A bar graph displays a set of data graphically. Bars of different lengths 
are dravvn to shovv the size (frequency) of each group of data in the set. 


Using bar graphs 

Presenting data in the form of a diagram makes 

it easier to read than a list or table. A bar graph 
shovvs a set of data as a series of bars, vvith each bar 
representing a group vvithin the set. The height of 
each bar represents the size of each group —a 
value known as the group's “frequency. Information 
can be seen clearly and quickly from the height of 
the bars, and accurate values for the data can be 
read from the vertical axis of the chart. A bar graph 
can be drawn with a pencil, a ruler, and graph paper, 
using information from a frequency table. 


—— height of bars 


shovvs frequency 
of data 


) 
— 


groups of data 
are marked on 
horizontal x axis 


This frequency table 
shovvs the groups of data 
and the size (frequency) of 
each group in a data set. 


To draw a bar graph, first choose a suitable scale for your 
data. Then draw a vertical line for the y axis and a horizontal 
line for the x axis. Label each axis according to the columns 
of the table, and mark with the data from the table. 


y axis shows information from 
frequency column of table 


under 15 3 K” 
35 
15-19 12 Spine 
choose range according 
20-24 26 to values in table—in this 
= case, 0-35 is suitable. 
25-2931 aie 
30-34 13 s 
[eS 
over35 6 a 25 
> 
R 2 
( values of = 
. frequency in ML 
cl 7: this 77 o y axis shovvs continuous 
are marke = data—all the values 
55517: on vertical o between 0 and 35 
on horizontal y axis ez 15 K£” 
xX axis ca 
= 
> 
= 
sqli 
z= each age group is 
= represented by 15 small 
a 5 squares on x axis 
draw mark between 
each age group on x axis 
0 
under 15 15-19 20-24 25-29 
mark the point where 
AGES OF VISITORS 


y and x axis meet with 0 


30-34 


<1 A bar graph 

İn a bar graph, each bar 
represents a group of 

data from a particular data 
set. The size (frequency) of 
each data group is shown 
by the height of the 
corresponding bar. 


x axis shows information 
from ages column of table 


Zi 


over 35 


From the table, take the 
number (frequency) for 
the first group of data 

(3 in this case) and find 
this value on the vertical 
y axis. Draw a horizontal 
line between the value 
on the y axis and the 
end of the first age 
range, marked on the x 
axis. Next, draw a line for 
the second frequency (in 
this case, 12) above the 
second age group 
marked on the x axis, 
and similar lines for all 
the remaining data. 


To complete the bar 
graph, draw vertical lines 
up from the dividing 
marks on the x axis. 
These will meet the ends 
of the lines you have 
drawn from the 
frequency table, making 
the bars. Coloring 

in the bars makes 

the graph easier to read. 


FREQUENCY (NUMBER OF PEOPLE WHO VISIT THE GYM) 


FREQUENCY (NUMBER OF PEOPLE WHO VISIT THE GYM) 


35- 


30- 


Dor 


20 


under 15 


under 15 


15-19 


15-19 


Ne mark frequency for 
each age group with 
horizontal line 


20-24 25-29 
AGES OF VISITORS 


AGE AND NUMBER OF GYM VISITORS 


20-24 25-29 
AGES OF VISITORS 


BAR GRAPHS 


30-34 


30-34 


over 35 


over 35 


STATISTICS 


Different types 

of bar graph 

There are several different ways of 
presenting information in a bar graph. 

The bars may be drawn horizontally, as 
three-dimensional blocks, or in groups of 
two. In every type, the size of the bar shows 
the size (frequency) of each group of data. 


> Horizontal bar graph 

In a horizontal bar graph, 
the bars are drawn 
horizontally rather than 
vertically. Values for the 
number of children in each 
group, the frequency, can be 


Reading 25 

Sports AR 

aol | <1 Table of data 

Computer games 30 This data table shows the 

Music 19 results of a survey in which 
R — a number of children were 

Collecting 15 asked about their hobbies. 


FAVORITE HOBBIES 


Reading 


read on the horizontal x axis. Sports 
a Computer 
ç games length of bars 
shovvs frequency 
mu. of data 
vertical y axis shows m 
groups of data largest frequency 
1 value is 45, so scale 
Collecting of 0-50 is suitable — 
30 40 50 2 
on xaxis, 15 small horizontal x axis 
squares represent FREQUENCY (NUMBER OF CHILDREN) shows frequency 


10 children 


> Three-dimensional 
bar graph 

The three-dimensional 
blocks in this type of bar 
graph give it more visual 
impact, but can make it 
misleading. Because of the 
perspective, the tops of the 
blocks appear to show two 
values for frequency—the 
true value is read from the 
front edge of the block. 


number of children in ə. 


each group is difficult 
to find quickly 


FREQUENCY (NUMBER OF CHILDREN) 


of each group 


FAVORITE HOBBIES 


50 


40 
bars drawn in 3-D 

are more striking but 
less accurate 


30 


20 


10 


Collecting 


Reading Sports Computer games 


HOBBY 


BAR GRAPHS 


1:71: 000002 dı UZU 
composite bar graphs 


For data divided into sub-groups, Reading Me i 2 75. 

compound or composite bar graphs can Sports 25 20 45 the results of the 

be used. İn a compound bar graph, bars Computer games 20 10 30 survey on children’s 

for each sub-group of data are drawn side ” music 10 9 19 hobbies divided into 

by side. In a composite bar graph, two - separate figures for 
Collecting 5 10 15 


sub-groups are combined into one bar. boys and girls. 


FAVORITE HOBBIES OF BOYS AND GIRLS 


sports is most popular 
hobby overall 


FAVORITE HOBBIES OF BOYS AND GIRLS 


sports is most 50 


popular hobby 
among boys 


30 


> 
o 


o 


N 
So 
w 
o 


" B more girls than 
oys boys enjoy least 


popular hobby, 
collecting 


İB Boys 
> among girls, 
ria Girls music is least 


bazi popular hobby 


= 
e 

— yw 

o o 


FREQUENCY (NUMBER OF CHILDREN) 
FREQUENCY (NUMBER OF CHILDREN) 


Reading Sports Computer Music Collecting Reading Sports Computer Music Collecting 
games games 
HOBBY HOBBY 
A Double bar graph A Stacked bar graph 
In a double bar graph, each data group has two or In a stacked bar graph, two or more subgroups of 
more bars of different colors, each of which data are shown as one bar, one subgroup on top 
representing a subgroup of that data. A key of the other. This has the advantage of also 
shows which color represents which groups. showing the total value of the group of data. 


Frequency polygons NUMBER OF GYM VISITS 


: 45 
Another vvay of presenting the same 
information as a bar graph is in a frequency 40 
polygon. Instead of bars, the data is shown 35 


as a line on the chart. The line connects the straight lines form 


midpoints of each group of data. x. a0 frequency: palygon 
2 25 
ə 2 marks must be on 
Sa exact midpoints 


of groups 


o 


5 
> Drawing a frequency polygon 0 
Mark the frequency value at the midpoint under 15 15-19 20-24 25-29 30-34 35-39 over40 
of each group of data, in this case, the middle of AGE 


each age range. Join the marks with straight lines. 


. 


“0: Pie charts 


PIE CHARTS ARE A USEFUL VISUAL WAY TO PRESENT DATA. 


A pie chart shows data as a circle divided into segments, or slices, with 


each slice representing a different part of the data. 


Why use a pie chart? 


Pie charts are often used to present data because 
they have an immediate visual impact. The size of 
each slice of the pie clearly shows the relative sizes 
of different groups of data, which makes the 
comparison of data quick and easy. 


Identifying data 


To get the information necessary to 
calculate the size, or angle, of each slice 
of a pie chart, a table of data known 
as a frequency table is created. This 


United Kingdom 


“İl Reading a pie chart 
When a pie chart is divided into slices, it is 
easy to understand the information. It is 
clear in this example that the red section 
represents the largest group of data. 


<] Frequency table 
The table shows the number of 
hits on a website, split into the 
countries where they occurred. 


“frequency of data” is 


identifies the different groups of data, 
and shovvs both their size (frequency of 
data) and the size of all of the groups of 
data together (total frequency). 


Australia 


V Calculating the angles 

To find the angle for each slice of the 

pie chart, take the information in the 
frequency table and use it in this formula. 


number of website hits 


g 
315/ X 360” = 135” 


For example: 


divide both numbers 


anglefor — 3 / 
United Kingdom ~ 7 000 


R total number of website hits 


The angles for the remaining slices are calculated in the same 
vvay, taking the data for each country from the frequency table 
and using the formula. The angles of all the slices of the pie 
should add up to 360”—the total number of degrees in a circle. 


2 — 250 ans 
United States “1.000 x 360=90 
Australia = 125 x 360 = 45° 


1,000 


50 __§ 
= ~~ ™ data from each country 


1,000 
-. SÜ ~ ee 
gan. calle 
_ 150 Rüb 
Unknown = 7,000” 360=54 


broken down country 
by country 


is used to calculate size 
of each slice 


“total frequency’ is total 
number of website hits 
from all countries 


angle for 
pie chart 


Canada = _50_ x 360 = 18° 
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Drawing a pie chart 


Drawing a pie chart requires a compass 
to draw the circle, a protractor to 
measure the angles accurately, and a 
ruler to draw the slices of the pie. 


circumference o 
of circle : 90 


i ı 
‘ . 
, center 


~ - point 


First, draw a circle using 


a compass (see 


Draw a straight line 
from the center point 


Measure the angle of 
a slice from the center 


™ pp.82-83). of the circle to the and straight line. Mark 
circumference (edge it on the edge of the 

b of the circle). circle. Dravv a line from 

b q the center to this mark. 


United R i 
States 


Sİ Finished pie chart 
After drawing each slice on 
the circle, the pie chart 
can be labeled and color 
coded, as necessary. The 
angles add up to 360°, 
so all of the slices fit 
. into the circle exactly. 


There are three different ways to label the 
different slices of a pie chart: with annotation (a,b), 
with labels (c,d), or with a key (e,f). Annotation 
and keys can be useful tools when slices are too 
small to label the required data. 


a b 
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graphs 
Line graphs are a way of accurately presenting information in an easy-to-read 
form. They are particularly useful for showing data over a period of time. 


Line graphs seemso 


Drawing a line graph 
A pencil, a ruler, and graph paper are all that is needed to draw a line graph. Data from a table 
is plotted on the graph, and these points are joined to create a line. 


data from table is 


Monday 12 peat y axis is marked with eet eg plotted on graph x 
2 10 hours of sunshine 2 10 x 
Tuesday 9 = 3 x 
2 8 28 x 
Wednesday 10 a a 
o 6 x axis is marked with o 6 x 
Thursday 4 a4 days of the week 24 x 
> > 
Friday 5 22 Li 22 
5 d 0 0 
TEE $ Mon Tue Wed Thurs Fi Sat Sun Mon Tue Wed Thurs Fri Sat Sun 
Sunday 11 DAY DAY 
The columns of the table Dravv a set of axes. Label the Read up the y axis from 
provide the information for x axis with data from the first Monday on the x axis and mark 
the horizontal and vertical column of the table (days). the first value. Do this for each 
lines—the x and y axes. Label the y axis vvith data from day, reading up from the x axis 
the second (hours of sunshine). and across from the y axis. 


Use a ruler and a pen or 
pencil to connect the points 
and complete the line graph 
once all the data has been 12 
marked (or plotted). The 

resulting line clearly shows 10 
the relationship between the 
two sets of data. 


DAILY HOURS OF SUNSHINE 


join the plotted points 
with straight lines 


HOURS OF SUNSHINE 
a 


Monday Tuesday Wednesday Thursday Friday Saturday Sunday 
DAY 


Interpreting line graphs 


LINE GRAPHS 


This graph shows temperature changes over a 24-hour period. The temperature at any time 
of the day can be found by locating that time on the x axis, reading up to the line, and then 


across to the y axis. 


TEMPERATURE CHANGES DURING 24 HOUR PERIOD 


read y axis where 
horizontal line touches 
it to find temperature 


25 at 14.00, which is 22.5°C 


20 


15 


TEMPERATURE °C 


10 


AE reading graph here gives 


temperature at 02.00, 
which is 12°C 


draw horizontal line “İl Reading the graph 
from this point to y axis To find the temperature at 
sd firididemn peratlire any time of the day, read up 
at 14.00 parr 

x from the x axis (time) to the 


graph line, and then across 
to the y axis (temperature). 


to find temperature 

at 14.00, draw vertical 
line to graph line from 
14.00 on x axis 


0 
00.00 04.00 08.00 12.00 16.00 20.00 24.00 
TIME 
Cumulative frequency graphs 
WEIGHT DISTRIBUTION 
A cumulative frequency diagram is a type of line graph that 7 1 
shows how often each value occurs in a group of data. Joining V Cumulative frequency diagram 
the points of a cumulative frequency graph with straight lines Cumulative frequency is always written 
usually creates an “S”shape, and the curve of the S shows which on Hit ves: iz 5 data 
values occur most frequently within the set of data. anl Enrennaiiubaliu 
45 data is vveight. 
vveight is frequency, in this case cumulative s 
shovvn in number of people, is frequency is sum = 40 
grouped data shown for each group of all frequencies g 
¢ Lf x g 35 
€ Cumulative > 30 üns the curve of a cumulative 
İz frequency diagram usually 
ee aie) frequency Es peacheraareics hae 
= 
Hu . . iFRlulaftiya güni point represents sum of 
40-49 7 10 3:7) because each 15 frequencies for under 40 
50-59 12 22 (3+7+12) İn. 10 piid:10:57:66P5 
added to all the 
60-69 17 39 (3+7+10+17) frequencies that 5 
70-79 6 45 (3+7+10+17+6) come before it. ; 
80-89 4 49 (3+7+10+17+6+4) under 40 40-49 50-59 60-69 70-79 80-89 over 90 
over 90 1 50 (3+74+104+174+6+4+1) WEIGHT (KG) 
m cumulative frequency 


is plotted on graph 
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kss ha 


rc) 


"ALUE OF A SE" 
NTS THE ENTIRE S 


A “MIDD 


ICAL VALUE THAT RE 


ESE 


Different types of averages 
There are several different types of average. The main ones 1 5 0 1 60 1 70 1 80 1 80 
are called the mean, the median, and the mode. Each one r: r r tl 

gives slightly different information about the data. In 


everyday life, the term “average” usually refers to the mean. working out averages often requires 


this color represents mode listing a set of data arranged in 
because it appears most often ascending order 


The mode 


The mode is the value that appears most @ s e 
frequently in a set of data. İt is easier to fınd the 
mode if you put the data list into an ascending 
order of values (from lowest to highest). If 
different values appear the same number of 
times, there may be more than one mode. 


1 5 0 1 6 Ü 1 7 0 3 “x 180 occurs twice in this list, more often 
J J J than any other value, so it is the mode, 


or most frequent, value 


e Sİ The mode color 
The set of data in this 
example is a series of 
colored figures. The 
pink people appear the 
most often, so pink is 
the mode value. 


> Average heights 


: : this person is 170 cm tall, this person is one of tvvo people 
The heights of this 170 cm is the median who are 180 cm tall; 180 cm is 
group of people can (middle value in the list) 


therefore the mode value =< 


be arranged as a list mode the value that appears most often in the list 


of data. From this . : 7 
İlst:ihə different median the middle value of the list 


types of average can MeEaN re sum of the values divided 
be found—mean, by the number of values i in the list (168 cm) 


median, and mode. 
5 shortest 
person is 
150 cm tall 


Vas this person is 
160 cm tall, 


shorter than 
average 


AVERAGES 


The mean 


The mean is the sum of all the values in a set of data divided 
by the number of values in the list. It is what most people 
understand by the word “average.’To find the mean, a simple 
formula is used. 7 
formula to find mean 


First, take the list of data and put it in 
order. Count the number of values in the 1 5 0, 1 6 0, 1 7 0, 1 8 0, 1 8 0) 
list. In this example, there are five values. 


there are five numbers in 4 
sum total 


: : dd numbers togeth fval x 
Add all of the values in the list ie 00 Mü 


eee titer 1504+160 +1 70 +180+180= 840 


sum total is 840. 


sum total of values 168 is the mean 
Divide the sum total of the values, “> 8 4 0 ee 
— 
———— 7 


in this case 840, by the number of ——. 


values, vvhich is 5.The ansvver, 168, 
is the mean value of the list. number of values —” 5 


median is middle value, in 


210 The median {ths case the orange figure 


this personis 200 The median is the middle value in a set 
255 190 of data. Ina list of five values, it is the 
“ə third value. İn a list of seven values, it 
vvould be the fourth value. 


Firstly, put the data in 


ascending order (from 170, 180, 180, 160, 150 


lowest to highest) 


in this list of five values, 
third value is the median 
The median is the middle value 


in a list with an odd number 150, 160, 170, 180, 180 


of values. 


HEIGHT (CM) 


3rd ua s” value 


İn a list vvith an even number of values, 


the median is worked out using the two 150, 160, 170, 180, 180, 190 


middle values. In a list of six values, 


these are the third and fourth values. middle values 
median value 


> Calculating the median 
Add the two middle values and 170 "b 180 — 350 


divide by tvvo to find the median. 2 ın 2 
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WORKING WITH FREQUENCY TABLES 


Data that deals with averages is often presented in what is known as a frequency table. 
Frequency tables show the frequency with which certain values appear in a set of data. 


Finding the median using a frequency table 


The process for finding the median (middle) value from a frequency table 
depends on whether the total frequency is an odd or an even number. 


The following marks were scored ina 
test and entered in a frequency table: 


20, 20, 18, 20, 18, 19, 20, 20, 20 


times each frequency 
18 2 mark appears çontains 7 1 
-- -— Ath value 
19 0 1031-3 
m . iL 5 frequency 
0:-6-9) median frequency aN 


(entry contains 


= Sthvalue in lis Sth value 
total frequenc 
median total frequency " ? 


mark 


Because the total frequency of 9 is odd, to find the 
median first add 1 to it and then divide it by 2. This makes 
5, meaning that the 5th value is the median. Count down 
the frequency column adding the values until reaching 
the row containing the 5th value. The median mark is 20. 


The total frequency of 8 is 

even (8), so there are two middle 
values (4th and 5th). Count down 
the frequency column adding 
values to find them. 


The following marks were scored ina 
test and entered in a frequency table: 


18, 17,20 19, 19,18, 


V An even total frequency 
If the total frequency is even, 
the median is calculated from 
the two middle values. 


19,18 


1st middle value 


Lc a 2nd middle value 
18 +19 _ 18.5 
= 


x“ median 


The two middle values (4th and 5th) 
represent the marks 18 and 19 
respectively. The median is the mean of 
these two marks, so add them together 
and divide by 2. The median mark is 18.5. 


Finding the mean from a frequency table 
To find the mean from a frequency table, calculate the total of all the data as well 


as the total frequency. Here, the following marks were scored in a test and entered into a table: 


16,18,20,19,17,19,18,17,18,19,16,19 


2 2 16x2=32 
m ens THERE” —UZTE 
ig 3 18 3 18x3=54 
fe = ee ee | xam | 
s 20x1-20 


| range of values / frequency shovvs a add frequencies together z total marks 


number of times each to get total frequency 
mark vvas scored 


Enter the given data into a 
frequency table. 


Find the total marks scored by multiplying 
each mark by its frequency. The total sum of 
each part of the data is the sum of values. 


total marks 


total frequency 


total marks 


216 + 12 
o 
total frequency 7 mean mark zı 


To find the mean, divide the sum of values, in 
this example, the total marks, by the number of 
values, vvhich is the total frequency. 


Finding the mean of grouped data 


Grouped data is data that has been collected into groups of 
values, rather than appearing as specific or individual values. If 
a frequency table shows grouped data, there is not enough 
information to calculate the sum of values, so only an 
estimated value for the mean can be found. 


estimated average 
size of data 


total frequency x 


a z midpoint value 


total frequency 7 


In grouped data the sum of the values can be calculated by 
finding the midpoint of each group and multiplying it by the 
frequency. Then add the results for each group together to find 
the total frequency x midpoint value. This is divided by the 
total number of values to find the mean. The example below 
shows a group of marks scored in a test. 


AVERAGES 


If some individual values within 
grouped data contribute more 
to the mean than other 
individual values in the group, 
a “weighted” mean results. 


students 


x mean 
weighted mean bi 


students 
x mean 


students 
x mean 


(15 x 18) + (20 x 17) + (22 x 13) 
15 + 20 +22 


sum of these three values 
is total number students 


A Finding the weighted mean 

Multiply the number of students in each group 
by the mean mark and add the results. Divide by 
the total students to give the weighted mean. 


total frequency 
x midpoint 


2x 25=50 


under 50 2 under 50 2 

50-590 oT 5059 0) 1 ə 54.5 
60-69 8 60-69 8 64.5 
70-79 5 İ 707-909 5 745 
80-89 3 80-89 3 84.5 
90-99 1 | 90-99 945 


To find the midpoint of a set of 
data, add the upper and lovver 
values and divide the ansvver by 
2. For example, the midpoint in 
the 90-99 mark group is 94.5. 


multiplied by the midpoint. 


İn a frequency table vvith grouped data, it is 
not possible to find the mode (the value that 


occurs most often in a group). But it is easy to 
see the group vvith the highest frequency in 
it. This group is known as the modal class. 


modal class. 


x total frequency 


Multiply the midpoint by the frequency for 
each group and enter this in a new column. 
Add the results to find the total frequency 


> More than one modal class Mark 0-25 
VVhen the highest frequency in 

the table is in more than one | Frequency — 2 
group, there is more than one 


1x 54.5 — 54,5 
8 x 64.5 — 516 
5 x 74.5 = 372.5 
3 x 84.5 = 253.5 
1x94.5 94.5 


estimated 
mean mark 


( total frequency 


Re total frequency 


x midpoint 


Dividing the total frequency x midpoint by 
the total frequency gives the estimated mean 
mark. It is an estimated value as the exact 
marks scored are not known - only a range 
has been given in each group. 


76-100 


modal class 2” 
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Moving averages 


MOVING AVERAGES SHOW GENERAL TRENDS IN DATA 
OVER A CERTAIN PERIOD OF TIME. 


What is a moving average? 


When data is collected over a period of time, the values sometimes 
change, or fluctuate, noticeably. Moving averages, or averages over 
specific periods of time, smooth out the highs and lows of fluctuating 
data and instead show its general trend. 


Showing moving averages on a line graph 


Taking data from a table, a line graph of individual values over time 
can be plotted. The moving averages can also be calculated from the 
table data, and a line of moving averages plotted on the same graph. 


The table below shows sales of ice cream over a two-year period, 
with each year divided into four quarters. The figures for each 
quarter show how many thousands of ice cream cones were sold. 


15 2nd 3rd qth Sth 6th th gth 


“Sales(inthousands) 1.25 3.75 4.25 2.5 1.5 4.75 5.0 2.75 


A Table of data > Sales graph 

These figures can be presented as a The sales graph shows quarterly 
line graph, with sales shown on the y highs and lows (pink line), while a 
axis and time (measured in quarters moving average (green line) shows 
of a year) shown on the x axis. the trend over the two-year period. 
REAL WORLD 


Seasonality is the name given to > Ice cream sales 
regular changes in a data series Sales of ice cream tend 
that follow a seasonal pattern. to follow a predictable 
These seasonal fluctuations may seasonal pattern. 

be caused by the weather, or by 


annual holiday periods such as 
Christmas or Easter. For example, 
retail sales experience a predictable 
peak around the Christmas 

period and low during the 

summer vacation period. 


Calculating moving averages 


From the figures in the table, an average for 
each period of four quarters can be calculated 
and a moving average on the graph plotted. 


Average for quarters 1-4 

Calculate the mean of the four figures 
for year one. Mark the answer on the 
graph at the midpoint of the quarters. 


1.25 +3.75 +4.25 +2.5=11.75 


sum of sales figures mean value 
for quarters 1-4 (rounded to 2 


decimal places) 
11.75 


5” number of values 


ICE CREAMS SOLD IN 2-YEAR PERIOD 


average (mean) 


average (mean) for 
ge ) for quarters 1-4 


first four quarters 
(2.94) plotted from 
here on y axis 


ı 


THOUSANDS OF ICE CREAM CONES SOLD 
və 


pink line connects ı 
individual sales figures i 
for each quarter i 
2 Bil ' 
t 
I 
i 
ıl 
1 t 
average (mean) for 1 
first year plotted on 
x axis at midpoint of ı 
first four quarters 1 
.. 


157 QUARTER 2/0 QUARTER 


———— YEAR ONE 


MOVING AVERAGES 


< Calculating the mean 
Use this formula to find the 
average (or mean) for each 
period of four quarters. 


Average for quarters 2-5 
Calculate the mean of the 
figures for quarters 2-5 and 
mark it at the quarters’ midpoint. 


3.75 +4.25+2.54+1.5=12 


sum of sales figures 
for quarters 2-5 


b : “ mean value 


4 
5 number of values 


green line connects 
individual moving 
averages, shovving 
trend in sales 


Re average (mean) 


for quarters 2-5 


380 QUARTER 4 QUARTER 


ali average (mean) 


Average for quarters 3-6 
Calculate the mean of the figures 
for quarters 3-6 and mark it at 
the quarters’ midpoint. 


4.25 +2.5 +1.5 + 4.75 =13 


sum of sales figures 
for quarters 3-6 


3 ap 


58 number of values 


average (mean) 
for quarters 4-7 


for quarters 3-6 


511 QUARTER 


6" QUARTER 


Average for quarters 4-7 
Calculate the mean of the 
figures for quarters 4-7 and 


mark it at the quarters’ midpoint. 


2.5+1.54+4.75 +5 =13.75 


sum of sales figures for 
quarters 4-7 


13.75 


4 
It number 


of values 


( mean value 
(rounded to 2 
decimal places) 


average (mean) 
for quarters 5-8 


- 


each point on green 
line (moving average) 
shovvs average over 
12-month period 


74 QUARTER 


Average for quarters 5-8 
Find the mean for quarters 
5-8, mark it on the graph, 
and join all of the marks. 


1.5+4.75+5 +2.75=14 


sum of sales figures 
for quarters 5-8 


nab 


NG number of values 


87 QUARTER 


——— — ———-——— ,—,—  ç 4çc,-,.-.—.-.. YFAZTM€ ———————-————-- 


(4) Measuring spread 


MEASURES OF SPREAD SHOW THE RANGE OF DATA, AND ALSO GIVE 
MORE INFORMATION ABOUT THE DATA THAN AVERAGES ALONE. 


Diagrams showing the measure of spread give the highest and lowest figures 
(the range) of the data and give information about how it is distributed. 


Range and distribution 


From tables or lists of data, diagrams can be created REAL WORLD 
that show the ranges of different sets of data. This 
shows the distribution of the data, whether it is 
spread over a wide or narrow range. 


Internet service providers 
often give a maximum 
speed for their broadband 


Math 47 64 connections, for example 

English 95 68 20Mb per second. However, 
this information can be 

French 10 72 misleading. An average 

Geography 65 61 speed gives a better idea 

History 90 70 of what to expect, but the 

: range and distribution 

alysis a) 65 of the data is the 

Chemistry 81 60 information really 

Biology 77 65 needed to get the 


full picture. 


This table shows the marks of two students. Although 
their average (see pp.214-215) marks are the same 
(65.625), the ranges of their marks are very different. 


lowest mark highest mark 


hv YY <1 Finding the range 
Ed 1 0 47 6 0 6 5 7 7 81 ü 0 9 5 To calculate the range of each students 
ə r ın ın r J J J marks, subtract the lowest figure from 
the highest in each set. Ed’s lowest mark 
is 10, and highest 95, so his range is 85. 


Bella: 60, 61, 64, 65, 65, 68, 70,92 Bella's lowest mark is 60, and highest 72, 


giving a range of 12. 


lowest mark highest mark 
— length of purple SG 


l bar is the range Hü Ed i 
Bella 
A Measure-of-spread diagram 
VVhen the ranges are shovvn in a diagram, it is easy 


to see that Ed’s marks are distributed over a much lowest mark _—-7 fencaero toni 
wider range than Bella's. barik the ük 


x highest mark 


MEASURING SPREAD 221 
Stem-and-leaf diagrams 


Another way of showing data is in stem-and-leaf diagrams. These give a clearer picture of the way 
the data is distributed within the range than a simple measure-of-spread diagram. 


ranowecnne 34, 48, 7, 15, 27, 18, 21, 14, 24, 57, 25, 
0 12, 30, 37, 42, 35, 3, 43, 22, 34, 5, 43, 
45, 22, 49, 50, 34, 12, 33, 39, 55 


res ore, we 03, 05, 07, 12, 12, 14, 15, 18, 21, 22, 22, 


azewinfontofany 24) 25, 27, 30, 33, 34, 34, 34, 35, 37, 39, 
42, 43, 43, 45, 48, 49, 50, 55, 57 


To draw a stem-and-leaf diagram, draw a cross with more space to the right of This iETHƏSsfer?l 
it than the left. Write the data into the cross, with the tens in the “stem” column stands for 10, 2 for 
to the left of the cross, and the ones for each number as the “leaves” on the right 20, and so on 
hand side. Once each value of tens has been entered into the stem, do not 


repeat it, but continue to repeat the values entered into the leaves. dı: 


joined to the stem to form 
a complete number 


STEM LEAVES Key ] 5 — 15 


... 0 3 5 7 18 appears once 
number in — 
the list of 
data that 
has 1 as its 
first digit 

2 1 2 2 4 5 . 34 appears 3 times 
mus 4 233 5 8 9 a 
data of 60 
orrmaya there is most data 

SN in the middle of 
the range 
5 0 5 7 a fewer figures are distributed toward 
ends of range than in the middle 
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QUARTILES 


Quartiles are dividing points in the range of a set of data that give a clear picture of distribution. 

The median marks the center point, the upper quartile marks the midpoint between the median and 
the top of the distribution, and the lower quartile the midpoint between the median and the bottom. 
Estimates of quartiles can be found from a graph, or calculated precisely using formulas. 


Estimating quartiles 


Quartiles can be estimated by reading 
values from a cumulative frequency graph 
(see p.213). 


30 


Make a table with the data given for range b 


and frequency, and add up the cumulative 
frequency. Use this data to make a cumulative 
frequency graph, vvith cumulative frequency on 


the y axis, and range on the x axis. 20 pm read down from 
1 here to find the 
Range Frequency Cumulativefrequency £ — quate 
m read down from here to find the İ the upper quartile 
30-39 2 2 = 15 estimated value of the median i 
= 
50-59 4 9 (=2+3+4) = 1 7 
m = read down from here to 
... 15 (= 2134446) S 10 find the estimated value i 
70-79 5 20 (= 23-14-1645) of the lower quartile ‘ ı 
80-89 4 24 (= 24+3+4+6+5+4) ‘and ep b oan kupon, vaş fo ı t 
590 3 27 (= 243+4+6+5+4+3) 5 ; i 
ee this sign means add each number to 1 othe 
greater than those before it to find the median 
cumulative frequency ı 
1 
Divide the total cumulative frequency by 0 
4 (this will be the cumulative frequency of 20 30 40 50 60 70 80 90 100 
the last entry in the table), and use the RANGE the upper 
result to divide the y axis into 4 parts. in quartile is 82 
: divide th 2 the lower the interquartile range is the difference 
total cumulative MICs they ans mre quartile is 55 between the upper and lower quartiles 
frequency sections of this length 
bars 2 7 Read across from the marks and down to 
— = 6.75 the x axis to find estimated values for the 
4 quartiles. These are only approximate values. 


Calculating quartiles 


Exact values of quartiles can be found from a list of data. These formulas give the position of the quartiles 
and median in a list of data in ascending order, using the total number of data items in the list, n. 


n is the total 
number of values 
in the list 


A Lovver quartile A Median A Upper quartile 
This shovvs the position of the This shovvs the position of This shovvs the position of the 
lovver quartile in a list of data. the median in a list of data. upper quartile in a list of data. 


How to calculate quartiles 


To find the values of the quartiles in a list of data, first arrange the 
list of numbers in ascending order from lowest to highest. 
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37,38,45,47,48,51,54,54,58,60,62,63,63,65,69,71,74,75,78,78,80,84,86,89,92,94,96 


Using the formulas, calculate vvhere to find the 
quartiles and the median in this list. The ansvvers 
give the position of each value in the list. 


n isthe total number of 
values in the list 


position of lovver 
quartile (7th value) 


beng 


formula to find lower quartile 
A Lower quartile A Median 

This calculation gives the answer 7, The answer to this calculation is 

so the lower quartile is the 7th value 14, so the median is the 14th value 
in the list. in the list. 


(27 + 1) 
2 


formula to find median 


To find the values of the quartiles and the 
median, count along the list to the positions 
that have just been calculated. 


lower quartile median 


ü 2 3 4 5 6 8 01:10 1154412415 
37,38,45,47,48,51/34,54,58,60,62,63,63, 


Box-and-vvhisker diagrams are a way of showing the spread and 
distribution of a range of data in an graphic way. The range is 
plotted on a number line, vvith the interquartile range betvveen 
the upper and lower quartiles shown as a box. 


the lower limit 


of the range the lower quartile the median interquartile range 


pays 


position of median 
(14th value) quartile (21st value) 


15 16 17 18 19 20 
69,71,74,75,78,78 


the boxed area is the 


{ 


position of upper 


30730 
<= 


formula to find upper quartile 


A Upper quartile 

The answer to this calculation is 
21, so the upper quartile is the 
21st value in the list. 


upper quartile 


m 7B AB 0 
84,86,89,92,94,96 


V Using the diagram 

This box-and-whisker diagram shows a 
range with a lower limit of 1 and an 
upper limit of 9. The median is 4, the 
lower quartile 3, and the upper quartile 6. 


the upper the upper limit 
quartile of the range 


STATISTICS 


ıı Histograms 
A HISTOGRAM IS A TYPE OF BAR GRAPH. IN A HISTOGRAM, THE AREA OF 
THE BARS, NOT THEIR LENGTH, REPRESENTS THE SIZE OF THE DATA. 


What is a histogram? 


A histogram is a diagram made up of blocks on a graph. Histograms are useful for showing data when 
it is grouped into groups of different sizes. This example looks at the number of downloads of a music 
file in a month (frequency) by different age groups. Each age group (class) is a different size because 
each covers a different age range. The width of each block represents the age range, known as class 
width. The height of each block represents frequency density, which is calculated by dividing the 
number of downloads (frequency) in each age group (class) by the class width (age range). 


bar height is calculated by dividing number of 
downloads (frequency) by class width (age range) 


AGE AND NUMBER OF DOWNLOADS 


area of each block 
represents total 
number of downloads 
in each age group 


bar width is equal to 
class width (age range) 


d 


FREQUENCY DENSITY 


y axis shows m. 


frequency density, 

or frequency (number 
of downloads in each 
age range divided 

by class width 

(age range) 17:71:18 1771917720): 1121: 1221123 | F524 = 2526-41277) (528 E29 30, 


x axis shows ages of people —7 AGE 
downloading the music file 


Bar graphs look like histograms, 

but show data in a different way. In a bar t 
graph, the bars are all the same width. The Bsli 
height of each bar represents the total tirana ihibistagralab 
(frequency) for each group, while in a bar width varies 
according to class width 


AGE AND NUMBER OF DOWNLOADS 


histogram, totals are represented by the 
area of the blocks. 


FREQUENCY 


> Bar graph 

This bar graph shows the same data as 
shown above. Although class widths are 
different, the bar widths are the same. 


How to draw a histogram 


HISTOGRAMS 


To draw a histogram, begin by making a frequency table for the data. Next, using the class boundaries, find the 
width of each class of data. Then calculate frequency density for each by dividing frequency by class width. 


upper class boundary 
for any group is lower 
boundary of next group 


class boundaries for this data 
are 10, 16, 19, 26, and 30 


10-15 6 72 
10-15 72 

16-18 3 15 
16-18 15 

19-25 7 28 
19-25 28 

26-29 4 72 
26-29 | 2 

>30 - 0 
>30 0 


find class width by subtracting lower 
class boundary from the upper class 
boundary, for example 16 — 10 =6 


divide frequency by 


number of class width to find 
downloads frequency density 
per month 


wow > Wo NY 


there is no data to Gi 


enter for this group 


To find class width, begin by finding the class 
boundaries of each group of data. These are the 
two numbers that all the values in a group fall in 
between—for example, for the 10-15 group they 
are 10 and 16. Next, find class width by subtracting 


The information needed to 
draw a histogram is the range of 
each class of data and frequency 
data. From this information, the 
class width and frequency 
density can be calculated. 


AGE AND NUMBER OF DOWNLOADS 


{al teats this block is tallest, meaning that this 


group has the highest frequency 
(largest number of downloads) in 
proportion to class width (age range) 


mark frequency 
densities on the y axis 


FREQUENCY DENSITY 


27 28 


the lovver boundary from the upper for each group. 


To find frequency density, 
divide the frequency by 

the class vvidth of each group. 
Frequency density shovvs 

the frequency of each group in 
proportion to its class vvidth. 


Mark the frequency density 
and class boundaries for each 
group on the axes. Join the 
marks vvith horizontal and 
vertical lines to make the blocks. 


io HHH pens m this block is the widest, 


meaning that this group 
has the widest age range 
(the over 30 group is 
actually the widest range 
but there is no data to plot); 
it also has the largest area, 
meaning that this group 
had the largest total 
number of downloads of 
any one age group 


mark class 
boundaries on 
the x axis 


29 30 KX no one over the age of 
29 downloaded the file 


STATI 


STICS 


özs) Scatter diagrams 


SCATTER DIAGRAMS PRESENT INFORMATION FROM TWO SETS OF 
DATA AND REVEAL THE RELATIONSHIP BETWEEN THEM. 


What is a scatter diagram? 


A scatter diagram is a graph made from two sets of data. Each set of data is 
measured on an axis of the graph. The data always appears in pairs—one value 
will need to be read up from the x axis, the other read across from the y axis. A 
point is marked where each pair meet. The pattern made by the points shows 
whether there is any connection, or correlation, between the two sets of data. 


V Table of data 

This table shows two sets of 
data—the height and weight of 
13 people. With each person's 
height the corresponding weight 
measurement is given. 


Weight(kg) 69 


HEIGHT (CM) 


190 


180 


170 


160 


150 


40 


68 90 


data for height in table 
is shown on y axis 


three large squares 
represent 10cm 


Hd 


tvvo large squares 
represent 10kg 


50 


65 77 


76 74 55 


HEIGHT AND WEIGHT 


x 


x 


x 
x 


x< 
points form an upward 


pattern from left to right 


data for weight in table is 
shown on x axis 


60 WEIGHT (KG) 


70 80 


70 


“ points mark height and 
x weight of each person in 
table of data 


90 


75 86 81 68 


<J Plotting the points 
Draw a vertical axis (y) 
and a horizontal axis (x) 
on graph paper. Mark out 
measurements for each 
set of data in the table 
along the axes. Read each 
corresponding height and 
weight in from its axis 
and mark where they 
meet. Do not join the 
points marked. 


<1 Positive correlation 
The pattern of points 
marked between the two 
axes shows an upward 
trend from left to right. An 
upward trend is known as 
positive correlation. The 
correlation between the 
two sets of data in this 
example is that as height 
increases, so does weight. 


SCATTER DIAGRAMS 


Negative and zero correlations 


The points in a scatter diagram can form many different patterns, which reveal different types of 
correlation between the sets of data. This can be positive, negative, or nonexistent. The pattern can 
also reveal how strong or how weak the correlation is between the two sets of data. 


ENERGY USE AND TEMPERATURE 


points form downward 
at: x x pattern from left to right 
= 

= 1,600 x 


x x 


0 10 20 30 40 50 60 
TEMPERATURE (°C) 


A Negative correlation 

In this graph, the points form a downward pattern from left to 
right. This reveals a connection between the two sets of data— 
as the temperature increases, energy consumption goes down. 
This relationship is called negative correlation. 


Line of best fit 


To make a scatter diagram clearer and easier to read, a straight 
line can be drawn that follows the general pattern of the points, 


with an equal number of points on both sides of the line. This line 


is called the line of best fit. 


190 HEIGHT AND WEIGHT 


points are either 


180 side of line \ 
in line of best fit 


i 
S 170 
za read across | 
from y axis for x 
i 1 
approximate read up from x axis for 
value 17 approximate value 
160 


160 IQ AND SHOE SIZE 
points randomly scattered 
150 x revealing no correlation 
140 x x 


1Q 


SHOE SIZE 


A No correlation 

In this graph, the points form no pattern at all—they are widely 
spaced and do not reveal any trend. This shows there is no 
connection between a person's shoe size and their IQ, which 
means there is zero correlation between the two sets of data. 


HEIGHT AND SHOE SIZE 


190 points farther x 


from line 


180 


170 


HEIGHT 


160 


150 
7 8 9 


6 
SHOE SIZE 


A Weak correlation 
Here the points are farther 


<] Finding approximate values 
When the line of best fit is 
drawn, approximate values of 
any weight and height can be 
found by reading across from 
the y axis, or up from the x axis. 


150 


away from the line of best fit. 
This shows that the correlation 
between height and shoe size 
is weak. The farther the points 
are from the line, the weaker 
the correlation. 


Probability 


PROBABILITY 


İ e elə 
(23 What is probability? 
PROBABILITY IS THE LIKELIHOOD OF SOMETHING HAPPENING. 


Math can be used to calculate the likelihood or chance that 


something will happen. 


How is probability shown? 


Probabilities are given a value between 0, which is 
impossible, and 1, which is certain. To calculate these 
values, fractions are used. Follow the steps to find out 


how to calculate the probability of an event happening 


and then how to show it as a fraction. 


> Total chances 
there are 5 


Decide what the total i candies fare 
number of possibly red and 1 is 
outcomes is. İn this yellovv 


example, vvith 5 candies 
to pick 1 candy from, the 
total is 5 —any one of 5 
candies may be picked. 


total number of 


> Chance of red candy ~~ yed candies that 
Of the 5 candies, 4 are can be chosen 
red. This means that — alakz 
there are 4 chances out 5 gi” andiesto 

of 5 that the candy choose from 


chosen is red. This 
probability can be 
written as the fraction 35. 


1 yellovv candy 
can be chosen 


P.Chance of yellow candy 1 — 
Because 1 candy is yellovv 

there is 1 chance in 5 of the ıı 
candy picked being yellow. 5 a 7: 
This probability can be choasetrom 
written as the fraction 75. 


total of specific events 
that can happen 


“Sİ Writing a probability 
1 The top number shows the chances of 
— a specific event, while the bottom 
8 number shows the total chances of all 
of the possible events happening. 


.. total of all 


possible events 
that can happen 


> A hole in one 

A hole in one during a game 
of golf is highly unlikely, so 
it has a probability close to 0 
on the scale. Hovvever, it can 
still happenl 


A Identical snowflakes 


Every snowflake is unique 
and the chance that there 
can be two identical 
snowflakes is 0 on the scale, 
or impossible. 


IMPOSSIBLE UNLIKELY 


> Probability scale 
All probabilities can be shown ona line 
known as a probability scale. The more 
likely something is to occur the further 
to the right, or towards 1, it is placed. 


WHAT IS PROBABILITY? | 


Calculating probabilities 


This example shows how to work out the probability of randomly picking a red candy 

from a group of 10 candies. The number of ways this event could happen is put at the 

top of the fraction and the total number of possible events is put at the bottom. : re 
chance of re 


number of red candies candy being 
that can be chosen chosen, as fraction 


v 
3 red 3 


gS 10 candies 20 ”" "" 


” chance of red candy 
total that can be being chosen, 
chosen as decimal 

A Pick a candy A Red randomly chosen A Virite as a fraction A What is the chance? 
There are 10 candies to One candy is chosen at There are three reds that The probability of a red 
choose from. Of these, 3 are random from the 10 can be chosen, so 3 is put at candy being picked is 3 
colored red. If one of the colored candies. The candy the top of the fraction. As out of 10, written as the 
candies is picked, what is chosen is one of the 3 red there are ten candies in fraction 37o, the decimal 0.3, 
the chance of it being red? candies available. total, 10 is at the bottom. or the percentage 30%. 

Sİ Heads or tails > Earth turning 


İt is a certainty that each 

day the Earth will continue 
to turn on its axis, making 
ita 1 on the scale. 


If a coin is tossed there is a 
1 in 2, or even, chance of 
throwing either a head ora 
tail. This is shown as 0.5 on 
the scale, which is the same 
as half, or 50%. 


majority of people 


sfcigahi Randel <1 Being right-handed 


The chances of picking at 
random a right-handed 
person are very high— 
almost 1 on the scale. Most 
people are right-handed. 


EVEN CHANCE LIKELY CERTAIN 
867  ,——— rei | 
WORE LEN 


“— mm 


PROBABILITY 


Expectation and reality 


EXPECTATION IS AN OUTCOME THAT IS ANTICIPATED TO OCCUR; 
REALITY IS THE OUTCOME THAT ACTUALLY OCCURS. 


The difference between what is expected to occur and what actually 
occurs can often be considerable. 


There is an equal chance of a 6-sided dice landing on any Two random phone numbers ending in same digit 1 chance in 10 

number. It is expected that each of the 6 numbers on it will Randomly selected person being left-handed 1 chance in 12 

be rolled once in every 6 throws ('/s of the time). Similarly, if Pregnant woman giving birth to twins Tchancein33 

a coin is tossed twice, it is expected that it will land on heads — . 

once and tails once. However, this does not always happen An adult living to 100 1 chance in 50 

in real life. Arandom clover having four leaves 1 chance in 10,000 
Being struck by lightning in a year 1 chance in 2.5 million 


A specific house being hit by a meteor 1 chance in 182 trillion 


chance of rolling each 
number is 1 in 6 


A Rolla dice 
Roll a dice 6 times and it 
seems likely that each of 
the 6 numbers on the dice 
will be seen once. 


Expectation versus reality 


Mathematical probability expects that when a dice is rolled 6 times, the numbers 1, 2, 3, 

4, 5, and 6 will appear once each, but it is unlikely this outcome would actually occur. 

However, over a longer series of events, for example, throwing a dice a thousand times, reasonable to expect 4 
the total numbers of 1s, 2s, 3s, 4s, 5s, and 6s thrown would be more even. 2 first 6 throws 


> Expectation 
Mathematical probability 
expects that, when a dice is 
rolled 6 times, a 4 will be 
thrown once. 


unexpected third 5 in 6 throws 


> Reality 

Throwing a dice 6 
times may create any 
combination of the 
numbers on a dice. 


unexpected third 6 in 6 throws 


” 


Calculating expectation 


Expectation can be calculated. This is done by expressing 
the likelihood of something happening as a fraction, and 
then multiplying the fraction by the number of times the 
occurrence has the chance to happen. This example 
shows how expectation can be calculated in a game 
where balls are pulled from a bucket, with numbers 
ending in 0 or 5 winning a prize. 


200000 


QOQOOO 


o 


30 numbered 
balls to pick from 


Cv 


©OOO 


| 
| 


© 


there are 6 
winning balls 


pə 


ball picked 


winning ball 


EXPECTATION AND REALITY | 


€ Numbered balls 

There are 30 balls in the game 
and 5 are removed at random. 
The balls are then checked for 
winning numbers—numbers 
that end in O or 5. 


number of winning 
ia in game 


6 


There are 6 winning balls that can be 
picked out of the total of 30 balls. 


total number of 
ee in game 


30 


The total number of balls that can be 
picked in the game is 30. 


both parts of the 
fraction can divide by 6, 
so it can be reduced 


chances of winning 
ball being picked 


The probability of a winning ball being 
picked is 6 (balls) out of 30 (balls). This 
can be written as the fraction %o, and is 
then reduced to 75. The chance of picking 
a winning ball is 1 in 5, so the chance of 
winning a prize is 1 in 5. 


1 prize “probably” won 


1 


It is expected that a prize will be won 
exactly 1 out of 5 times. The probability 


x3ı 


of winning a prize is therefore ¥% of 5, 5 
which is 1. ( 
) opportunities 
probability of to pick a ball 
picking a 
winning ball is 
1in5 


Expectation suggests that 1 prize 
vvill be vvon if 5 balls are picked. 
Hovvever, in reality no prize or even 
5 prizes may be vvon. 


1 prize won? 


PROBABILITY 


'@®) Combined probabilities 


THE PROBABILITY OF ONE OUTCOME FROM TWO OR MORE EVENTS 
HAPPENING AT THE SAME TIME, OR ONE AFTER THE OTHER. 


Calculating the chance of one outcome from two things happening at the 


same time is not as complex as it might appear. 
coin has 2 sides 


vv vU” 


VVhat are combined probabilities? 


To find out the probability of one possible outcome 
happening from more than one event, all of the possible 
outcomes need to be worked out first. For example, if a 
coin is tossed and a dice is rolled at the same time, what 
is the probability of the coin landing on tails and the 
dice rolling a 4? 


COIN 


DICE 


chance of tails is 
1in2 


chance of heads is 
1in2 


> Tossing a coin 

There are 2 sides to a coin, 
and each is equally likely to 
show if the coin is tossed. 


dice has 6 sides 


Coin and dice 

A coin has 2 sides 
(heads and tails) while 

a dice has 6 sides— 
numbers 1 through to 6, 
represented by numbers 
of dots on each side. 


represents 
adi chance of 
single event, for 
example chance 
of coin landing 


This means that the chance on tails 
of the coin landing on tails 2 K 
is exactly 1 in 2, shown as 7 total 
ion possible 
-. TAILS outcomes if 
coin is tossed 
chance of rolling chance of rolling chance of rolling 
1is1in6 İZ” 2istin6 3is1in6 
> Rolling a dice 
Because there are 6 sides represents 
to a dice, and each side is “a chance of 
equally likely to show 1 single event, 
when the dice is rolled, for example 
the chance of rolling a 4 —” chance of 
x ) rolling a 4 
is exactly 1 in 6, shown 6 
i 1 
as the fraction %. qı neşri 
possible 
chance of chance of . .. 
Ne rolling 4 is NN rolling 5 is chance of rolling 
1in6 1in6 6is1in6 
> Both events coin lands on tails multiply the 2 chance of dice rolling 


probabilities together a4is1in6 


To find out the chances 
of both a coin landing 
on tails and a dice 
simultaneously rolling a 
4, multiply the individual 
probabilities together. 
The answer shows that 
there is a “2 chance of 
this outcome. 


4 
T 
6 


chance of coin landing 
on tails is 1 in 2 


chance of specific 


5” outcome 


1 chance of coin 
at landing on tails 


12 


and rolling 
a4is1in12 


əs total possible 


outcomes 


Figuring out possible outcomes 


A table can be used to work out all the possible outcomes of 


two € 


scores will have a combined total of between 2 and 12. There 


are 36 possible outcomes, which are shown in the table below. 
Read down from each red dice and across from each blue dice 
ch of their combined results. 


for ea 


blue 


\ 


COMBINED PROBABILITIES 


ombined events. For example, if two dice are rolled, their 


© 


red dice throws 


dice throws a 


Glee 
155 


6 vvays out of 
36 to throw 7, for 
example blue 
dice rolling 1 and 
red dice rolling 6 


5 vvays out of 36 
to throvv 8, for 
example blue 
dice rolling 2 and 
red dice rolling 6 


4 vvays out of 36 
to throvv 9, for 
example blue 
dice rolling 3 and 
red dice rolling 6 


3 vvays out of 36 
to throvv 10, for 
example blue 
dice rolling 4 and 
red dice rolling 6 


NN a) 


=) 
— 
© 


2 ways out of 36 
to throw 11, for 
example blue 
dice rolling 5 and 
red dice rolling 6 


— 
— 
b 
== 


1 way out of 
36 to throw 12 


KEY 
Least likely Most likely 
The least likely outcome of The most likely outcome of 
throwing 2 dice is either 2 (each throwing 2 dice is a 7. With 6 ways 
dice is 1) or 12 (each is 6). There is to throw a 7, there is a %e, or Y%, 


a Yas chance of either result. chance of this result. 


PROBABILITY 


Dependent events 


In this example, the probability of picking any one of four 
green cards from a pack of 40 is 4 out of 40 (4/40). It is an 
independent event. However, the probability of the second 
card picked being green depends on the color of the card 
picked first. This is known as a dependent event. 


total of 40 cards 
fi pack 


“TR 


(se green (secon ( 
card green card 


ə Dependent events 


THE CHANCES OF SOMETHING HAPPENING CAN CHANGE ACCORDING 
TO THE EVENTS THAT PRECEDED IT. THIS IS A DEPENDENT EVENT. 


green card 


— are 4 cards of each color 


> Color-coded 
This pack of cards 
contains 10 
groups, each with 
its own color. 
There are 4 cards 
in each group. 


there are 4 green cards To cards 


<] What are the chances? 

The chances of the first card picked 
being green is 4 in 40 (4/40). This is 
independent of other events because 
it is the first event. 


(ou 2 there are 40 
g cards in total 


Dependent events and decreasing probability 


If the first card chosen from a pack of 40 is one of the 4 green cards, then the chances that the next card is green are 
reduced to 3 in 39 (3/39). This example shows how the chances of a green card being picked next gradually shrink to zero. 


1 green card chosen 


bp 


a 


The first card is chosen 
and is green. The next 
card picked will be 
chosen from the 
remaining 39 cards. 


3 green cards chosen 


m 


4 green cards chosen 


bəl 


v” 


The first 3 cards have been 
chosen and vvere all green. 
The next card to be picked 
vvill be chosen from the 
remaining 37 cards. 


The first 4 cards have been 
chosen and vvere all green. 
The next card to be chosen 
will be picked from the 
remaining 36 cards. 


chances of next 
card being green 


aaa 3 <| The chances of the 
next card picked being 
ə” green are 3 in 39 (3/39). 
39 VVith 1 of the 4 green cards 
53 picked there are 3 left in 
cards left the pack. 
chances of next 
card being green 
37 cards 
İK” main 1 <1 The chances of the next 
card being green are 1 in 37 
(1/37). With 3 of the 4 green 
37 cards picked there is 1 
57 BiG: green card left in the pack. 
chances of next card being green 
— as all green cards are picked 
36 cards 
47 remain <1 The chances of the next 


card being green are 0 in 
36, or zero. With all 4 green 
cards picked there are no 
green cards left in the pack. 


0 _ 
a6 
20 


DEPENDENT EVENTS | 


Dependent events and increasing probability 


If the first card chosen from a pack of 40 is not one of the 4 pink cards, then the 
probability of the next card being pink grow to 4 out of the remaining 39 cards 
(4/39). In this example, the probability of a pink card being the next to be 
picked grows to a certainty with each non-pink card picked. 


first card picked was blue, chances of next card 


. 4 pink cards still in pack being pink 
The first card has ” 


been chosen and is not 00000 4 <|The chances of the next 
ie ape eae card being pink are 4 out of 

39 39 (4/39). This is because 

none of the 4 pink cards 


pink. The next card to 
were picked so there are 4 
still left in the pack. 
cards left 


be picked will be 
chosen from the 
remaining 39 cards. 


12 cards chosen, chances of next card 


— none pink being pink 
The first 12 cards have 


been chosen, none of 4 “The chances of the 
vvhich vvere pink. The Om: next card being pink are 
next card to be picked Dateardelete 2 4 out of 28 (4/28). With 
vvill be chosen from the 8 none of the 4 pink cards 


remaining 28 cards. / picked there are still 4 left 
in the pack. 
cards left i 


24 cards chosen, 
24 cards chosen chances of next card 


none pink : 2 
x” i i means 16 cards left being pink 
24 cards have been - wn) 


chosen and none of 4 <1 The chances of the 
which were pink. The next card being pink are 4 
next card to be picked in 16. With none of the 4 
will be chosen from the 1 6 pink cards picked there 
remaining 16 cards. / are 4 left in the pack. 

cards left 


36 cards chosen, 
36 cards chosen chances of next card 


none pink 
£ if means 4 cards left 2 being pink 


4 <] The chances of the next 
card being pink are 4 in 4 

4 (4/4), or a certainty. With 
none of the pinks chosen 


. there are 4 left in the pack. 
cards left 


The first 36 cards have 
been chosen. None of 
them were pink. The 
next card to be picked 
will be chosen from the 
remaining 4 cards. 


PROBABILITY 


Tree diagrams 


TREE DIAGRAMS CAN BE CONSTRUCTED TO HELP CALCULATE THE 
PROBABILITY OF MULTIPLE EVENTS OCCURRING. 


A range of probable outcomes of future events can be shown using 
arrows, or the “branches” of a “tree,” flowing from left to right. 

2 
2 messages out of 5 7” 5 


sent to first phone 


Building a tree diagram 


The first stage of building a tree diagram is 
to dravv an arrovv from the start position to 


> Single events 
Of 5 messages, 2 are 


each of the possible outcomes. Here, the 
start is a cell phone, and the outcomes are 
5 messages sent to 2 other phones, with 
each of these other phones at the end of 
1 of 2 arrows. Because no event came 


sent to the first 
phone, shown by the 
fraction 25, and 3 out 
of 5 are sent to the 
second phone, shown 


3 messages out of 5 


sent to second phone “x 3 


by the fraction 35. 


before, they are single events. 


Tree diagrams shovving multiple events 


To draw a tree diagram that shows multiple events, begin with a start position, 
with arrows leading to the right to each of the possible outcomes. This is stage 1. 
Each of the outcomes of stage 1 then becomes a nevv start position, vvith further 
arrows each leading to a new stage of possible outcomes. This is stage 2. More 
stages can then follow on from the outcomes of previous stages. Because one 


stage of events comes before another, these are multiple events. 


vacation flight to France 


o 


wn vacation flight to Italy 


Find the probability 


To work out the chance of a randomly 
selected person flying to Italy, staying 
in Naples, and visiting Vesuvius, 
multiply the chances of each stage of 
this trip together for the answer. 


R? in Naples 


arriving in France, 
2 out of 5 stay in Paris 


xk 


arriving in France, 
3 out of 5 stay 
in the Alps 


2 

4 out of 3 fly to France 5 
3 

= 5 


STAGE 1: FRANCE OR ITALY? 


arriving in Italy, 


Lye "alı outof2 
2 stays in Rome 
x out of 3 flies to Italy 


Mc aig in Italy, 
1 out of 2 stays 
in Naples 


. a visiting Vesuvius 
1 1 


"2 


A Multiple events in 3 stages 
The tree diagram above shovvs 3 
stages of a vacation. İn stage 1, 
people fly to France or Italy. 


<< 1 out of 3 


flies to Italy 


chance of person BA 


visiting Italy, then 
Naples, then Vesuvius 


When multiple events are dependent 


Tree diagrams show how the chances of one event can 
depend on the previous event. In this example, each event is 
someone picking a fruit from a bag and not replacing it. 


Peas person 1 
V” pice orange is 
3 out of 10 


| 
ol 


m 0 a chance person 1 


picks apple is 


A Dependent events 7 out of 10 


The first person picks from a 
bag of 10 fruits (3 oranges, 7 
apples). The next picks from 
9 fruits, when the chances of l J 


chance person -—S = 
2 picks orange 9 


7 


chance person —> — 
2 picks apple i eaten 


—xıxviğir person 
2 picks orange —S> —— 


chance person —S 6 
2 picks apple o 


what is picked are out of 9. person 1 chooses from 10 fruits 


person 2 chooses from 9 fruits 


TREE DIAGRAMS 


Find the probability 


What are the chances that the 
first and second person will each 
choose an orange? Multiply the 
chances of both events together. 


chance person 2 
picks orange 


v 


3,2. 6 
10 9 : 90 
(ae person Qr chance both 


1 picks orange pick orange 


1 — fraction %o 


reduced 
— down to Yis 
1 5 by dividing 6 
and 90 by 6 


< 


-E — 


STAGE 2:VVHERE TO STAY? 


7 -—” 
5 


while in Paris, 1 out of 
ee visits the Louvre 


— 1 while in Paris, 3 out of 


4 visit the Eiffel Tower 


ə in the Alps, 1 out of 
spends a day walking 


ee 
ə in the Alps, 4 out of 
5 spend a day cycling 


7. 


ə — 


while in Rome, 1 out of 


1 a 3 visits the Colosseum 


a — — 5 
2 


3“ 


while in Rome, 2 out 
of 3 visit the Vatican 


3 é— while in Naples, 3 out 
om 4 of 4 visit Pompeii 


1 
4 


A Stage 2 of multiple events 


“R while in Naples, 
1 out of 4 visits Vesuvius 


li (CYCLING ~ 


—— 


STAGE 3: DAY TRIPS 


Stage 2 shows the chances of a 
randomly selected person 
staying in a specific location. 


A Stage 3 of multiple events 
Stage 3 shows the chances of a randomly 
selected person making a specific day trip. 


Mathematical signs and symbols 


This table shows a selection of signs and symbols commonly 
used in mathematics. Using signs and symbols, mathematicians 
can express complex equations and formulas in a standardized 
way that is universally understood. 


Symbol 
+ 


aE 


+l 


Definition 

plus; positive 

minus; negative 

plus or minus; positive or 
negative; degree of accuracy 
minus or plus; negative or 
positive 

multiplied by (6 x 4) 


multiplied by (6-4)); scalar 
product of two vectors (A.B) 


divided by (6 + 4) 
divided by; ratio of (“/4) 
divided by; ratio of (5) 
circle 

triangle 

square 

rectangle 
parallelogram 

equals 

not equal to 

identical with; congruent to 
not identical with 
corresponds to 


Symbol 


V Ba A aN Ve V on 


ü 


R 


zl cəl sl 
wo wow wo 


NV 


A 


ül 


NI 


Definition 

ratio of (6:4) 
proportionately 

equal (1:2::2:4) 
approximately equal to, 
equivalent to, similar to 
congruent to; identical with 
greater than 

much greater than 

not greater than 

less than 

much less than 

not less than 

greater than or equal to 
less than or equal to 
directly proportional to 


parentheses, can 
mean multiply 


vinculum: division (a-b); chord 
of circle or length of line (AB); 
vector 

line segment 

line 


n’ n> etc 
52 
AŞ AV 


Qa 
0 
oh 
E 


— 
İ, 


lly 


Definition 

infinity 

squared number 
cubed number 

power, exponent 
square root 

cube root, fourth root, etc. 
percent 

degrees (°F); degree 
of arc, for example 90° 
angle(s) 

equiangular 

(pi) the ratio of the 


circumference to the diameter 
of acircle ~ 3.14 


alpha (unknown angle) 
theta (unknown angle) 
perpendicular 

right angle 

parallel 

therefore 

because 

measured by 
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Prime numbers Squares, cubes, and roots 
A prime number is any number that can only be exactly divided by 1 and itself The table below shows the square, cube, 
without leaving a remainder. By definition, 1 is not a prime. There is no one formula square root, and cube root of whole 
for yielding every prime. Shown here are the first 250 prime numbers. numbers, to 3 decimal places. 
2 3 5 7 ül 13 77 19 31 29 Ru 
31 37 41 43 47 53 59 61 67 71 
73 79 83 89 97 101 103 107 109 113 1 1 1 1.000 1.000 
127 131 137 139 149 151 157 163 167 173 2 4 8 1.414 1260 
179 181 191 193 197 199 211 223 227 229 3 2 27 1.32 1442 
233 239 241 251 257 263 269 271 277 281 4 16 64 2.000 1.587 
283 293 307 311 313 317 331 337 347 349 5 25 125 2.236 1710 
353 359 367 373 379 383 389 397 401 409 6 36 216 2.449 1.817 
419 421 431 433 439 443 449 457 461 463 7 49 343 2.646 1913 
467 479 487 491 499 503 509 521 523 541 8 64 512 2.828 2.000 
547 557 563 569 571 577 587 593 599 601 9 81 729 3000 20680 


607 613 617 619 631 641 643 647 653 659 100 1,000 3.62 2.154 
661 673 677 683 691 701 709 719 727 733 121 1,331 3317 2.224 
739 743 751 757 761 769 773 787 797 809 12 144 1,728 3.464 2.289 
811 821 823 827 829 839 853 857 859 863 13 169 2197 3.606 2.351 
877 881 883 887 907 911 919 929 937 941 14 196 2,744 3.742 2.410 
947 953 967 971 977 983 991 997 | 1,009 | 1,013 15 225 3,375 3.873 02466 
1,019 | 1,021 1,031 1,033 1,039 | 1,049 | 1,051 1,061 1,063 | 1,069 16 256 4,096 4.000 2.520 
1,087 | 1,091 1,093 1,097 1,103 1,109 1,117 1,123 1,129 | 1,151 17 289 4913 4.23 2.51 
1,153 | 1,163 1,171 1,181 1,187 1,193 1,201 1,213 27a 223, 18 324 5,832 4.243 = 2.621 
1,229 1 1,231 1,237 1,249 2) || evil 1,279 | 1,283 28951291 19 361 6,859 4.359 2.668 
1,297 | 1,301 1,303 1,307 1,319 1,321 1,327 | 1,361 1,367 | 1,373 20 400 8,000 4.472 2.714 
1,381 | 1,399 1,409 1,423 1,427 1,429 1,433 1,439 | 1,447 | 1,451 25 625 15,625 5.000 2.924 
1,453 | 1,459 1,471 1,481 1,483 | 1,487 1489 1,493 1,499 | 1,511 30 900 27000 5.477 3.107 
1,523 1 1,531 1,543 1,549 1,553 1,559 1,567 1,571 1,579 1 1,583 50 2500 125000 7.071 3.684 


-—- 
— co 


Multiplication table ga ga oya nı 
This multiplication table shows the products of 1 1 2 — SS SS SS SS | 
each whole number from 1 to 12, multiplied 2 2 4 10 12 #14 60 08 20 22 24 
by each whole number from 1 to 12. 3 3 6 12 15 18 21 24 Di 30 33 36 
column with other number 4 4 8 12 16 20 24 28 32 36 40 44 48 
bf a... 5 5 0 15 20 25 30 35 40 45 50 55 60 
fra 1 #2 3 6 6 12 18 24 30 36 42 48 54 60 66 7 
.— | LD) 3 7 7 114 21 28 35 42 49 56 63 70 77 84 
2 } 6 8 8 16 24 32 40 48 56 64 72 80 88 96 
oe ulu 9 9 9 18 27 36 45 54 63 72 81 90 99 108 
ə” m. 10 100570 30 40 50 60 70 80 90 100 110 120 
row with one result of multiplication 11 11 22 33 44 55 66 Zn 88 99 110 121 132 
7: -— 2 2 24 36 48 60 72 84 96 108 120 132 144 


multiplied, here 3 


242 nerenenee 


Units of measurement 


A unit of measurement is a quantity used as a standard, allowing values of things 
to be compared. These include seconds (time), meters (length), and kilograms 
(mass). Two widely used systems of measurement are the metric system and 

the imperial system. 


100 square millimeters (mm?) = 1 square centimeter (cm”) 1,000 milliliters (ml) = 1 liter (I) 
10,000 square centimeters (cm?) = 1 square meter (m7) 100 liters (I) = 1 hectoliter (hl) 
10,000 square meters (m7) = 1 hectare (ha) 10 hectoliters (hl) = 1 kiloliter (kl) 
100 hectares (ha) = 1 square kilometer (km?) 1,000 liters (I) = 1 kiloliter (kl) 


1 square kilometer (km”) = 1,000,000 square meters (m?) cimperil 
EET ET 


144 square inches (sq in) = 1 square foot (sq ft) 20 fluid ounces (fl oz) = 1 pint (pt) 

9 square feet (sq ft) = 1 square yard (sq yd) 4 gills (gi) - 1 pint (pt) 

1,296 square inches (sq in) = 1 square yard (sq yd) 2 pints (pt) - 1 quart (qt) 

43,560 square feet (sq ft) = 1acre 4 quarts (qt) - 1 gallon (gal) 

640 acres = 1 square mile (sq mile) 8 pints (pt) - 1 gallon (gal) 
r... 

1,000 milligrams (mg) = 1)gram (g) 10 millimeters (mm) = 1 centimeter (cm) 

1,000 grams (g) = 1 kilogram (kg) 100 centimeters (cm) = 1 meter (m) 

1,000 kilograms (kg) = 1 tonne (t) 1,000 millimeters (mm) = 1 meter (m) 


NN | 1000meters im) = 1 Kilometer kr 
Na 00... 


14 pounds (Ib) =  1stone 12 inches (in) — "Tiootiib 
112 pounds (lb) = 1 hundredweight 3 feet (ft) = 1 yard (yd) 
20 hundredweight — İl ifəln 1,760 yards (yd) = 14mile 
5,280 feet (ft) = 1mile 
60 minutes = 1 hour 
24 hours = 1 day Boiling point of water m 2127 100” 5753 
7 days = 1 week Freezing point of water = 32° 0” DUS 
52 weeks = 1 year Absolute zero = —459° =2737 0° 


1 year = 12 months 
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Conversion tables 


The tables belovv shovv metric and imperial equivalents for common 
measurements for length, area, mass, and volume. Conversions between 
Celcius, Fahrenheit, and Kelvin temperature require formulas, which are 
also given below. 


1 millimeter (mm) 0.03937 inch (in) 1 square centimeter (cm?) 0.155 square inch (sq in) 


1 centimeter (cm) = 0.3937 inch (in) 1 square meter (m7) = 1.196a square yard (sq yd) 

1 meter (m) = 1.0936 yards (yd) 1 hectare (ha) = 2.4711 acres 

1 kilometer (km) = 0.6214 mile 1 square kilometer (km?) = 0.3861 square miles 
8 mete "impedai— mez, 

1 inch (in) 2.54 centimeters (cm) 1 square inch (sq in) = 6.4516 square centimeters (cm?) 

1 foot (ft) = 0.3048 meter (m) 1 square foot (sq ft) = 0.0929 square meter (m7) 

1 yard (yd) = 0.9144 meter (m) 1 square yard (sq yd) = 0.8361 square meter (m7) 

1 mile = 1.6093 kilometers (km) 1 acre = 0.4047 hectare (ha) 

1 nautical mile = 1.853 kilometers (km) 1 square mile = 2.59 square kilometers (km?) 

1 milligram (mg) = 0.0154 grain 1 cubic centimeter (cm?) 0.061 cubic inch (in”) 

1 gram (g) = 0.0353 ounce (oz) 1 cubic decimeter (dm?) = 0.0353 cubic foot (ft?) 

1 kilogram (kg) = 2.2046 pounds (Ib) 1 cubic meter (m”) = 1.308 cubic yard (yd?) 

1 tonne/metric ton (t) = 0.9842 imperial ton 1 liter (1/1 dm” = 1.76 pints (pt) 


ace] 1 hectolter(hiv1001 = 21397 gallons (gl) 
1 ounce to 28.35 grams (@) ‘imperil metic 


1 pound (lb) = 0.4536 kilogram (kg) 1 cubic inch (in?) = 16.387 cubic centimeters (cm”) 
1 stone = 6.3503 kilogram (kg) 1 cubic foot (ft?) = 0.0283 cubic meters (m”) 
1 hundredweight (cwt) = 50.802 kilogram (kg) 1 fluid ounce (fl oz) = 28.413 milliliters (ml) 
1 imperial ton = 1.016 tonnes/metric tons 1 pint (pt)/20 fl oz = 0.5683 liter (I) 
1 gallon/8 pt = 4.5461 liters (I) 


TEMPERATURE 


To convert from Fahrenheit (UF) to Celsius (°C) Call =22)%529 


To convert from Celsius (°C) Fahrenheit (°F) = F=(Cx 9 + 5) +32 
To convert from Celsius (°C) to Kelvin (K) = K=C + 273 
To convert from Kelvin (K) to Celsius (°C) = Cal = 273} 


Fahrenheit “F —4 14 32 50 68 86 104 122 140 158 176 194 212 
Celsius °C = =0 0 10 20 30 40 50 60 70 80 90 100 
Kelvin 253 ə 2/2 əsə ee Ə M 925 393 45S SS OS 0/2 


How to convert 


REFERENCE 


The table below shows how to convert between metric and imperial units of measurement. The left table shows 
how to convert from one unit to its metric or imperial equivalent. The right table shows how to do the reverse conversion. 


HOW TO CONVERT METRIC and IMPERIAL MEASURES HOW TO CONVERT METRIC and IMPERIAL MEASURES 


acres 
centimeters 
centimeters 

cubic centimeters 
cubic feet 

cubic inches 

cubic meters 

feet 

feet 

gallons 

grams 

hectares 

inches 

kilograms 
kilometers 
kilometers per hour 
liters 

liters 

meters 

meters 

meters per minute 
meters per minute 
miles 

miles per hour 
miles per hour 
millimeters 
ounces 

pints 

pounds 

square centimeters 
square inches 
square feet 
square kilometers 
square meters 
square meters 
square miles 
square yards 
tonnes (metric) 
tons (imperial) 
yards 


hectares 

feet 

inches 

cubic inches 

cubic meters 
cubic centimeters 
cubic feet 
centimeters 
meters 

liters 

ounces 

acres 

centimeters 
pounds 

miles 

miles per hour 
gallons 

pints 

feet 

yards 

centimeters per second 
feet per second 
kilometers 
kilometers per hour 
meters per second 
inches 

grams 

liters 

kilograms 

square inches 
square centimeters 
square meters 
square miles 
square feet 
square yards 
square kilometers 
square meters 
tons (imperial) 
tonnes (metric) 
meters 


0.4047 
0.03281 
0.3937 
0.061 
0.0283 


16.3871 
35.315 
30.48 


0.3048 
4.546 
0.0353 
2.471 
2.54 
2.2046 
0.6214 
0.6214 
0.2199 
1.7598 
3.2808 
1.0936 
1.6667 
0.0547 
1.6093 
1.6093 
0.447 
0.0394 


28.3495 


0.5682 
0.4536 
0.155 
6.4516 
0.0929 
0.386 


10.764 


1.196 

2.5899 
0.8361 
0.9842 
1.0216 
0.9144 


hectares 

feet 

inches 

cubic inches 

cubic meters 
cubic centimeters 
cubic feet 
centimeters 
meters 

liters 

ounces 

acres 

centimeters 
pounds 

miles 

miles per hour 
gallons 

pints 

feet 

yards 

centimeters per second 
feet per second 
kilometers 
kilometers per hour 
meters per second 
inches 

grams 

liters 

kilograms 

square inches 
square centimeters 
square meters 
square miles 
square feet 
square yards 
square kilometers 
square meters 
tons (imperial) 
tonnes (metric) 
meters 


acres 
centimeters 
centimeters 

cubic centimeters 
cubic feet 

cubic inches 

cubic meters 

feet 

feet 

gallons 

grams 

hectares 

inches 

kilograms 
kilometers 
kilometers per hour 
liters 

liters 

meters 

meters 

meters per minute 
meters per minute 
miles 

miles per hour 
miles per hour 
millimeters 
ounces 

pints 

pounds 

square centimeters 
square inches 
square feet 
square kilometers 
square meters 
square meters 
square miles 
square yards 
tonnes (metric) 
tons (imperial) 
yards 


0.4047 
0.03281 
0.3937 
0.061 
0.0283 


16.3871 
5515 
30.48 


0.3048 
4.546 
0.0353 
2.471 
2.54 
2.2046 
0.6214 
0.6214 
0.2199 
1.7598 
3.2808 
1.0936 
1.6667 
0.0547 
1.6093 
1.6093 
0.447 
0.0394 


28.3495 


0.5682 
0.4536 
0.155 
6.4516 
0.0929 
0.386 


10.764 


1.196 
2.5899 
0.8361 
0.9842 
1.0216 
0.9144 


Numerical equivalents 


REFERENCE 


Percentages, decimals, and fractions are different ways of presenting a numerical value as a proportion of a 
given amount. For example, 10 percent (10%) has the equivalent value of the decimal 0.1 and the fraction Yio. 


1 0.01 1/100 12.5 0.125 
2 0.02 Vo 13 0.13 
3 0.03 3/100 14 0.14 
4 0.04 Vas 15 0.15 
5 0.05 1/20 16 0.16 
6 0.06 3/50 16.66 0.166 
7 0.07 7/00 17 0.17 
8 0.08 2/25 18 0.18 
8.33 0.083 Va 19 0.19 
9 0.09 %/ro0 20 0.2 
10 0.1 Yo 21 0.21 
11 0.11 M00 22 0.22 
12 0.12 3/25 23 0.23 


Angles 


13/00 
7/50 
3/20 
4/25 
Ve 
Whoo 
9/50 
roo 
Vs 
2/100 
Tİ/so 


23/00 


0.24 
25 0.25 
26 0.26 
27 0.27 
28 0.28 
29 0.29 
30 0.3 
31 0.31 
32 0.32 
33 0.33 
33.33 0.333 
34 0.34 
35 0.35 


6/25 
VA 
13/50 
27/100 
7/25 
29/100 
3/40 
3V/400 
8/25 
33/190 
13 
17/50 


7/20 


37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 


An angle shovvs the amount that a line “turns”as it extends in a direction avvay 


from a fixed point. ilmi? 


counterclockvvise 


ae of rotation 


A Sizes of angles 

The size of an angle 
depends on the amount 
of turn. A whole turn, 
making one rotation 
around a circle, is 360°. 


transversal line 
crosses parallel lines 


— 90° 


A Acute angle 
This angle is less than 90°. 


A 


alternate angles are those AG 


on either side of a transversal 
line between parallel lines, for 
example, c and e 


less than 
90” 


& 


0.36 3/25 
0.37 37/100 
0.38 19/50 
0.39 397100 
0.4 2/5 
0.41 “Vn00 
0.42 21/50 
0.43 43/100 
0.44 M5 
0.45 9/20 
0.46 23/50 
0.47 477100 
0.48 Bios 
more than 

90° but less 


than 180° 


A Obtuse angle 
This angle is more than 
90° but less than 180°. 


1 


corresponding angles are those in 
the same position in relation to a 
transversal line and one of a pair of 
parallel lines, for example a and e 


for example, f and h 


vertical angles are those on opposite 
sides of a point where two lines cross, 


0.49 49/400 
50 0.5 Va 
55 0.55 Tİ/20 
60 0.6 3/5 
65 0.65 13/20 
66.66 0.666 7/5 
70 0.7 ho 
75 0.75 3 
80 0.8 4/5 
85 0.35 77/20 
90 0.9 9/10 
95 0.95 19/20 

100 1.00 1 
turn is more 
than 180” 


A Reflex angle 
A reflex angle is more 
than 180”. 


arrovvs indicate lines AB 
and CD are parallel 


<1 Pairs of angles 


Lines AB and CD are 
parallel. When parallel 
lines are crossed by a 


transversal, pairs of 


equal angles are created. 


Shapes 


REFERENCE 


Two-dimensional shapes with straight lines are called polygons. They are 
named according to the number of sides they have. The number of sides 


is also equal to the number of interior angles. A circle has no straight lines, 


so it is not a polygon although it is a two-dimensional shape. 


A Circle 

A shape formed by a curved 
line that is always the same 
distance from a central point. 


A Square 

A quadrilateral with four equal 
sides and four equal interior 
angles of 90° (right angles). 


s 


A Pentagon 
A polygon vvith five sides and 
five interior angles. 


A Nonagon 
A polygon with nine sides and 
nine interior angles. 


A 


A Triangle 
A polygon with three sides 
and three interior angles. 


A 


A Quadrilateral 


A polygon vvith four sides and 
four interior angles. 


A Rectangle 

A quadrilateral vvith four equal 
interior angles and opposite 
sides of equal length. 


A Hexagon 
A polygon vvith six sides and 
six interior angles. 


A Decagon 
A polygon vvith ten sides and 
ten interior angles. 


A Parallelogram 

A quadrilateral vvith tvvo pairs 
of parallel sides and opposite 
sides of equal length. 


A Heptagon 
A polygon vvith seven sides 
and seven interior angles. 


A Hendecagon 
A polygon vvith eleven sides 
and eleven interior angles. 


Sequences 


REFERENCE 


A sequence is a series of numbers written as an ordered list where there 
is a particular pattern or “rule” that relates each number in the list to the 


numbers before and after it. Examples of important mathematical 


sequences are shown below. 


square has 
square has 7 — 
square has 5 
: units . 
square has sides 2 
sides1 units long 
unit long 


square has 
sides 5 
units long 


€İ Square numbers 

In a sequence of square numbers, 
each number is made by squaring 
its position in the sequence, for 
example the third number is 3” 

(3 x 3 = 9) and the fourth number 
is 47 (4x 4= 16). 


1(1x1) 4(2 x 2) 9 (3 x 3) 16 (4 x 4) 25 (5 x 5) 
5th number = Sİ Triangular numbers 
— İn this sequence, each number is 
4th number = 2 
3rd nuniber= 142434 2 made by adding another rovv of 
dots to the triangular pattern. 
14243 
1st number of 277 m The numbers are also related 


sequence = 1 


Y 
O 


1 


dı 


Fibonacci sequence 


Named after the ltalian mathematician Leonardo Fibonacci 
(c.1175-c.1250), the Fibonacci sequence starts with 1. The 
second number is also 1. After that, each number in the 
sequence is the sum of the two numbers before it, for example, 
the sixth number, 8, is the sum of the fourth and fifth numbers, 
3and5 (3+5=8). 


each number in sequence is 


sequence starts with 1 sum of two numbers before it 


~yYvVrvVyreysy 


1, 1, 2, 3, 5, 8, 13,... 


sequence continues in / 


same way indefinitely 


» & 4. 


mathematically, for example, the 
fifth number in the sequence is 
the sum of all numbers up to 5 
(14+2+3+4+45). 


5 


Pascal” Triangle 


Pascal's triangle is a triangular arrangement of numbers. The 
number at the top of the triangle is 1, and every number down 
each side is also 1. Each of the other numbers is the sum of the 
two numbers diagonally above it; for example, in the third row, 
the 2 is made by adding the two 1s in the row above. 


number at top is 1 


apart from the 1s at the 
start and end of rows, 
each number equals the 
sum of the two numbers 
diagonally above it 


each row starts and 
ends with 1 
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FORMULAS 


Formulas are mathematical “recipes” that relate various quantities or 
terms, so that if the value of one is unknown, it can be worked out if 
the values of the other terms in the formula are known. 


Interest 


There are two types of interest — simple and compound. In simple interest, 
the interest is paid only on the capital. In compound interest, the interest 
itself earns interest. 


amount 
number saved 


amount saved __ interest 
(capital) rate of years “İl Simple interest 
formula 

To find the simple interest 
made after a given number 
of years, substitute real 


values into this formula. 


total interest 
after T years 


squared value of x 
multiplied by a number constant number 


with no x terms 


ax’+bx+c=0 


x multiplied by 
a number 


£ 


Formulas in algebra 


Algebra is the branch of mathematics 
that uses symbols to represent 
numbers and the relationship betvveen 
them. Useful formulas are the standard 
formula of a quadratic equation and 
the formula for solving it. 


A Quadratic equation 
Quadratic equations take the form shovvn 
above. They can be solved by using the 


quadratic formula. 
symbol for pi 


TI = 3 el öl value to 20 decimal places 
a 
3.14159265358979323846 


Formulas in trigonometry 


Three of the most useful formulas in trigonometry are those to find out 
the unknown angles of a right triangle when two of its sides are known. 


Sİ Compound interest 
formula 

To find the total value 

of an investment (capital 
+ interest) after a given 
number of years, 
substitute values 

into this formula. 


interest number 
rate of years 


total value of 
investment after T years 


this means add 


X = ris 4ac 


2a 


A The quadratic formula 

This formula can be used to solve any 
quadratic equation. There are alvvays 
tvvo solutions. 


“Sİ The value of pi 

Pi occurs in many formulas, such as 
the formula used for vvorking out the 
area of a circle. The numbers after the 
decimal point in pi go on for ever and 
do not follovv any pattern. 


A The cosine formula 

This formula is used to find the size of 
angle A when the side adjacent to the 
angle and the hypotenuse are known. 


A The sine formula 

This formula is used to find the size of 
angle A when the side opposite the 
angle and the hypotenuse are known. 


A The tangent formula 

This formula is used to find the size of 
angle A when the sides opposite and 
adjacent to the angle are known. 
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Area 
The area of a shape is the amount of space inside it. Formulas for working out 
the areas of common shapes are given below. 


A Circle A Triangle A Rectangle 
The area of a circle equals pi (TI = 3.14) The area of a triangle equals half multiplied The area of a rectangle equals its base 
multiplied by the square of its radius. by its base multiplied by its vertical height. multiplied by its height. 

b, 


“ 


” | | 
“€-——— 
i b 


A Parallelogram A Trapezoid A Rhombus 
The area of a parallelogram equals its base The area of a trapezoid equals the sum of The area of a rhombus equals its base 
multiplied by its vertical height. the tvvo parallel sides, multiplied by the multiplied by its vertical height. 


vertical height, then multiplied by 72. 


Pythagorean Theorem 


This theorem relates the lengths of all the sides of a right triangle, so that if any 
tvvo sides are knovvn, the length of the third side can be vvorked out. 


side a side c (hypotenuse) 


“The theorem 

İn a right triangle the 
square of the hypotenuse 
(the largest side, c) is the 
sum of the squares of the 


— $$ ———————--”- other two sides (a and b). 


side b 
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Surface and volume area 


The illustrations below show three-dimensional shapes and the formulas 
for calculating their surface areas and their volumes. In the formulas, two 
letters together means that . are multiplied together, for example “2r" 


means “2” multiplied by “r” Pi (ff) is 3.14 (to 2 decimal places). 


vertical height 


of cone 
/ Sİ Cone 


The surface area of a 
cone can be found from 
the radius of its base, its 
vertical height, and its 
slant length. The volume 
can be found from the 
height and radius. 


slant length 
of cone 


VN 


iə 


radius of base 
of cone 


radius of 
eylinder 


- <1] Cylinder 
The surface area and 
N : : 
a 


volume of a cylinder can 
be found from its radius 


peor er length} and height (or length). 


of cylinder 


width of rectangular 


prism height of 


rectangular prism 


i €) Rectangular prism 
h The surface area and 

volume of a rectangular 

INS prism can be found from 
— its length, width, and 


length of height. 
rectangular m” 


radius of 
sphere “İ Sphere 

The surface area and 
volume of a sphere can 
be found vvhen only its 
radius is knovvn, because 
pi is a constant number 
(equal to 3.14, to 2 


decimal places). 


“€ Cube 
The surface area and 
volume of a cube can 


, be found when only 
= the length of its sides 


is known. 


length of je 


vertical height 
of pyramid 


[ <J Square pyramid 
h 


The surface area of a 
square pyramid can be 
found from the slant 
length and the side of its 
base. Its volume can be 
=— found from its height 


and the side of its base. 


slant length of 


pyramid 
m 


length of side of 
base of pm acc 
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Parts of a circle 

Various properties of a circle can be measured using certain characteristics, 
such as the radius, circumference, or length of an arc, with the formulas given 
below. Pi (TT) is the ratio of the circumference to the diameter of a circle; pi is 
equal to 3.14 (to 2 decimal places). 


<J Diameter and radius 

di The diameter of a circle 
iameter (d) 

is a straight line running 

right across the circle 

and through its center. 

It is twice the length 

of the radius (the line 

from the center to 

the circumference). 


circumference (c) 


<] Diameter and 
circumference 

The diameter of a circle 
can be found when only 
its circumference (the 
distance around the 
edge) is known. 


| 


circumference (c) 
diameter (d 

<1] Circumference and 
diameter 
The circumference of a 
circle (distance around 
its edge) can be found 
when only its diameter 
is known. 


circumference (c) 


length (1) 


<J Length of an arc 
A section of the 
circumference of a 


circle is known as an arc, 


the length can be found 
when the circle"s 

total circumference 

and the angle of the 

arc are knovvn. 


2 circumference (c) 
“İl Circumference and 
radius 
The circumference of a 
circle (distance around 
its edge) can be found 
when only its radius 
is known. 


< Area of a sector 
The area of a sector (or 
“slice”) of a circle can be 
found when the circle’s 
area and the angle of 
the sector are known. 
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Acute 
An acute angle is an angle that is 
smaller than 90°. 


Addition 

Working out the sum of a 

group of numbers. Addition is 
represented by the + symbol, e.g. 
2 +3 — 5. The order the numbers 
are added in does not affect the 
answer:2+3=3+4+2. 


Adjacent 

A term meaning “next to”. In two- 
dimensional shapes two sides are 
adjacent if they are next to each 
other and meet at the same 
point (vertex). Two angles are 
adjacent if they share a vertex 
and a side. 


Algebra 

The use of letters or symbols in 
place of unknown numbers to 
generalize the relationship 
between them. 


Alternate angle 

Alternate angles are formed 
when two parallel lines are 
crossed by another straight line. 
They are the angles on the 
opposite sides of each of the 
lines. Alternate angles are equal. 


Angle 

The amount of turn between two 
lines that meet at a common point 
(the vertex). Angles are measured 
in degrees, for example, 45°. 


Apex 
The tip of something e.g. the 
vertex of a cone. 


Arc 
A curve that is part of the 
circumference of a circle. 


Area 
The amount of space within a 
two-dimensional outline. Area 


m) Glossary 


is measured in units squared, 
e.g. cm?. 


Arithmetic 

Calculations involving 
addition, subtraction, 
multiplication, division, 
or combinations of these. 


Average 

The typical value of a group 
of numbers. There are three 
types of average: median, 
mode, and mean. 


Axis (plural: axes) 

Reference lines used in graphs to 
define coordinates and measure 
distances. The horizontal axis is 
the x-axis, the vertical axis is the 
y-axis. 


Balance 

Equality on every side, so 

that there is no unequal 
weighting, e.g. in an equation, 
the left-hand side of the equals 
sign must balance with the 
right-hand side. 


Bar graph 

A graph where quantities are 
represented by rectangles (bars), 
which are the same width but 
varying heights. A greater height 
means a greater amount. 


Base 

The base of a shape is its bottom 
edge. The base of a three- 
dimensional object is its 

bottom face. 


Bearing 

A compass reading. The angle 
measured clockwise from the 
North direction to the target 
direction, and given as 3 figures. 


Bisect 
To divide into two equal halves, 
e.g. to bisect an angle or a line. 


Box-and-whisker diagram 

A way to represent statistical data. 
The box is constructed from lines 
indicating where the lower quartile, 
median, and upper quartile 
measurements fall on a graph, 
and the whiskers mark the upper 
and lower limits of the range. 


Brackets 

1. Brackets indicate the order in 
which calculations must be done 
—calculations in brackets must 
be done first e.g. 2 x (4 +1) = 10. 
2. Brackets mark a pair of 
numbers that are coordinates, 
e.g. (1, 1). 

3. When a number appears 
before a bracketed calculation it 
means that the result of that 
calculation must be multiplied 
by that number. 


Break even 

In order to break even a business 
must earn as much money as its 
spends. At this point revenue and 
costs are equal. 


Calculator 
An electronic tool used to solve 
arithmetic. 


Chart 

An easy-to-read visual 
representation of data, such as 
a graph, table, or map. 


Chord 

A line that connects two different 
points on a curve, often on the 
circumference of a circle. 


Circle 

A round shape with only one 
edge, which is a constant 
distance from the centre point. 


Circle graph 

A circular graph in which 
segments represent different 
quantities. 


Circumference 
The edge of a circle. 


Clockwise 
A direction the same as that of a 
clock’s hand. 


Coefficient 

The number in front of a letter in 
algebra. In the equation x? + 5x + 
6 = 0 the coefficient of 5x is 5. 


Common factor 

A common factor of two or more 
numbers divides exactly into 
each of those numbers, e.g. 3 is 
a common factor of 6 and 18. 


Compass 

1.A magnetic instrument that 
shovvs the position of North 

and allovvs bearings to be found. 
2. A tool that holds a pencil in a 
fixed position, allowing circles 
and arcs to be drawn. 


Composite number 

A number with more than two 
factors. A number is composite if 
it is not a prime number e.g. 4 is 
a composite factor as it has 1, 2, 
and 4 as factors. 


Concave 

Something curving inwards. A 
polygon is concave if one of its 
interior angles is greater than 180°. 


Cone 

A three-dimensional object with 
a circular base and a single point 
at its top. 


Congruent/congruence 
Two shapes are congruent if they 
are both the same shape and size. 


Constant 

A quantity that does not change 
and so has a fixed value, e.g. in 
the equation y = x + 2, the 
number 2 is a constant. 


Construction 

The drawing of shapes in 
geometry accurately, often with 
the aid of a compass and ruler. 


Conversion 

The change from one set of units 
to another e.g. the conversion 
from miles into kilometers. 


Convex 

Something curving outwards. A 
polygon is convex if all its interior 
angles are less than 180°. 


Coordinate 

Coordinates show the position of 
points on a graph or map, and 
are written in the form (x,y), 
where x is the horizontal position 
and y is the vertical position. 


Correlate/correlation 

There is a correlation between 
two things if a change in one 
causes a change in the other. 


Corresponding angles 
Corresponding angles are 
formed when two parallel lines 
are crossed by another straight 
side. They are the angles in the 
same position i.e. on the same 
side of each of the lines. 
Corresponding angles are equal. 


Cosine 

In trigonometry, cosine is the 
ratio of the side adjacent to a 
given angle with the hypotenuse 
of a right triangle. 


Counter clockwise 
Movement in the opposite 
direction to that of a clock’s hand. 


Cross section 
A two-dimensional slice of a 
three-dimensional object. 


Cube 

A three-dimensional object 
made up of 6 identical square 
faces, 8 vertices, and 12 edges. 


Cube root 
A number's cube root is the 
number which, multiplied by 


itself three times, equals the 
given number. A cube root is 
indicated by this sign Y . 


Cubed number 

Cubing a number means 
multiplying it by itself three 
times e.g. 8 is a cubed number 
because 2x2x2 8, or 2”. 


Currency 

A system of money within a 
country e.g. the currency in 
the US is $. 


Curve 

A line that bends smoothly. 
A quadratic equation 
represented on a graph is 
also a curve. 


Cyclic quadrilateral 

A shape with 4 vertices and 

4 edges, and where every 
vertex is on the circumference 
of a circle. 


Cylinder 

A three-dimensional object with 
two parallel, congruent circles at 
opposite ends. 


Data 

A set of information, e.g. a 
collection of numbers or 
measurements. 


Debit 
An amount of money spent and 
removed from an account. 


Debt 

An amount of money that has 
been borrowed, and is therefore 
owed. 


Decimal 

1. A number system based on 10 
(using the digits 0, 1, 2, 3, 4, 5, 6, 
7,8, and 9). 

2. Anumber containing a 
decimal place. 


Decimal point 

The dot between the whole part 
of a number and the fractional 
part e.g. 2.5. 


Decimal place 
The position of the digit after the 
decimal point. 


Degrees 
The unit of measurement of 
an angle, represented by the 
symbol °. 


Denominator 

The number on the bottom of a 
fraction e.g. 3 is the denominator 
of 7/3. 


Density 

The amount of mass per 
unit of volume, i.e. density = 
mass + volume. 


Diagonal 

A line that joins two vertices of a 
shape or object that are not 
adjacent to each other. 


Diameter 

A straight line touching two 
points on the edge of a circle and 
passing through the center. 


Difference 

The amount by which one 
quantity is bigger or smaller than 
another quantity. 


Digit 
A single number, e.g. 34 is made 
up of the digits 3 and 4. 


Dimension 

The directions in which 
measurements can be made 
e.g. a solid object has three 
dimensions: its length, height, 
and width. 


Direct proportion 

Two numbers are in direct 
proportion if they increase or 
decrease proportionately, e.g. 
doubling one of them means the 
other also doubles. 


Distribution 

In probability and statistics, the 
distribution gives the range of 
values unidentified random 
variables can take and their 
probabilities. 
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Division/divide 

The splitting of a number into 
equal parts. Division is shown by 
the symbol + e.g. 12 + 3 =4 or by 
/ as used in fractions, e.g. 7/3. 


Double negative 

Two negative signs together 
create a double negative, which 
then becomes equal to a positive 
eg. 5 -(-2)=5+4+2. 


Enlargement 

The process of making something 
bigger, such as a transformation, 
where everything is multiplied by 
the same amount. 


Equal 
Things of the same value are equal, 
shown by the equals sign, =. 


Equation 
A mathematical statement that 
things are equal. 


Equiangular 
A shape is equiangular if all its 
angles are equal. 


Equidistant 

A point is equidistant to two or 
more points if it is the same 
distance from them. 


Equilateral triangle 
A triangle that has three 60° 
angles and sides of equal length. 


Equiprobable events 
Two events are equiprobable if 
they are equally likely to happen. 


Equivalent fractions 

Fractions that are equal but have 
different numerators and 
denominators e.g. '/2, 7/4, and °/10 
are equivalent fractions. 


Estimation 

An approximated amount or an 
approximation the answer toa 
calculation, often made by 
rounding up or down. 


Even number 
A number that is divisible by 2 
e.g. -18, -6, 0, 2. 


Exchange rate 

The exchange rate describes 
what an amount of one currency 
is valued at in another currency. 


Exponent 
See power 


Expression 

A combination of numbers, 
symbols, and unknown 
variables that does not contain 
an equal sign. 


Exterior angle 

1. An angle formed on the 
outside of a polygon, when one 
side is extended outwards. 

2. The angles formed in the 
region outside two lines 
intersected by another line. 


Faces 

The flat surfaces of a three- 
dimensional object, bordered 
by edges. 


Factor 

A number that divides exactly 
into another, larger number, e.g. 
2 and 5 are both factors of 10. 


Factorisation/factorize 

1. Rewriting a number as the 
multiplication of its factors, e.g. 
12=2x2x3. 

2. Rewriting an expression as 
the multiplication of smaller 
expressions e.g. x” + 5x +6 =(x+ 
2) (x + 3). 


Fibonacci sequence 

A sequence formed by adding 
the previous two numbers in the 
sequence together, which begins 
with 1, 1. The first ten numbers in 
the sequence are 1, 1, 2, 3, 5, 8, 
13, 21, 34, and 55. 


Formula 

A rule that describes the 
relationship betvveen variables, 
and is usually vvritten as symbols, 
e.g. the formula for calculating 
the area of a circle is A = 2rr, 

in which A represents the area 
and ris the radius. 
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Fraction 

A part of an amount, represented 
by one number (the numerator) 
on top of another number (the 
denominator) e.g. 7/3. 


Frequency 

1. The number of times 
something occurs during a fixed 
period of time. 

2. In statistics, the number of 
individuals in a class. 


Geometry 

The mathematics of shapes. 
Looks at the relationships 
between points, lines, and 
angles. 


Gradient 
The steepness of a line. 


Graph 

A diagram used to represent 
information, including the 
relationship between two sets 
of variables. 


Greater than 

An amount larger than another 
quantity. It is represented by the 
symbol >. 


Greater than or equal to 
An amount either larger 
or the same as another 
quantity. It is represented 
by the symbol =. 


Greatest common factor 

The largest number that divides 
exactly into a set of other 
numbers. It is often written 

as GCF, e.g. the GCF of 12 and 
18 is 6. 


Height 
The upwards length, measuring 
between the lowest and highest 
points. 


Hexagon 
A two-dimensional shape with 
6 sides. 


Histogram 
A bar graph that represents 
frequency distribution. 


Horizontal 

Parallel to the horizon. A 
horizontal line goes between 
left and right. 


Hypotenuse 

The side opposite the right-angle 
in a right triangle. It is the 
longest side of a right triangle. 


Impossibility 

Something that could never 
happen. The probability of an 
impossibility is written as 0. 


Improper fraction 
Fraction in which the numerator 
is greater than the denominator. 


Included angle 
An angle formed between two 
sides with a common vertex. 


Income 
An amount of money earned. 


Independent events 
Occurrences that have no 
influence on each other. 


Indices (singular: index) 
See power. 


Indirect proportion 

Two variables x and y are in 
indirect proportion if e.g. when 
one variable doubles, the other 
halves, or vice versa. 


Inequalities 
Inequalities show that two 
statements are not equal. 


Infinite 
Without a limit or end. Infinity is 
represented by the symbol 9. 


Integers 

Whole numbers that can be 
positive, negative, or zero, 
e.g. -3,-1, 0, 2, 6. 


Interest 

An amount of money charged 
when money is borrowed, or 
the amount earned when it is 
invested. It is usually written 

as a percentage. 


Interior angle 

1. An included angle in a polygon. 
2. An angle formed when two lines 
are intersected by another line. 


Intercept 
The point on a graph at which a 
line crosses an axis. 


Interquartile range 

A measure of the spread of a set 
of data. It is the difference 
between the lower and upper 
quartiles. 


Intersection/intersect 
A point where two or more lines 
or figures meet. 


Inverse 

The opposite of something, e.g. 
division is the inverse of 
multiplication and vice versa. 


Investment/invest 
An amount of money spent in an 
attempt to make a profit. 


Isosceles triangle 
A triangle with two equal sides 
and two equal angles. 


Least common multiple 

The smallest number that can 
be divided exactly into a set of 
values. It is often written LCM, 
e.g. the LCM of 4 and 6 is 12. 


Length 

The measurement of the distance 
between two points e.g. how 
long a line segment is between 
its two ends. 


Less than 
An amount smaller than another 
quantity. It is represented by the 
symbol <. 


Less than or equal to 

An amount smaller or the same 
as another quantity. It is 
represented by the symbol <. 


Like terms 

An expression in algebra that 
contains the same symbols, such 
as x or y, (the numbers in front of 


the x or y may change). Like 
terms can be combined. 


Line 

A one-dimensional element that 
only has length (i.e. no width or 
height). 


Line graph 

A graph that uses points 
connected by lines to represent a 
set of data. 


Line of best fit 

A line on a scatter diagram that 
shows the correlation or trend 
between variables. 


Line of symmetry 

A line that acts like a mirror, 
splitting a figure into two 
mirror-image parts. 


Loan 

An amount of money borrowed 
that has to be paid back (usually 
over a period of time). 


Locus (plural: loci) 
The path of a point, following 
certain conditions or rules. 


Loss 
Spending more money than has 
been earned creates a loss. 


Major 

The larger of the two or more 
objects referred to. It can be 
applied to arcs, segments, 
sectors, or ellipses. 


Mean 

The middle value of a set of data, 
found by adding up all the 
values, then dividing by the total 
number of values. 


Measurement 
A quantity, length, or size, found 
by measuring something. 


Median 

The number that lies in the 
middle of a set of data, after 
the data has been put into 
increasing order. The median is 
a type of average. 


Mental arithmetic 
Basic calculations done without 
writing anything down. 


Minor 

The smaller of the two or more 
objects it referred to. It can be 
applied to arcs, segments, 
sectors, or ellipses. 


Minus 
The sign for subtraction, 
represented as -. 


Mixed operations 

A combination of different 
actions used in a calculation, 
such as addition, subtraction, 
multiplication, and division. 


Mode 

The number that appears most 
often in a set of data. The mode 
is a type of average. 


Mortgage 

An agreement to borrow money to 
pay for a house. It is paid back with 
interest over along period of time. 


Multiply/multiplication 

The process of adding a value 
to itself a set number of times. 
The symbol for multiplication 

is x. 


Mutually exclusive events 

Two mutally exclusive events are 
events that cannot both be true 
at the same time. 


Negative 
Less than zero. Negative is the 
opposite of positive. 


Net 
A flat shape that can be folded to 
make a three-dimensional object. 


Not equal to 

Not of the same value. Not equal 
to is represented by the symbol 
se, €.g. 1:2. 


Numerator 

The number at the top ofa 
fraction, e.g. 2 is the numerator 
of 7/5. 


Obtuse angle 
An angle measuring betvveen 90” 
and 180°. 


Octagon 
A tvvo-dimensional shape vvith 8 
sides and 8 angles. 


Odd number 
A whole number that cannot 
be divided by 2, e.g. -7, 1, and 65. 


Operation 

An action done to a number, 

e.g. adding, subtracting, dividing, 
and multiplying. 


Operator 
A symbol that represents an 
operation, e.g. +, -, x, and +. 


Opposite 
Angles or sides are opposite if 
they face each other. 


Parallel 
Two lines are parallel if they are 
always the same distance apart. 


Parallelogram 

A quadrilateral which has 
opposite sides that are equal and 
parallel to each other. 


Pascal's triangle 

A number pattern formed ina 
triangle. Each number is the sum 
of the two numbers directly 
above it. The number at the 

top is 1. 


Pentagon 
A two-dimensional shape that 
has 5 sides and 5 angles. 


Percentage/per cent 

A number of parts out of a 
hundred. Percentage is 
represented by the symbol %. 


Perimeter 

The boundary all the way around 
a shape. The perimeter also refers 
to the length of this boundary. 


Perpendicular bisector 
A line that cuts another line in 
half at right-angles to it. 
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Pi 

A number that is approximately 
3.142 and is represented by the 
Greek letter pi, r. 


Plane 

A completely flat surface that 
can be horizontal, vertical, 

or sloping. 


Plus 
The sign for addition, 
represented as +. 


Point of contact 
The place where two or more 
lines intersect or touch. 


Polygon 
A two-dimensional shape with 3 
or more straight sides. 


Polyhedron 
A three-dimensional object with 
faces that are flat polygons. 


Positive 
More than zero. Positive is the 
opposite of negative. 


Power 

The number that indicates how 
many times a number is 
multiplied by itself. Powers are 
shown by a small number at the 
top-right hand corner of another 
number, e.g. 4 is the power in 
24=2x2x2x2. 


Prime number 

A number which has exactly two 
factors: 1 and itself. The first 10 
prime numbers are 2, 3, 5, 7, 11, 
13, 17, 19, 23, and 29. 


Prism 
A three-dimensional object 
with ends that are identical 


polygons. 


Probability 

The likelihood that something 
will happen. This likelihood is 
given a value between 0 and 1. 
An impossible event has 
probability 0 and a certain event 
has probability 1. 
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Product 
A number calculated when two 
or more numbers are multiplied 
together. 


Profit 
The amount of money left once 
costs have been paid. 


Proper fraction 

A fraction in which the 
numerator is less than the 
denominator, e.g. ”/s is a 
proper fraction. 


Proportion/proportionality 
Proportionality is when two or 
more quantities are related by a 
constant ratio, e.g. a recipe may 
contain three parts of one 
ingredient to two parts of 
another. 


Protractor 
A tool used to measure angles. 


Pyramid 

A three-dimensional object with 
a polygon as its base and 
triangular sides that meet in 

a point at the top. 


Pythagorean theorem 

A rule that states that the 
squared length of the 
hypotenuse of a right-angled 
triangle will equal the sum of the 
squares of the other two sides 

as represented by the equation 
a+b*=c?. 


Quadrant 

A quarter of a circle, or a quarter 
of a graph divided by the x- and 
y-axis. 


Quadratic equation 
Equations that include a squared 
variable, e.g. x” + 3x 4.2 — 0. 


Quadratic formula 

A formula that allows any 
quadratic equation to be solved, 
by substituting values into it. 


Quadrilateral 
A two-dimensional shape that 
has 4 sides and 4 angles. 


Quartiles 

In statistics, quartiles are points 
that split an ordered set of data 
into 4 equal parts. The number 
that is a quarter of the way 
through is the lower quartile, 
halfway is the median, and 
three-quarters of the way 
through is the upper quartile. 


Quotient 

The whole number of times 

a number can be divided into 
another e.g. if 11 + 2 then 
the quotient is 5 (and the 
remainder is 1). 


Radius (plural: radii) 

The distance from the center 
of a circle to any point on its 
circumference. 


Random 

Something that has no special 
pattern in it, but has happened 
by chance. 


Range 
The span between the smallest 
and largest values in a set of data. 


Ratio 

A comparison of two numbers, 
written either side of the 
symbol : e.g. 2:3. 


Rectangle 
A quadrilateral with 2 pairs of 
opposite, parallel sides that are 


equal in length, and 4 right angles. 


Rectangular prisms 

A three-dimensional object 
made of 6 faces (2 squares at 
opposite ends with 4 rectangles 
between), 8 vertices, and 12 
edges. 


Recurring 

Something that repeats over and 
over again, e.g. ə = 0.11111... is 
a recurring decimal and is shown 
as 0.1. 


Reflection 

A type of transformation that 
produces a mirror-image of 
the original object. 


Reflex angle 
An angle between 180° and 360°. 


Regular polygon 

A two-dimensional shape 
with sides that are all the same 
length and angles that are all 
the same size. 


Remainder 

The number left over when a 
dividing a number into whole 
parts e.g. 11 — 2 — 5 with 
remainder 1. 


Revolution 
A complete turn of 360”. 


Rhombus 

A quadrilateral vvith 2 pairs of 
parallel sides and all 4 sides of 
the same length. 


Right angle 
An angle measuring exactly 90”. 


Root 

The number vvhich, vvhen 
multiplied by itself a number of 
times, results in the given value, 
e.g. 2 is the fourth root of 16 as 
2x2x2x2-16. 


Rotation 

A type of transformation in 
which an object is turned 
around a point. 


Rounding 

The process of approximating a 
number by writing it to the 
nearest whole number or to a 
given number of decimal places. 


Salary 

An amount of money paid 
regularly for the work that 
someone has done. 


Sample 

A part of a whole group from 
which data is collected to give 
information about the 

whole group. 


Savings 
An amount of money kept aside 
or invested and not spent. 


Scale/scale drawing 

Scale is the amount by which an 
object is made larger or smaller. 
İt is represented as a ratio. A scale 
drawing is a drawing that is in 
direct proportion to the object 

it represents. 


Scalene triangle 

A triangle where every side is a 
different length and every angle 
is a different size. 


Scatter plot 

A graph in which plotted points 
or dots are used to show the 
correlation or relationship 
between two sets of data. 


Sector 
Part of a circle, with edges that 
are two radii and an arc. 


Segment 
Part of a circle, whose edges are 
a chord and an arc. 


Semi-circle 
Half of a full circle, whose edges 
are the diameter and an arc. 


Sequence 
A list of numbers ordered 
according to a rule. 


Similar 

Shapes are similar if they have 
the same shape but not the 
same size. 


Simplification 

In algebra, writing something 
in its most basic or simple form, 
e.g. by cancelling terms. 


Simultaneous equation 
Two or more equations that must 
be solved at the same time. 


Sine 

In trigonometry, sine is the ratio 
of the side opposite to a given 
angle with the hypotenuse of a 
right triangle. 


Solid 
A three-dimensional shape that 
has length, width, and height. 


Sphere 

A three-dimensional, ball-shaped, 
perfectly round object, where 
each point on its surface is the 
same distance from its center. 


Spread 

The spread of a set of data is 
how the data is distributed over 
a range. 


Square 

A quadrilateral in which all the 
angles are the same (90°) and 
every side is the same length. 


Square root 

A number that, multiplied by 
itself, produces a given number, 
shown as V ,e.g. V4 =2. 


Squared number 

The result of multiplying 
a number by itself, e.g. 
47-4x4-16. 


Standard deviation 

A measure of spread that shovvs 
the amount of deviation from the 
mean. İf the standard deviation is 
low the data is close to the mean, 
if it is high, it is vvidely spread. 


Standard form 

A number (usually very large or 
very small) vvritten as a positive 
or negative number betvveen 1 
and 9 multiplied by a povver of 
10, e.g. 0.02 is 2 x 10”. 


Statistics 
The collection, presentation, and 
interpretation of data. 


Stem-and-leaf diagram 

A graph showing the shape of 
ordered data. Numbers are split 
in two digits and separated by a 
line. The first digits form the stem 
(written once) and the second 
digits form leaves (written many 
times in rows). 


Substitution 

Putting something in place of 
something else, e.g. using a 
constant number in place of 
a variable. 


Subtraction/subtract 

Taking a number away from 
another number. It is represented 
by the symbol -. 


Sum 

The total, or the number 
calculated when two numbers 
are added together. 


Supplementary angle 
Two angles that add up to 180°. 


Symmetry/symmetrical 

A shape or object is symmetrical 
if it looks the same after a 
reflection or a rotation. 


Table 
Information displayed in rows 
and columns. 


Take-home pay 

Take-home pay is the amount 
of earnings left after tax has 
been paid. 


Tangent 

1. A straight line that touches 
a curve at one point. 

2.1n trigonometry, tangent is 
the ratio of the side opposite 
to a given angle vvith the side 
adiacent to the given angle, 
in a right-angled triangle. 


Tax 

Money that is paid to the 
government, either as part of 
what a person buys, or asa 
part of their income. 


Terms 

İndividual numbers in a 
sequence or series, or individual 
parts of an expression, e.g. in 
7a? + 4xy - 5 the terms are 7a’, 
Axy, and 5. 


Tessellation 
A pattern of shapes covering 
a surface vvithout leaving 


any gaps. 


Theoretical probability 
The likelihood of an outcome 
based on mathematical ideas 
rather than experiments. 


Three-dimensional 
Objects that have length, width, 
and height. Three-dimensions is 
often written as 3D. 


Transformation 

A change of position, size, or 
orientation. Reflections, rotations, 
enlargements, and translations are 
all transformations. 


Translation 
Movement of an object without 
it being rotated. 


Trapezoid 

A quadrilateral with a pair of 
parallel sides that can be of 
different lengths. 


Triangle 
A two-dimensional shape with 3 
sides and 3 angles. 


Trigonometry 
The study of triangles and the 
ratios of their sides and angles. 


Two-dimensional 

A flat figure that has length and 
width. Two-dimensions is often 
written as 2D. 


Unit 

1. The standard amount in 
measuring, e.g. cm, kg, and 
seconds. 

2. Another name for one. 


Unknown angle 

An angle which is not specified, 
and for which the number of 
degrees need to be determined. 


Variable 

A quantity that can vary or 
change and is usually indicated 
by a letter. 


Vector 

A quantity that has both size and 
direction, e.g. velocity and force 
are vectors. 


Velocity 

The speed and direction in which 
something is moving, measured 
in metres per second m/s. 


GLOSSARY 


Vertex (plural: vertices) 
The corner or point at which 
surfaces or lines meet. 


Vertical 

At right-angles to the horizon. 
A vertical line goes between 
up and down directions. 


Volume 

The amount of space within a 
three-dimensional object. 
Volume is measured in units 
cubed, e.g. cm”. 


Wage 
The amount of money paid to a 
person in exchange for work. 


Whole number 

Counting numbers that do not 
have any fractional parts and are 
greater than or equal to 0, 

e.g. 1, 7, 46, 108. 


Whole turn 

A rotation of 360°, so that an 
object faces the same direction it 
started from. 


Width 

The sideways length, measuring 
between opposite sides. Width is 
the same as breadth. 


X-axis 

The horizontal axis of a graph, 
which determines the 
x-coordinate. 


X-intercept 
The value at which a line crosses 
the x-axis on a graph. 


Y-axis 

The vertical axis of a graph, 
which determines the 
y-coordinate. 
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abacus 14 
accuracy 71 
acute-angled triangles, area 123 
acute angles 85, 245 
addition 16 
algebra 169 
binary numbers 47 
calculators 72 
expressions 172 
fractions 53 
inequalities 198 
multiplication 18 
negative numbers 34 
positive numbers 34 
vectors 96 
algebra 166-99, 248 
allowance, personal finance 74 
alternate angles 87 
AM (ante meridiem) 32 
analoge time 32 
angle of rotation 100, 101 
angles 84-85, 245 
45:113 
60° 113 
90° 113 
acute 85 
alternate 87 
arcs 150 
bearings 108 
bisecting 112, 113 
in a circle 144-45 
complementary 85 
congruent triangles 120, 121 
constructions 110 
corresponding 87 
cyclic quadrilaterals 147 
drawing triangles 118, 119 
geometry 80 
obtuse 85 
pairs of 245 
parallel lines 87 
pie charts 210 
polygons 134, 135, 136 
protractor 82, 83 
quadrilaterals 130, 131 
reflex 85 
rhombus 133 
right-angled 85, 113 
sectors 151 
size of 245 


supplementary 85 
tangents 149 
triangles 116, 117 
trigonometry formulas 161, 
162, 163, 164-65 
annotation, pie charts 211 
answer, calculator 73 
approximately equals sign 70 
approximation 70 
arcs 138, 139, 150 
compasses 82 
length of 251 
sectors 151 
area 
circles 138, 139, 142-43, 151, 
155, 249 
congruent triangles 120 
conversion tables 243 
cross-sections 154 
formulas 177, 249-50 
measurement 28, 242 
quadrilaterals 132-33 
rectangles 28, 249 
triangles 122-24, 249 
arithmetic keys, calculators 72 
arrowheads 86 
averages 214-15 
frequency tables 216 
moving 218-19 
axes 
bar graphs 206 
graphs 92, 184, 212, 213 
axis of reflection 102, 103 
axis of symmetry 89 


B 


balancing equations 180 
banks, personal finance 74, 75 
bar graphs 203, 206-209, 224 
base numbers 15 
bearings 80, 108-109 
bias 205 
binary numbers 46-47 
bisectors 112, 113 
angles 112, 113 
perpendicular 110, 111, 
146, 147 
rotation 101 
borrowing, personal finance 
74,75 
box-and-whisker diagrams 223 


box method of multiplication 21 


brackets 
calculators 72, 73 
expanding expressions 174 
break-even, finance 74, 76 
business finance 76-77 
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calculators 72-73, 83 
cosine (cos) 161, 164 
exponent button 37 
povvers 37 
roots 37 
sine (sin) 161, 164 
standard form 43 
tangent (tan) 161, 164 
calendars 28 
cancel key, calculators 72 
cancellation 
equations 180 
expressions 173 
formulas 178 
fractions 51, 64 
ratios 56 
capital 75 
carrying numbers 24 
Celsius temperature scale 185, 
242, 243 
centimeters 28, 29 
center of a circle 138, 139 
angles in a circle 144 
arcs 150 
chords 146, 147 
pie charts 211 
tangents 148, 149 
center of enlargement 104, 
105 
center of rotation 89, 100, 101 
centuries 30 
chance 230, 231, 234, 236, 237 
chances 
dependent events 236, 237 
expectation 232 
change 
percentages 63 
proportion 58 
charts 203, 205 
chords 138, 139, 146-47 
tangents 149 
circles 138-39, 246, 251 
angles in a 84, 85, 144-45 


arcs 150, 251 
area of 142-43, 151, 154, 
155, 251 
chords 138, 139, 146-47 
circumference 140, 251 
compasses 82 
cyclic quadrilaterals 147 
diameter 140, 141, 251 
formulas 249 
geometry 80 
loci 114 
pie charts 210, 211 
sectors 151 
symmetry 88 
tangents 148, 149 
circular prism 152 
circumference 138, 139, 140, 251 
angles ina circle 144, 145 
arcs 150 
chords 146 
cyclic quadrilaterals 147 
pie charts 211 
tangents 148, 149 
clocks 31-32, 33 
codes 27 
combined probabilities 234-35 
common denominator 52-53 
ratio fractions 57 
common factors 174, 175 
common multiples 20 
comparing ratios 56, 57 
compass directions 108 
compass points 108 
compasses (for drawing circles) 139 
constructing tangents 149 
constructions 110 
drawing a pie chart 211 
drawing triangles 118, 119 
geometry tools 82 
complementary angles 85 
component bar graphs 209 
composite bar graphs 209 
composite numbers 15, 26, 27 
compound bar graphs 209 
compound interest 75 
compound measurement units 
28 
compound shapes 143 
computer animation 118 
concave polygons 136 
cones 153 
surface area 157, 250 


volumes 155, 250 
congruent triangles 112, 120-21 
drawing 118 
parallelograms 133 
constructing reflections 103 
constructing tangents 149 
constructions 110-11 
conversion tables 243-44 
convex polygons 136, 137 
coordinates 90-91 
constructing reflections 103 
enlargements 105 
equations 93, 188, 189, 
195, 197 
graphs 92, 182 
linear graphs 182 
maps 93 
quadratic equations 195, 197 
rotation 101 
simultaneous equations 
188, 189 
correlations, scatter diagrams 
226, 227 
corresponding angles 87 
cosine (cos) 
calculators 73 
formula 161, 162, 163, 
164, 165 
costs 74, 76, 77 
credit 74 
cross-sections 
solids 152 
volumes 154 
cube roots 37, 241 
estimating 39 
surds 40-41 
cubed numbers 241 
calculator 73 
powers 36 
units 28 
cubes 153, 250 
geometry 81 
cubic units 154 
cuboids 152, 153 
surface area 157, 250 
symmetry 88, 89 
volume 28, 155, 250 
cumulative frequency graphs 
213 
quartiles 222 
curves, quadratic equation 
graphs 194 


cyclic quadrilaterals 146, 147 
cylinders 152, 153, 250 
nets 156 
surface area 156, 175 
symmetry 89 
volume 154 
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data 202-205 
averages 214, 215, 218-19 
bar graphs 203, 206, 207, 
208, 209 
cumulative frequency graphs 
213 
frequency tables 216 
grouped 217 
line graphs 212 
moving averages 218-19 
quartiles 222, 223 
ratios 56 
scatter diagrams 226, 227 
spread 220 
stem-and-leaf diagrams 221 
data logging 205 
data presentation 
histograms 224, 225 
pie charts 210 
data protection 27 
data table 208 
dates, Roman numerals 33 
days 28, 30 
decades 30 
decagons 135, 246 
decimal numbers 15, 44-45, 245 
binary numbers 46-47 
converting 64-65 
division 24, 25 
mental mathematics 67 
decimal places 
rounding off 71 
standard form 42 
decimal points 44 
calculators 72 
standard form 42 
decrease as percentages 63 
degrees 
angles 84 
bearings 108 
deletion, calculators 72 
denominators 
adding fractions 53 


common 52-53 
fractions 48, 49, 50, 51, 53, 
64, 65 
ratio fractions 57 
subtracting fractions 53 
density measurement 28, 29 
dependent events 236-37 
tree diagrams 239 
diagonals in quadrilaterals 
130, 131 
diameter 138, 139, 140, 141, 251 
angles in a circle 145 
area of a circle 142, 143 
chords 146 
difference, subtraction 17 
digital time 32 
direct proportion 58 
direction 
bearings 108 
vectors 94 
distance 
bearings 109 
loci 114 
measurement 28, 29 
distribution 
data 220, 239 
quartiles 222, 223 
dividend 22, 23, 24, 25 
division 22-23 
algebra 169 
calculators 72 
cancellation 51 
decimal numbers 45 
expressions 173 
formulas 178 
fractions 50, 55 
inequalities 198 
long 25 
negative numbers 35 
positive numbers 35 
povvers 38 
proportional quantities 59 
quick methods 68 
ratios 57, 59 
short 24 
top-heavy fractions 50 
divisor 22, 23, 24, 25 
dodecagons 134, 135 
double inequalities 199 
double negatives 73 
dravving constructions 110 
dravving triangles 118-19 
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E 


earnings 74 
edges of solids 153 
eighth fraction 48 
elimination, simultaneous 
equations 186 
employees, finance 76 
employment, finance 74 
encryption 27 
endpoints 86 
enlargements 104-105 
equal vectors 95 
equals sign 16, 17 
approximately 70 
calculators 72 
equations 180 
formulas 177 
equations 
coordinates 93 
factorizing quadratic 190-91 
graphs 194, 195 
linear graphs 182, 183, 184, 
185 
Pythagorean Theorem 128, 129 
quadratic 190-93, 194, 195 
simultaneous 186-89 
solving 180-81 
equiangular polygons 134 
equilateral polygons 134 
equilateral triangles 113, 117 
symmetry 88, 89 
equivalent fractions 51 
estimating 
calculators 72 
cube roots 39 
quartiles 222 
rounding off 70 
square roots 39 
Euclid 26 
evaluating expressions 173 
even chance 231 
expanding expressions 174 
expectation 232-33 
exponent button, calculators 37, 
43,73 
expressions 172-73 
equations 180 
expanding 174-75 
factorizing 174-75 
quadratic 176 
sequences 170 


exterior angles 
cyclic quadrilaterals 147 
polygons 137 
triangles 117 


F 


faces of solids 153, 156 
factorizing 27 
expressions 174, 175, 176 
quadratic equations 190-91 
quadratic expressions 176 
factors 174, 175 
division 24 
prime 26, 27 
Fahrenheit temperature scale 
185, 242, 243 
feet 28 
Fibonacci sequence 15, 171, 247 
finance 
business 76-77 
personal 74-75 
flat shapes, symmetry 88 
formulas 177, 248-49 
algebra 248 
area of quadrilaterals 132 
area of rectangles 173 
area of triangles 122, 123, 124 
factorizing 174 
interest 75 
moving terms 178-79 
Pythagorean Theorem 128, 129, 
249 
quadratic equations 191, 
192-93 
quartiles 222, 223 
speed 29 
trigonometry 161-65, 248 
fortnights 30 
fractional numbers 44 
fractions 48-55, 245 
adding 53 
common denominators 52 
converting 64-65 
division 55 
mixed 50 
multiplication 54 
probability 230, 233, 234 
ratios 57 
subtracting 53 
top-heavy 50 
frequency 
bar graphs 206, 207, 208 
cumulative 213 
frequency density 224, 225 
frequency graph 222 
frequency polygons 209 


frequency tables 216, 217 
bar graphs 206, 207 
data presentation 205 
histograms 225 
pie charts 210 

function keys, scientific 
calculator 73 

functions, calculators 72, 73 


G 


geometry 78-157 
geometry tools 82-83 
government, personal finance 74 
gradients, linear graphs 182, 183 
grams 28, 29 
graphs 
coordinates 90, 92 
cumulative frequency 213 
data 205 
and geometry 81 
line 212-13 
linear 182-85 
moving averages 218-19 
proportion 58 
quadratic equations 194-97 
quartiles 222 
scatter diagrams 226, 227 
simultaneous equations 186, 
188-89 
statistics 203 
greater than symbol 198 
grouped data 217 


H 


half fraction 49 
hendecagons 135, 246 
heptagons 135, 136, 246 
hexagons 134, 135, 137, 246 

tessellations 99 
histograms 203, 224-25 
horizontal bar chart 208 
horizontal coordinates 90, 91 
hours 28, 29, 30 

kilometers per 29 
hundreds 

addition 16 

decimal numbers 44 

multiplication 21 

subtraction 17 
hypotenuse 117 

congruent triangles 121 

Pythagoream Theorem 128, 129 

tangents 148 

trigonometry formulas 161, 

162, 163, 164, 165 


icosagons 135 
imperial measurements 28 
conversion tables 242-43 
inches 28 
included angle, congruent 
triangles 121 
income 74 
income tax 74 
increase, percentages 63 
independent events 236 
inequalities 198-99 
infinite symmetry 88 
inputs, finance 76 
interest 75 
formulas 179, 248 
personal finance 74 
interior angles 
cyclic quadrilaterals 147 
polygons 136, 137 
triangles 117 
International Atomic Time 30 
interquartile range 223 
intersecting chords 146 
intersecting lines 86 
inverse cosine 164 
inverse multiplication 22 
inverse proportion 58 
inverse sine 164 
inverse tangent 164 
investment 74 
interest 75 
irregular polygons 134, 135, 136, 
137 
irregular quadrilaterals 130 
isosceles triangles 117, 121 
rhombus 133 
symmetry 88 


K 


kaleidoscopes 102 
Kelvin temperature scale 242, 243 
keys 
calculators 72 
pie charts 211 
kilograms 28 
kilometers 28 
kilometers per hour 29 
kite quadrilaterals 130, 131 


L 


labels on pie charts 211 
latitude 93 
leaf diagrams 221 


leap years 30 

length measurement 28, 242 
conversion tables 243 
speed 29 

less than symbol 198 

letters, algebra 168 

like terms in expressions 172 

line of best fit 227 

line graphs 203, 212-13 

line segments 86 
constructions 111 
vectors 94 

line of symmetry 103 

linear equations 182, 183, 

184, 185 

linear graphs 182-85 

lines 86 
angles 84, 85 
constructions 110, 111 
geometry 80 
loci 114 
parallel 80 
rulers 82, 83 
straight 85, 86-87 
of symmetry 88 

liquid volume, measurement 242 

loans 74 

location 114 

locus (loci) 114-15 

long division 25 

long multiplication 21 
decimal numbers 44 

longitude 93 

loss 
business finance 76 
personal finance 74 

lowest common denominator 52 

lowest common multiple 20 


M 


magnitude, vectors 94, 95 

major arcs 150 

major sectors 151 

map coordinates 90, 91, 93 

mass measurement 28, 242 
conversion tables 243 
density 29 

mean 
averages 214, 215, 218, 219 
frequency tables 216 
grouped data 217 
moving averages 218, 219 
weighted 217 

measurement 
drawing triangles 118 
scale drawing 106, 107 


units of 28-29, 242 
measuring spread 220-21 
measuring time 30-32 
median 

averages 214, 215 

quartiles 222, 223 
memory, calculators 72 
mental math 66-69 
meters 28 
metric measurement 28, 

242-43 
midnight 32 
miles 28 
millennium 30 
milliseconds 28 
minor arcs 150 
minor sectors 151 
minus sign 34 

calculator 73 
minutes 28, 29, 30 
mirror image 

reflections 102 

symmetry 88 
mixed fractions 49, 50, 54 

division 55 

multiplication 54 
modal class 217 
mode 214 
money 76 

business finance 77 

interest 75 

personal finance 74 
months 28, 30 
mortgage 74 
multiple bar graphs 209 
multiple choice questions 

204 
multiples 20 

division 24 
multiplication 18-21 

algebra 169 

calculators 72 

decimal numbers 44 

expanding expressions 174 

expressions 173 

formulas 178 

fractions 50, 54 

indirect proportion 58 

inequalities 198 

long 21 

mental mathematics 66 

mixed fractions 50 

negative numbers 35 

positive numbers 35 

powers 36, 38 

proportional quantities 59 

reverse cancellation 51 


short 21 
tables 67, 241 
vectors 96 


N 


nature, geometry in 80 
negative correlations 227 
negative gradients 183 
negative numbers 34-35 
addition 34 
calculators 73 
dividing 35 
inequalities 198 
multiplying 35 
quadratic graphs 195 
subtraction 34 
negative scale factor 104 
negative terms in formulas 178 
negative translation 99 
negative values on graphs 92 
negative vectors 95 
nets 152, 156, 157 
non-parallel lines 86 
non-polyhedrons 153 
nonagons 135, 137, 246 
nought 34 
“nth” value 170 
number line 
addition 16 
negative numbers 34-35 
positive numbers 34-35 
subtraction 17 
numbers 14-15 
binary 46-47 
calculators 72 
composite 26 
decimal 15, 44-45, 245 
negative 34-35 
positive 34-35 
prime 26-27, 241 
Roman 33 
surds 40-41 
symbols 15 
numerator 48, 49, 50, 51, 64, 65 
adding fractions 53 
comparing fractions 52 
ratio fractions 57 
subtracting fractions 53 
numerical equivalents 245 


O 


obtuse-angled triangle 123 
obtuse angles 85, 245 
obtuse triangles 117 
octagons 135 


operations 

calculators 73 

expressions 172 
order of rotational symmetry 89 
origin 92 
ounces 28 
outputs, business finance 76, 77 
overdraft 74 


P 


parallel lines 80, 86, 87 
angles 87 
parallel sides of a parallelogram 
133 
parallelograms 86, 130, 131, 246 
area 133, 249 
Pascal's triangle 247 
patterns 
sequences 170 
tessellations 99 
pension plan 74 
pentadecagon 135 
pentagonal prism 152 
pentagons 135, 136, 137, 246 
symmetry 88 
percentages 60-63, 245 
converting 64-65 
interest 75 
mental mathematics 69 
perfect numbers 14 
perimeters 
circles 139 
triangles 116 
perpendicular bisectors 110, 111 
chords 146, 147 
rotation 101 
perpendicular lines, 
constructions 110, 111 
perpendicular (vertical) height 
area of quadrilaterals 132, 133 
area of triangles 122, 123 
volumes 155 
personal finance 74-75 
personal identification number 
(PIN) 74 
pi (SYMBOL) 140, 141 
surface area of a cylinder 
175 
surface area of a sphere 157 
volume of sphere 155 
pictograms 203 
pie charts 203, 210-11 
business finance 77 
planes 86 
symmetry 88 
tessellations 99 


plotting 
bearings 108, 109 
enlargements 105 
graphs 92 
line graphs 212 
linear graphs 184 
loci 115 
simultaneous equations 188, 
189 
plus sign 34 
PM (post meridiem) 32 
points 
angles 84, 85 
constructions 110, 111 
lines 86 
loci 114 
polygons 134 
polygons 134-37 
enlargements 104, 105 
frequency 209 
irregular 134, 135 
quadrilaterals 130 
regular 134, 135 
triangles 116 
polyhedrons 152, 153 
positive correlation 226, 227 
positive gradients 183 
positive numbers 34-35 
addition 34 
dividing 35 
inequalities 198 
multiplying 35 
quadratic graphs 195 
subtraction 34 
positive scale factor 104 
positive terms in formulas 178 
positive translation 99 
positive values on graphs 92 
positive vectors 95 
pounds (mass) 28 
power of ten 42, 43 
power of zero 38 
powers 36 
calculators 73 
dividing 38 
multiplying 38 
prime factors 26, 27 
prime numbers 14, 15, 26-27, 
241 
prisms 152, 153 
probabilities, multiple 234-35 
probability 228-39 
dependent events 236 
expectation 232, 233 
tree diagrams 238 
probability fraction 233 
probability scale 230 


processing costs 77 
product 
business finance 76 
indirect proportion 58 
multiples 20 
multiplication 18 
profit 
business finance 76, 77 
personal finance 74 
progression, mental mathematics 
69 
proper fractions 49 
division 55 
multiplication 54 
properties of triangles 117 
proportion 56, 58 
arcs 150 
enlargements 104 
percentages 62, 64 
sectors 151 
similar triangles 125, 127 
proportional quantities 59 
protractors 
drawing pie charts 211 
drawing triangles 118, 119 
geometry tools 82, 83 
measuring bearings 108, 
109 
pyramids 153, 250 
symmetry 88, 89 
Pythagorean Theorem 128-129, 
249 
tangents 148 
vectors 95 


Q 


quadrants, graphs 92 
quadratic equations 192-93 
factorizing 190-91 
graphs 194-97 
quadratic expressions 176 
quadratic formulas 192-93 
quadrilaterals 130-33, 136, 
246 
area 132-33 
cyclic 146, 147 
polygons 135 
quantities 
proportion 56, 58, 59 
ratio 56 
quarter fraction 48 
quarters, telling the time 
31 
quartiles 222-23 
quotient 22, 23 
division 25 


R 


radius (radii) 138, 139, 140, 
141, 251 
area of a circle 142, 143 
compasses 82 
sectors 151 
tangents 148 
volumes 155 
range 
data 220, 221 
histograms 225 
quartiles 222 
rate, interest 75 
ratio 56-57, 58 
arcs 150 
scale dravving 106 
similar triangles 126, 127 
triangles 59, 126, 127 
ravv data 204 
re-entrant polygons 134 
reality 232-33 
recall button, calculators 72 
rectangle-based pyramid 88, 89 
rectangles 246 
area of 28, 132, 173, 249 
polygons 134 
quadrilaterals 130, 131 
symmetry 88 
rectangular prism 152 
recurring decimal numbers 45 
reflections 102-103 
congruent triangles 120 
reflective symmetry 88 
circles 138 
reflex angles 85, 245 
polygons 136 
regular pentagons 88 
regular polygons 134, 135, 
136, 137 
regular quadrilaterals 130 
relationships, proportion 58 
remainders 23, 24, 25 
revenue 74, 76, 77 
reverse cancellation 51 
rhombus 
angles 133 
area of 132, 249 
polygons 134 
quadrilaterals 130, 131, 132 
right-angled triangles 117 
calculators 73 
Pythagorean Theorem 128, 129 
set squares 83 
tangents 148 
trigonometry formulas 161, 
162, 163, 164, 165 


vectors 95 

right angles 85 
angles ina circle 145 
congruent triangles 121 
constructing 113 
hypotenuse 121 
perpendicular lines 110 
quadrilaterals 130, 131 

Roman numerals 33 

roots 36, 37, 241 

rotational symmetry 88, 89 
circles 138 

rotations 100-101 
congruent triangles 120 

rounding off 70-71 

rulers 
drawing circles 139 
drawing a pie chart 211 
drawing triangles 118, 119 
geometry tools 82, 83 


S 


sales tax 74 
savings, personal finance 74, 75 
scale 
bar graphs 206 
bearings 109 
drawing 106-107 
probability 230 
ratios 57 
scale drawing 106-107 
scale factor 104, 105 
scalene triangles 117 
scaling down 57, 106 
scaling up 57, 106 
scatter diagrams 226-27 
scientific calculators 73 
seasonality 218 
seconds 28, 30 
sectors 138, 139, 151 
segments 
circles 138, 139 
pie charts 210 
seismometer 205 
sequences 170-71, 247 
series 170 
set squares 83 
shapes 246 
compound 143 
constructions 110 
loci 114 
polygons 134 
quadrilaterals 130 
solids 152 
symmetry 88, 89 
tessellations 99 


shares 74 
sharing 22 
short division 24 
short multiplication 21 
sides 
congruent triangles 120, 121 
drawing triangles 118, 119 
polygons 134, 135 
quadrilaterals 130, 131 
triangles 116, 117, 118, 119, 
120, 121, 162-63, 164, 165 
significant figures 71 
signs 240 
addition 16 
approximately equals 70 
equals 16, 17, 72, 177 
minus 34, 73 
multiplication 18 
negative numbers 34, 35 
plus 34 
positive numbers 34, 35 
subtraction 17 
see also symbols 
similar triangles 125-27 
simple equations 180 
simple interest 75 
formula 179 
simplifying 
equations 180, 181 
expressions 172-73 
simultaneous equations 186-89 
sine 
calculators 73 
formula 161, 162, 164 
size 
measurement 28 
ratio 56 
vectors 94 
solids 152-53 
surface areas 152, 156-57, 250 
symmetry 88 
volumes 154, 250 
solving equations 180-81 
solving inequalities 199 
speed measurement 28, 29 
spheres 
geometry 81 
solids 153 
surface area 157, 250 
volume 155, 250 
spirals 
Fibonacci sequence 171 
loci 115 
spread 220-21 
quartiles 223 
square numbers sequence 171 
square roots 37, 241, 246 


calculators 73 
estimating 39 
Pythagorean Theorem 129 
surds 40-41 
square units 28, 132 
squared numbers 241 
powers 36 
quadratic equations 192 
squared variables 
quadratic equations 190 
quadratic expressions 176 
squares 
area of quadrilaterals 132 
calculators 73 
geometry 81 
polygons 134 
quadrilaterals 130, 131 
symmetry 88, 89 
tessellations 99 
squaring 
expanding expressions 174 
Pythagorean Theorem 128 
standard form 42-43 
statistics 200-227 
stem-and-leaf diagrams 221 
straight lines 86-87 
angles 85 
subject of a formula 177 
substitution 
equations 180, 186, 187, 192 
expressions 173 
quadratic equations 192 
simultaneous equations 
186, 187 
subtended angles 144, 145 
subtraction 17 
algebra 169 
binary numbers 47 
calculators 72 
expressions 172 
fractions 53 
inequalities 198 
negative numbers 34 
positive numbers 34 
vectors 96 
sums 16 
calculators 72, 73 
multiplication 18, 19 
supplementary angles 85 
surds 40-41 
surface area 
cylinder 175 
solids 152, 156-57, 250 
surveys, data collection 204-205 
switch, mental mathematics 69 
symbols 240 
algebra 168 


cube roots 37 
division 22 
expressions 172, 173 
greater than 198 
inequality 198 
less than 198 
numbers 15 
ratio 56, 106 
square roots 37 
triangles 116 
see also signs 
symmetry 88-89 
circles 138 


T 


table of data 226 
pie charts 210 
tables 
data collection 203, 204, 
205, 208 
frequency 206, 207, 216 
proportion 58 
taking avvay (subtraction) 17 
tally charts 205 
tangent formula 161, 162, 163, 
164, 165 
tangents 138, 139, 148-49 
calculators 73 
tax 74 
temperature 35 
conversion graph 185 
conversion tables 243 
measurement 242 
tens 
addition 16 
decimal numbers 44 
multiplication 21 
subtraction 17 
tenths 44 
terms 
expressions 172, 173 
moving 178 
sequences 170 
tessellations 99 
thermometers 35 
thousands 
addition 16 
decimal numbers 44 
three-dimensional bar chart 208 
three-dimensional shapes 152 
symmetry 88, 89 
time measurement 28, 30-32, 
242 
speed 29 
times tables 67, 241 
tonnes 28 


top-heavy fractions 49, 50, 54 
transformations 
enlargements 104 
reflections 102 
rotation 100 
translation 98 
translation 98-99 
transversals 86, 87 
trapezium (trapezoid) 130, 131, 
134, 249 
tree diagrams 238-39 
triangles 116-17, 246 
area of 122-24, 249 
calculators 73 
congruent 112, 133 
constructing 118-19 
equilateral 113 
formulas 29, 177 
geometry 81 
parallelograms 133 
Pascal’s triangle 247 
polygons 134, 135 
Pythagorean Theorem 128, 
129, 249 
rhombus 133 
right-angled 73, 83, 95, 117, 
128, 129, 148, 161, 163, 
164, 165 
set squares 83 
similar 125-27 
symmetry 88, 89 
tangents 148 
trigonometry formulas 161, 
163, 164, 165 
vectors 95, 97 
triangular numbers 15 
trigonometry 158-65 
calculators 73 
formulas 161-65, 248 
turns, angles 84 
24-hour clock 32 
two-dimensional shapes, 
symmetry 88, 89 
two-way table 205 


U 


units of measurement 28-29, 242 
cubed 154 
ratios 57 
squared 132 
time 30 
units (numbers) 
addition 16 
decimal numbers 44 
multiplication 21 
subtraction 17 


unsolvable simultaneous, 
equations 189 


V 


variables 
equations 180 
simultaneous equations 
186, 187 
vectors 94-97 
translation 98, 99 
vertex (vertices) 116 
angles 85 
bisecting an angle 112 
cyclic quadrilaterals 147 
polygons 134 
quadrilaterals 130, 147 
solids 153 
vertical coordinates 90, 91 
vertical (perpendicular) height 
area of quadrilaterals 132, 133 
area of triangles 122, 123 
volumes 155 
vertically-opposite angles 87 
volume 152, 154-55 
conversion tables 243 
density 29 
measurement 28, 242, 250 


W 


wages 74 

watches 32 

weeks 30 

weight measurement 28 
weighted mean 217 


X 


x axis, 
bar graphs 206, 207 
graphs 92 


Y 


y axis 
bar graphs 206, 207 
graphs 92 

yards 28 

years 28, 30 


Z 


zero 14, 34 
zero correlations 227 
zero power 38 
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